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Abstract. Let r, f be multiplicative functions with r > 0, f is complex valued, |f| < 7, and r
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comparison theorem between the mean-values of f and of 7 on the set of integers < . We also provide
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1. Introduction

There is an abundant literature on estimates for mean-values multiplicative functions, usually
appearing in the form of summatory functions

Mz f)=3 f(n) (a>1).

n<x

One of the most useful class of results in this topic is that of comparison theorems, evaluating ratios
M (z; f)/M(z;r) where r is a majorant of |f|. The first general theorems of this type are due to
Wirsing [10] and Haldsz [4], and we refer to [9] for a more complete account of the literature.
This note is devoted to describing some consequences of effective estimates of the above kind
obtained in [9] and which we now state.
Let M(A, B) designate the class of those complex multiplicative functions f satisfying

(11) max|f(p)] < 4, 3 H@loer” g
P p
p, =2

where, here and in the sequel, the letter p denotes a prime number. Define furthermore wy := 1 if

fisreal, wy := % if f assumes some non real values, and write
f(p)
Z(x; f) = Z —.
psz b

The following two statements are established in [9]. Here and throughout the notation |u,v]
indicates a semi-open interval, including v but not w.

Theorem 1.1 ([9]). Let

a€l0,3], b€ [a,1, A>26, B>0,2>¢ e=¢, €]1/\/logz, 3],
(1-2) mo sinp 1-0

0= € [0, 4] pi= 7, fr=1- = b= o

Assume that the multiplicative functions f, r, satisfy r € M(A, B), |f| < r, and

(1) S TR0 < gptoga/e),
(14) 5o L= RTGIRIED gy <y <)
(15) ZW <clogy (2" <y<a)

PY
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where 81 €]0, 23b]. Then we have

(16 M f) = i A TT Y 180 o een)

p pY<w

with 0 := wydy, and where the implicit constant in (1-6) depends at most on A, B, a, b, and on
the implicit constants in (1-4) and (1-5).

As noted in [9], hypothesis (1-4) is trivially implied by the condition

(17) Z {T §Ref( )} < gélh’

T <p<KxT
and, of course, also by the uniform bound

(1-8) max {r(p) — Re f(p)} < .

€ <pKT

We also quote from [9] the remark that, while the assumptions of Theorem 1.1 imply

Iy 2 ceren,
P pYsz
the two sides of (1-6) have the same order of magnitude if
f(@")

0<v<(logz)/ log p

> 1.

(19) min
p,T

Under this condition generically satisfied, formula (1-6) becomes

(1-10) M(z; f) = {1+ O(e° 1ogx H > f

pY<z

For the next statement, we introduce the notation

sin(27b/A)

(1-11) Bo = Po(b,A) =1~ 204

Theorem 1.2 ([9]). Let

60(6) = 60(6714) = %bﬂo

a €]0, i], b e [a,%[, A>26, B>0, xz>e' 1/\/logzr<e< %
Assume that the multiplicative functions f, r, such that r € M(2A, B), |f| < r, satisfy conditions
(1-3), (1-4) with b := (1 — b)/b, (1.7) with b = 1, and

I
(1-12) Z w > 4bey logy (el/sl <y< xl/(1+81))

y<p<y'tel p

where €1 := \/e. Assume furthermore that 6, €]0, 69(b)]. Then we have

Z(zyr)—cZ(x;| f|—
(1-13) M(z; f) = M(z;r H pee 0P (3«"5 il f)>
D T(PV)/P" log

where 0 := wydy, ¢ := b/A. Moreover, the above formula persists without requiring (1-7) to hold
with ) = 1 provided ming:<p<, r(p) > 4b. The implicit constant in (1-13) depends at most on A,
B, a, b, as well as on the implicit constants in (1-4) and if need be in (1-7).

The main novelty in the statements of Theorems 1.1 and 1.2 is effectivity in hypothesis (1-4),
which finds its counterpart in the estimates for the remainder terms. The introduction of parameters
A, B, a, b, is purely contingent and is designed to facilitate applicability.
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2. An effective comparison theorem of Wirsing type

Theorem 1.2 provides an estimate for M (xz; f)/M (x;7) when r(p) — Re f(p) is small in suitable
respects. However, under the assumption that, for suitable ¢ > 0, we have

(211) $ {T(p)—f}logp — o(loga),

Wirsing’s theorem [10] also provides, via partial summation, an asymptotic formula for M (z; f)
whenever the condition

(22) >y rp) = Re{f0)/P7} _

» p
holds for some real number 7, necessarily unique. A further extension has recently been established
under condition (2-2) by Indlekofer & Kaya [6], assuming moreover that r = ry*re, 11 > 0, 19 > 0,
with 7 satisfying (2-1), and the r; are multiplicative functions with disjoint supports on the set
of prime powers.

While, both in the classical framework and in the setting considered in [6], the transition
from 7 = 0 to general 7 is obtained through simple partial integration, the deduction is not
straightforward when an effective estimate is aimed at. The following result, which is a consequence
of Theorem 1.2, furnishes the desired extension under the much weaker hypothesis (1-12). For given
7 € R, we write f;(n) := f(n)/n'™ (n > 1) and recall notation (1-11) for §o(b).

Theorem 2.1. Let
aG]O,%}, bG[a,%[, A>20, B>0, z>e 1/\/logx<€§%, T€eR.

Assume that the multiplicative functions f, r, with r € M(2A, B), |f| < r, are such that conditions
(1-3), (1-4) with b := (1 —b)/b, and (1-7) with h = 1 are satisfied with f, in place of f. Suppose
furthermore that (1-12) holds and that 61 €]0,d¢(b)]. Then we have

7TM (z;7) H pv<a f(p V)/pu(pr”)

(23) Mz f) = —1.- D T(0V) /DY

+ O(E(SM(JJ;T‘)),

where § := wd1. Moreover, the above formula persists without requiring (1-7) to hold with ) =1
provided minge<p<q 7(p) = 4b. The implicit constant in (2-3) depends at most on A, B, a, b, T, as
well as on the implicit constants in (1-4) and if need be in (1-7).

For simplicity, we have omitted in the above statement the potential sharpening of the error
term involving Z(z; | f| — f) and appearing in (1-13). With some extra care, it could be reinserted.

We start with a lemma potentially useful in other contexts.
Lemma 2.2. Assume r € M(2A4, B), r > 0, and that (1-12) holds with ¢ sufficiently small. Then

2.4 M(z;7r) = 21 < z).
(2-4) (z;7) o 2 ("' < z< x)

Proof. The corresponding upper bound is standard and follows from [5] or [7]. To establish the
lower bound, define

g9 1= e, = e%/2, = [10g(€2 logm), logoz 1A,
log(1+4¢1) "log(1 +&1)
and apply (1-12) with y = y;, := exp{(1 + &1)"} for k € K to get
r(p)logp
29) Y S =malogy  (keX),

Y <PSYk+1

with

46 < by, < 2A+O(e_m).
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Then define

(2:6) s(p) :=2br(p)/by (yk <p<yYpt1, k € JC), s(p) =0 (p € [2,z] ~ Ukex]yk,yk+1]).

Thus 0 < s(p) < 3r(p) for all p < z. By summation, it follows that
—2b}1
(2:7) Z w < ey logy (z® <y <)
PY

Next, define two multiplicative functions s; and t;, supported on squarefree integers, by the
formulae s1(p) := s(p), t1(p) := r(p) — s1(p), and put r1 := s1 * t1.

For ¢! < ¢ < x, and hence £°! > 2, we may apply Theorem 1.1 to (¢, s1, s1,2b,e1,207) in place
of (z, f,r,0,¢,0): indeed, we check that 26; < 2d¢(b) = %5[1 for 8 defined by (1-2) with o = 2b,
and €1 = /e > 1/+/log&. This yields

gez(f S1)

(57 1) 1 gg

(z* < €< o).

Moreover, Theorem 1.2 immediately yields M (&;r) < M (&;r1) for the same values of £. Therefore,
for 221 < z < x, we have

M(z;r) > M(z;m1) Z t1(m (— 51)

m<z
Ly iy
mlog 2z/m) log 2 m

m<Vz
Now a standard manipulation resting on Rankin’s method—see e.g. [8; (1-4)]—yields
Z t1(m) = oZ(zt)
— )
m<yVz

Appealing to the identity Z(z;s1) + Z(2;t1) = Z(z;r) completes the proof of (2-4). a
We now embark on the proof of (2-:3). Without loss of generality, we may assume e arbitrarily
small. Indeed, in the opposite circumstance the required estimate reduces to M (z; f) < M(x;r)

and hence follows from the inequality |f| < r.
For 22t < z < x, and hence 2°* > %, we have, by the assumptions of Theorem 2.1,

_ b
(14)/ Z {T(p) %e f‘l’(p)} logp << E%élh 10gy (Zal < y < Z),
2°1<pKy P
17y > ek
261 <p<Lz p

the latter being only necessary if the extra hypothesis on minge <<, 7(p) is not assumed. Therefore,
we may apply Theorem 1.2 with (z,r, f-,e1,201) in place of (x,r, f,e,81). Let L,(x; f) denote the
product appearing on the right-hand side of (1:13). Applying this formula for f, while taking (2-4)
into account, we see that

M(z; fr) = M(z;7)Ly (25 f-) + O(°M(z;7)) (2% < 2 < 2).

Hence

M) = [ 27 aM G ) = M s ) =i [ MG s
(28) ! T !
=MLy f,) it [ #TUM ()L ) e+ O M (ai),

EX
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where we used, for both £ = ex and £ = z, the bound

€ M(zr) € oZ(zr) geZ(&m)
—=d d M(&;r).
/1 p; z<</1 log 2 z K log 26 < M(&;r)

Now, observe that, by (1-7)’, we have
L.(z fr) = Lr(x;fT){l + 0(551)} (z%1 < 2 < x).

Since § = wysd; < 01, we infer that

(2:9) | AT ML (5 1) a5 = Lo £)1(6) + O( M),
with
(2:10) I(z) := /91 2T UM (2;7) d.

At this stage, we extend s as defined on the primes in (2-6) to an exponentially multiplicative
function by setting s(p”) := s(p)”/v! (v = 0) for all primes p, and define the multiplicative function
t by the convolution formula s x ¢t = r. For ex < z < x, we write

(2:11) M(zr) =Y t(m)M(%;s) —S+R,

m<z

where S corresponds to the contribution of m < ez/2%' and R denotes the complementary sum.
Now, observing that M(z/m;s) =1 for z/z°2 < m < z, we have

t Z(z/m;s)
Re Y I LS )

mlog(z/m
ez/zf1<m<z/z%2 g(/ ) z/xf2<m<z

< T th(m)|{10g(2/m2)b}%_1 . 2e#=
(212) e /a1 S /a2 m(ez log x) log ~

- /z/zSQ Z{log(z/v)}m)fl dO(,UeZ(z;t)> ZeZ(z;t) < 2(51/52)2beZ(z;t)

cz/zer U(e2logx)2P log z log z log z
2b . Z(x;r)—Z(z;8)

< Her/e) 1§gz < M(z71)el® < e®M(z7),
where we used (2-6) in the form
(2:13) Z(55) = 2blog(1/2) +O(1) (V& <2 <a),

together with the inequalities £3° = &30 < %% < &9,
In the range m < ez/z°', the bound (2-7) is a sufficient hypothesis to evaluate M (z/m;s) by
Theorem 1.1 with (z/m, s, s,e1,2d1) in place of (x,r, f,e,d). This furnishes the estimate

C {0 e e .
(2:14) M(E’ S) - T(2b)m(eglogx)?® (log E) (m < ez/a™, ex <z <),

where we took into account the fact that, by (2-6), we have Z(x2;s) = 0.
Therefore, in view of (2-10), (2-11) and (2-12), we get

672b'y
I(z) = T'(20) J(x) + O(€5M(.23;T)),
with
m)z*"{log(z/m)}2v—1
n=[ ¥ 4 >m(;fifg;)21} (1+0(")} a-
(2:15) mseTn .
- 2 / Efigi’;l}% A+ R+ Rt R

m<exl =1
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and

R < /: Z [t(m)|(log z/m)?°—1 N,

\ m(e> log )2

ezl f1<mgexl =1

< (erloga)® /w T It(;n)l Qs < 3 z[t(m)|(e1/22)*°

€9 log x)2b me1 logx
(2 8 ) ezl=f1<m<exl — 21 e2zl—f1<m<exl—c1 1:08

26 pex'TEl Z(x;t) 26 7 (z;t)
1 1
< z(e1/e2) / dO(Ue ) < x(e1/e2)™e log(1/¢)

erloga  Joopi-a v log x e1(log x)?
g3b log(l/a)xezz(‘””') » 2% log(1/e)xe? (@) < M (7).
e1(log x) log =
B 651‘|t(m)\{10g(m/m)}2b_1 O zlTe2 (log:v/v)%_l 0 veZ(@it)
h2 = Z m(eq log x)2b < (g9 log )20 v log =
Vz<m<exl—e1 a
Z(x;t)
% < M (z;7),
log
Saltm)| el C0 el 26
s < Z msblo z e2logx e2blogx = "M (wir).
m<VE 2 g €5 g 2 g

To evaluate the main term appearing in the right-hand side of (2-15), it is sufficient to observe
that, by partial summation, we have, for m < ex!=%1,

1+iT

/E: Zif(log %)%_1 dz={1+ O(e)}f+ - <log %)2[]_1 + O(:r(log %)2[1_2)

- 1o (e D)

Thus we can summarise our estimates as

B e 227 (m) 1t {log(xz/m)}2° 1 .
Ia) = Z_ [(2b)(1 + i7)m(eq log )2° * O(z—:‘SM(x, T)>

S S (20) w0(eaenn) = D o(cartrn)

m<exl =1
Carrying this back into (2-9) and (2-8), we obtain

27 L (z; fr)M (z37)

M(z; f) = T ir

+0 <€5M(z; r)) ,
which coincides with (2-3).

3. Moments

Given a non-negative multiplicative function r € M(A, B) and a real additive function h, let
us consider the distribution function z — Fj(z;h,r) of the random variable h(n) on the set of
integers not exceeding = equipped with the measure attributing to each integer n < x the weight
r(n)/M(xz;r), viz.

1
F.(z;h,r) = M) E r(n) (z € R).
’ n<x
h(n)<z

Put

Eh(l';T') = Z M, Dh(ZL';T‘)2 = Z M’

p p

p<T p<T

and denote by ®(z2) := [~ __ emu’/2 du/+/2m the distribution function of the normal law.
The following theorem is established in [9] as a corollary to Theorem 1.2. We write

— (e _ |1 (p)] I B :
to = p(x; hyr) = max Dz’ Oy = 9 x; h,r) := pg + 1/Dp(x;7),

and note that ¥, =< p, if max,<, |h(p)| > 1 and that ¥, = o(1) if Dy (z;r) = oc.
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Theorem 3.1 ([9]). Let A, B, denote positive constants. Let x > 2, r € M(A, B), and let h be
a real additive function. Assume that:

(i) min r(p)>1 ; (il) Dp(z;r) > 1;

exp y/log x<p<Lz
)| 1
(i) o < 1 ) S Z | 082" 1)

pr<rv>2

Then
(3-1) F, (Eh(x;r) + zDp(x;7); h,r) =®(2) + 0 (V).

In this section, we apply the above result to evaluate, as x — oo, the weighted moments

Gu(z;m, h) = m Z {h — Ep(x; T)}m (m>=1).

We denote by v, the mth integral moment of the normal law.

Theorem 3.2. Let m > 1 and let h be a real strongly additive function. Under the hypotheses
of Theorem 3.1 and assuming ¥, < 5, we have

(3-2) Gm(x;r h) = {Vm + O(ﬁw(log 1/1995)7”/2) }Dh(x; )"

Remark. The assumption that h is strongly additive is not essential here but it simplifies the
analysis. It could be relaxed by writing h = hy + hs, where hy (resp. hs) is supported on the set of
squarefree (resp. squareful) integers and making ad hoc hypotheses on the values h(p¥) for v > 2.

Proof. To lighten the writing, put E := Ej(x;r), D := Dy (z;7). With the aim of applying (3-1), we
need an upper bound for the contribution to the left-hand side of (3-2) of large values of |h(n) — E].
For o € R, |o| < 1/4, Shiu’s bound [7] furnishes, in view of (2-4),

Z 7,(n)eah(n)/D <z H (1 + r(p)egh(;)/D_l) < M(x;r) exp { Z r(p){eah(P)/D N 1}}

p

n<x P psT

ar 0'27' 2 5
< M (x;r)exp { Z % + Z ifjl))};(m} = M(x;r)e”B/D+o”,

p<T p<T

where we used the inequality e’ — 1 < v+ v? (Jv| < 1). Applying this for 0 = +¢, 0 <t < 1/,
we get

3 ()t =EUD < o M (a; ),

n<e

whence, selecting ¢ := 1/log 1/9, and applying the above for 2,

S k) — B < Y r(n) 2 q2intn—Bl/ s

nLe n<x
(3'3) |h(n)—E|>5tD

< M(x; r)Dm(ft2 =9,D"M(x;r).
Now combining (3-3) and (3-1) yields
5¢

Gz, h) = Dm/

7&

2 afo(z) + 0(v.) } +0(9.0™)
= {vm - E " e 2 dz 4+ O(t"9,) | D" = {vm + O(t70,) f D™,

as required. ]

1. Due to a misprint, the factor log p” is missing in the corresponding hypothesis of [9; cor. 2.5].
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4. Sifted mean-values

Given an arithmetic function f and an integer D, put fp(n) := 1¢pn,py=1}f(n). Moreover, if f
satisfies >~ | f(p”)|/p” < oo for all primes p, define

Wi = (X 2220 =),
pln v=0

and denote by P*(n) the largest prime factor of an integer n > 1, with the convention that
Pr(1) =1.

In his paper [1], Elliott indicates that the following effective estimate is « provided by combining
the argument of Elliott & Kish [3], [1; th. 2], with that of the taxonomy section of Elliott & Kish [2] »:
Let r denote a non-negative, exponentially multiplicative function, satisfying, for suitable positive
constants A, b, and cy,

(41) sprp) <4, Y M0 L Bcwsw)
p w<pLY
Then, uniformly for x > 2, D > 1, PT(D) < z, we have
(42) Mairo) = Main){ - + o (22200
: x;rp) = M(x;r
Y WD) (log 2)°

where ¢ := b%/{b? + 3456 A%} provided b < 12/2A.()
The above statement can be directly compared with an almost immediate consequence of

Theorem 1.2. Put

sin(mwb/A)

(4:3) 8= B(6,4) =1~ T,

5 = 5(b, A) := b8,

and recall definition (1-1) of the class M(A, B). Note that, if b < A, we have 8 > b%/A% by the
product formula for sin(7z) /72, and hence § > b3/12A42% .

Theorem 4.1. Let A > 0, B > 0, 7 € M(A,B), r > 0, x > e*. Assume that, for a suitable
constant b, 0 < b < min(1, A), and 7, := (logz)~/*, we have

!
(4-4) Z r(p)logp >bnglogy (/7 <y < 2/(H0),
y<pLyltne p

Then, uniformly for x > 2, D > 1, PT(D) < x, we have

(4-5) M(a;rp) = M(x; T){ 1;7"(()1%() + 0((10g i)é/2> }

where x := 1{10g2 3D> (log )b? /1743 } -

Remarks. (i) The restriction to exponentially multiplicative functions has been dropped.
(ii) Condition (4-4) is significantly less restrictive than (4-1).
(iii) The error term of (4-5) is always smaller than that of (4-2) by a power of log x.

Proof. We shall apply Theorem 1.2 to the pair (r, f) = (r,rp), replacing (A,b) by (4/2,b/4), and

selecting € := 1/y/log x, so that e = n,.
First consider the case when log, 3D < (log x)bB/lmg. We then have, for large z,

3

Z @ < Alogz 3D +0(1) < #log2x < %ﬁblog(l/E)-
p|D

2. The condition PT (D) < x is omitted in [1]. We reinserted it since it does not involve any loss of generality.
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Therefore, condition (1-3) holds for our modified parameters. To check that conditions (1-4) with
h:=(4—0b)/b, and (1-7) with h = 1 are also fulfilled, we note that a well known estimate provides

1
Z osp < log, 3D.
p

p|D
We hence have
log p b3 3 logy logy
1 /16A < < €< g .
p|D

Since, for b := (4 — b)/b, we have ;= > 16h = L3(4 — b), we see that (1-4) holds for this value
of h and 61 = 4.
Next,

1 logp 1 s
p <€,

x© <Zp:<;c Z p\/@ (log T 1(1-b3/8A3)
p|D
with a lot to spare, since § < 12, 1-— [33/8A3 . This shows that (1-7) with b = 1 is satisfied.

Applying Theorem 1.2 with the parameters deﬁned above, we get in the case under consideration

M(xz;rp) = M(@T){W:(D) + O((logi)w)}’

which is compatible with (4-5).
If log, 3D > (log x)[’3/17‘43, estimate (4-5) reduces to the Halberstam-Richert upper bound [5]
since, by Lemma 2.2, M (z;r) < xe?®") /log x. O

Acknowledgement. The author thanks Régis de la Breteche for useful comments on a preliminary
draft of this article.
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