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Abstract

Let € > 0. Erdds and Szemerédi conjectured that if A is a set of k
positive integers which large k, there must be at least k*~¢ integers that
can be written as the sum or product of two elements of A. We shall prove
this conjecture in the special case that the number of sums is very small.

1 A conjecture of Erdés and Szemerédi

Let A be a nonempty, finite set of positive integers, and let |A| denote the
cardinality of the set A. Let

2A={a+d :a,d € A}

denote the 2-fold sumset of A, and let

A% ={ad :a,d € A}
denote the 2-fold product set of A. We let

Fy(A) = 24U A?
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denote the set of all integers that can be written as the sum or product of two
elements of A. If |A| = k, then

124] < (k+1>
2

4% < (’”1),
2

and so the number of sums and products of two elements of A is

and

|Ex(A)| < k2 + k.

Erdds and Szemerédi [3, p. 60] made the beautiful conjecture that a finite set of
positive integers cannot have simultaneously few sums and few products. More
precisely, they conjectured that for every ¢ > 0 there exists an integer kq(e)
such that, if A is a finite set of positive integers and

[A] =k = ko(e),

then
|Ea(A)| >, k5.

Very little is known about this question. Erdés and Szemerédi [4] have shown
that there exists a real number § > 0 such that

|Ea(A)] > k',
and Nathanson [11] proved that
|Ex(A)| > ck®/3,

where ¢ = 0.00028. ...

Erdés and Szemerédi [4] also remarked that, in the special case that [24| < ck,
“perhaps there are more than k?/(log k)¢ elements in A2 ”. This cannot be true
for arbitrary finite sets of positive integers and arbitrarily small € > 0. For
example, if A is the set of all integers from 1 to k, then Tenenbaum [16, 17],
improving a result of Erdés [2], proved that

k? flos Floee ke k?
1 7676 log, klogs k < A2 < -
(1) (log k)eo 4] (log k)co/log, k

where log, denotes the r-fold iterated logaritm, and

1+ log, 2
2 :1—(7 > 0.
2) 0 g2 ) 0.08607

(cf. Hall and Tenenbaum [8, Theorem 23]).



Using an inverse theorem of Freiman, we shall prove that if A is a set of &k
positive integers such that |24| < 3k — 4, then
|A?| > (k/logk)2.

We obtain a similar result for the sumset and product set of two possibly differ-
ent sets of integers. Let A; and As be nonempty, finite sets of positive integers,
and let

A+ Ay ={a1 4+ a2 :a1 € A1, a2 € As}

and
A1Ay = {alag tay € Al,ag S AQ}

Let |A1| = |A2| = k. We prove that whenever |A; + As| < 3k — 4, then we have

2 Product sets of arithmetic progressions

A set @) of positive integers is an arithmetic progression of length ¢ and difference
q if there exist positive integers r, ¢, and ¢ such that

Q={r+ug:0<u</}

We shall always assume that
0> 2.

For any sets A and B of positive integers, let g4 5(m) denote the number
of representations of m in the form m = ab, where a € A and b € B. Let
0a(m) = pa,a(m). Let 7(m) denote the number of positive divisors of m.
Clearly, for every integer m,

0a.8(m) < 7(m).
If Ay C @y and Ay C Qq, then g4, 4,(m) < 00,,0,(M).

Lemma 1 (Shiu). Let 0 < a < 1/2 and let 0 < 3 < 1/2. Let x and y be real
numbers and let s and q be integers such that

(3) 0<s<qand(s,q) =1,

(4) <y,

and

(5) P < y < .

Then |

Z T(w) <<o¢,ﬁ So(q)yzogx

w=s (mod q) 4
r—y<w<z

Proof. This is a special case of Theorem 2 in Shiu [14] (see also Vinogradov and
Linnik [18] and Barban and Vehov [1]).



Lemma 2. Let s,q,h, and ¢ be integers such that h >0, £ > 2, 0 < s < ¢, and
(s,q) = 1. Let Q be the arithmetic progression

Q={s+vg:h<v<h+/{}.

If (h+1)q < £°, then
Z T(w) < Llog.
weQ
Proof. We apply Lemma 1 with « = 8 = 1/6, x = (h + {)q, and y = £q. The
integers s and ¢ satisfy (3). Since ¢ < (h 4 1)g < £°, we have ¢!/ < ¢5/6 and
S0
g = q"/5g56 < (£q)%/6 =y

This shows that (4) is satisfied.
To obtain (5), we consider two cases. If h < ¢, then, since 2 < ¢ < {q, we
have
27 = ((h+0)q)” < (29)7 < (£g)* = (bg)'* < tg =y < .

If h > ¢, then, since hq < £°, we have
2P ={(h+0)q}’ < (thq)’ < 1% =1 <tlg=y < x.

This shows that (5) holds.
Applying Lemma 1, we obtain

lq)1 h+/¢
Sorw) = Y )< p(a)(tq) 0%(( +0)q)
weQ w=s (mod q) q
hg<w< (h+£)q

< Llog((h+1)q) < Llog(® < Llog¥.
This completes the proof.

Lemma 3. Let Q1 and Q2 be two arithmetic progressions of length £ > 2, and
let m € Q1Q2. Then

(6) 0Q,,Q. (M) K¢ £°

for every e > 0, and

(7) Y 0quas(m)? < (tlogl)®.

meQR1Q2
Proof. Let Q; = {r; +ug; : 0 < u < £} for i = 1,2. We may assume without
loss of generality that (r;,q;) = 1. We write r; = s; + h;q;, where 0 < s; < ¢;
and h; > 0. Then

Q;={si+vg:hi <v<h;+/}.
If wy € @ and wy € @2, then, for suitable vy € [hy, hy + £[, v2 € [ha, ha + €],
we have

(8) hign <wi =s1+vig1 < (b1 +0)q < (ha + 1)@



and

(9) h2q2 < w2 = 82 +v2q2 < (hg + E)(JQ < E(hg —+ 1)(]2.

We can assume that
(he + 1)g2 < (b1 + D

There are two cases. In the first case,
(hy 4+ 1)q1 < £°.
By (8) and (9), we deduce that
wy < (hy +1D)q <05, and  wo < L(hy + 1)ga < (hy + 1)q < (5.

If m € Q1Q, then m is of the form m = wiws, and so m < ¢'2. Since, by a
classical estimate, 7(m) <. m®/12, it follows that

00,.0,(m) < 7(m) <. m*1? < 5.

This proves (6).
To prove (7), we use the submultiplicativity of the divisor function, that is,
7(uv) < 7(u)7(v) for all positive integers u,v. Then

Y giam)?® = DY > 0g,.q.(wiws)

meQ1Q2 w1E€Q1 W2EQ2

< D) m(wiw)
w1 €Q1 w2EQ2
< D> r(w) Y m(wa) < £(logl)?,

w1 €Q1 w2 €Q2

where the last upper bound follows from Lemma 2.
Consider now the second case

(hy +1)qy > 5.
We shall prove that

(10) 0Q1,Q.(m) <3

for all m > 1. Suppose that w; = r; +ug; € Q1 and w| = r +u'q1 € Q1
are distinct divisors of m, and that w; < wj. Then (r1,¢q1) = 1 implies that
(w1,q1) = (W, q1) =1, and so ((wy,w]),q1) = 1. Since (wy,w}) divides

wi —wy = (u' —u)q,
it follows that (wy,w}) divides v’ — wu, and so

1< (w,w)) <o —u<l



Suppose that g, g,(m) = 4. Then m has at least four distinct representations
in the form m = wyws with wy; € Q1 and wy € @2, and so m has at least four
different divisors in ()1, that is, at least four divisors of the form

r1 4 uq = s1+ (h +u)q

with 0 < u < £. At most one of these divisors is s1 + h1¢1, and so m has at least
three different divisors, which we shall denote by wq, w}, and w{, such that

min{wy, w}, w}} = s1 + (h1 + Vg1 > (b1 + Vg1 = €°.

Let [wy, w], wy] denote the least common multiple of wq, w}, and wy. Since each
1, W1 1 1
of these three numbers is a divisor of m, we have
wywiwy
(wy, wy) (wr, wy) (wh, wy)
(hl + 1)q1 3 (hl + 1)611 2 92
( /! ) = /3 (hl + 1) q1

2
> 62((h1 T 1)q1) > 0(hy + Dy - U(ha + 1)go > wiws = m,

m = |w,wiw] >

which is impossible. This proves (10), and inequalities (6) and (7) follow imme-
diately.

Lemma 4. Let Q be an arithmetic progression of length £ > 2, and let m € Q2.

Then

(11) 0Q(m) < £

for every e > 0, and

(12) 3 0g(m)? < (Clog 0)2.
meQ?

Proof. This follows immediately from Lemma 3 with Q1 = Q2 = Q.
Lemma 5. Let Q1 and Q2 be arithmetic progressions of length £ > 2. Then

|Q1Q2] > (é)g-

Proof. Let 0g,.qg,(m) denote the number of representations of m in the form
m = q1q2, where ¢1 € Q1 and g2 € (2. By the Cauchy-Schwarz inequality and
inequality (7) of Lemma 3,

1/2
¢ = Z QQ11Q2(m)<‘Q1Q2|1/2( Z QQth(m)2)
meQ1Q2 meQ1Qz2
< |Q1Q2|1/2€10gf.

Therefore,
VAR
|Q1Q2| > (@) :
This completes the proof.



Lemma 6. Let QQ be an arithmetic progression of length £ > 2. Then

Q% > (@)2

Proof. This follows immediately from Lemma 5 with Q1 = Q2 = Q.

3 Application of some inverse theorems

We shall use the following two inverse theorems of Freiman.

Lemma 7 (Freiman). Let A be a nonempty set of k positive integers. If
|2A] < 3k — 4,

then A is a subset of an arithmetic progression of length £ < 2k.

Proof. See [5, 7, 10, 12].

Lemma 8 (Freiman). Let A; and Ay be nonempty finite sets of positive inte-
gers, and let |A;| = k; fori=1,2. If

‘A1 + A2| <k + ko + min{kl,kz} —4,

then A1 and As are subsets of arithmetic progressions Q1 and Q2, respectively,
where Q1 and Q2 have the same difference and the same length £ < ki + ks.

Proof. See [6, 9, 12, 15].
Theorem 1. Let A be a finite set of positive integers, and let |A| =k > 2. If
|2A] < 3k — 4,
then b A2
1A% > (@) .

Proof. By Lemma 7, if |24| < 3k —4, then there exists an arithmetic progression
Q of length ¢ < 2k such that A C @. Since

0a(m) < oq(m),
it follows from (12) that

o= 3 ealm) < 14%2(0Y ea(m)?)

meA? meA?

|A2‘1/2< Z QQ(m)z)
meQ?

< A%V 2logt < |AY 2k og k.

1/2

1/2

N



Therefore,

kN2
1 A2 — .
(13) A% > <logk)
This completes the proof.

Theorem 2. Let A > 1. Let Ay and As be finite sets of positive integers such
that |A;| = k; > 2 fori=1,2 and

1 ko
14 —< =< A
If
|A1 + AQ‘ < k4 ko + min{kl, kg} —4,
then ok
|A1A2| > 172 5-
log(k1k2)>

Proof. Tt follows from (14) that
(kl + k2)2 < (1 + /\)Zk% = (1 + /\)QAkl(kl/)\) < (1 + )\)2)\k1k‘2,
and so
k1 + ko <5 (kpko)Y2.

By Lemma 8, if |A; 4+ As| < k1 + ko + min{ky, k2} — 4, there exist arithmetic
progressions Q1 and @2, each of length ¢ < ki + ko, such that A; C (1 and
Ay C Q5. Since

04,4, (m) < 0q,,.(m),
it follows from (7) that

kike = > 0ay.a,(m)
meEA; Ay
1/2
< Al (0Y oaam)?)
meEAj Az
1/2
< 2N egia.m)?)
meQ1Q2

< A1 Ao|'Pllog 0 < | Ay Ao| P (ky + K2)log(ky + k2)

x| ALA Y (R kg) 2 log (ki ks).
Therefore,
k1k
(15) |A1A2| > 172 5
(log(k1k2)>

This completes the proof.



Theorem 3. Let Ay and Ay be finite sets of positive integers such that |A;| =
|Ao| =k > 2. If

|A1 + Ao| < 3k — 4,
then

44 As| > (éf

Proof. This follows immediately from Theorem 2 with k; = ko = k and A = 1.

4 Open problems

By Theorem 1, if |A| = k and |2A| < 3k — 4, then |A%| > k?~¢. This gives the
first general case in which we know that the conjecture of Erd6s and Szemerédi
is true. It would be nice to prove that if ¢ > 3 and if A is a finite set of k
positive integers such that

(16) 124] < ck,

then
|A2| >>C,E k276.

By a general inverse theorem of Freiman [7, 12, 13], a finite set of integers
whose sumset satisfies inequality (16) is a ”large” subset of what is called an n-
dimensional arithmetic progression. This is a set ) with the following structure:

For n > 1, there exist positive integers r, q1, ..., qn, {1, - - ., £, such that
(17) Q={r+uiq+ - +upgn:0<u; <lfori=1,...,n}
The length of Q is defined as £(Q) = ¢; - - - £,,. Clearly,

QI < Q)

for every n-dimensional arithmetic progression. Freiman’s inverse theorem
should be applicable to the Erdés-Szemerédi conjecture for sets satisfying the
additive condition (16).

Let @ be an n-dimensional arithmetic progression of the form (17). If j is
such that ¢; = max{¢; : i =1,...,n} in (17), then

Q2OQ;={r+uq:0<u; <}

It follows from Lemma 6 that

0 \2
(18) 12105 > (57)

The following example shows that this inequality is almost best possible. Fix
n > 2. For ¢ > 2, consider the n-dimensional arithmetic progression () with
r=1,q,=iand ¢; =/f fori=1,...,n. Then

Q= {1+ iy iw:0<us < £} € [11+ dn(n+ (€= 1)] € [1,n2).



10

We apply the lower bound (18) with ¢ = max{¢; : i = 1,...,n}, and we apply
the upper bound (1) with & = n2¢. For sufficiently large ¢ we obtain

2 62

k
(logh)eo <" (log Oy’

(éf« Q%] <

where ¢¢ is defined by (2). Since £(Q) = £", it is clearly not true that

Q% > €(Q) .

It would be interesting to obtain sufficient conditions for an n-dimensional arith-
metic progression @ to satisfy

Q% >ne QI

Let A be a set of k positive integers. For h > 3, let E;(A) denote the set
of all numbers that can be written as the sum or product of h elements of A.
Erdds and Szemerédi [4] also conjectured that

|Eh(A)| > kh_s

for all € > 0. Nothing is known about this.
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