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Abstract. Given an integer b ⩾ 2 and a set P of prime numbers, the set TP of Toeplitz
numbers comprises all elements of [0, b[ whose digits (an)n⩾1 in the base-b expansion satisfy
an = apn for all p ∈ P and n ⩾ 1. Using a completely additive arithmetical function, we
construct a number in TP that is simply Borel normal if, and only if,

∑
p̸∈P 1/p = ∞. We

then provide an effective bound for the discrepancy.

Let P denote the set of prime numbers, and let P ⊂ P. Following Jacobs and Keane’s
definition of Toeplitz sequences in [4], we define the set TP of Toeplitz numbers as the set of
all real numbers ξ ∈ [0, b[ whose base-b expansion ξ =

∑
n⩾1 an/b

n satisfies

an = anp (n ⩾ 1, p ∈ P).

For example, 0.a1a2a3 . . . is a Toeplitz number for P = {2, 3} if, for every n ⩾ 1, we have

an = a2n = a3n.

Then, a1, a5, a7, a11, . . . are independent while a2, a3, a4, a6, . . . are completely determined by
earlier digits.

As defined by Émile Borel, a real number is called simply normal to the integer base
b ⩾ 2 if every possible digit in Z/bZ occurs in its b-ary expansion with the same asymptotic
frequency 1/b. A real number is said to be normal to the base b if it is simply normal to
all the bases bj , j ⩾ 1. Borel proved that, with respect to the Lebesgue measure, almost all
numbers are normal to all integer bases at least equal to 2. For a presentation of the theory
of normal numbers see for example [3, 5].

In [1], Aistleitner, Becher and Carton considered the notion of Borel normality under the
assumption of dependencies between the digits of the expansion. Thus [1, th. 1] states that,
given any integer base b ⩾ 2 and any finite subset P of the primes, almost all numbers,
with respect to the uniform probability measure on TP, are normal to the base b. In the
particular case P = {2}, they show [1, th. 2] that almost all elements in TP (still with respect
to the uniform measure on TP) are normal to all integer bases greater than or equal to 2. For
P = {2}, a construction of an explicit number in TP that is normal to the base 2 appears
in [2]. This construction can be generalized to any integer base b and any singleton P.

Let ΩP denote the completely additive arithmetical function defined by ΩP(p) = 1(P∖P)(p).
Then, ΩP(n) is the sum of the exponents in the canonical factorization of n of those prime
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factors that do not belong to P. For n ⩾ 1 and b ⩾ 2, let an = an,b denote the representative
of the congruence class ΩP(n) + bZ lying in [0, b[. Thus, given b ⩾ 2, the real number

(1) ξP =
∑
n⩾1

an/b
n

is a an element of TP.
Motivated by the question posed in [1] on how to exhibit a normal number in TP for any

set P of primes, we construct in this note simply normal numbers for arbitrary bases and a
large family of sets P.

Theorem. Let P ⊂ P, Q := P ∖ P, and let b be an integer ⩾ 2. The number ξP is simply
normal to the base b if, and only if,

(2)
∑
p∈Q

1/p = ∞.

Moreover, defining, for 0 ⩽ k < b,

εN,k :=

∣∣∣∣ 1N |{1 ⩽ n ⩽ N : an = k}| − 1

b

∣∣∣∣ , E(N) :=
∑

p⩽N, p∈Q

1

p
(N ⩾ 1),

we have

(3) εN,k ≪ e−2E(N)/9b2 .

Our proof rests on the following auxiliary result where we use the traditional notation
e(u) := e2πiu (u ∈ R).

Lemma. Let P ⊂ P and let b be an integer ⩾ 2. The number ξP is simply normal to the
base b if, and only if,

(4)
1

N

∑
n⩽N

e
(
aΩP(n)/b

)
= o(1) (a = 1, 2, . . . b− 1, N → ∞).

Proof. The necessity of the criterion is clear. We show the sufficiency. Define

bk,N =
1

N

∣∣{1 ⩽ n ⩽ N : an = k}
∣∣ (0 ⩽ k < b, N ⩾ 1).

Then

(5) bk,N =
1

bN

∑
0⩽a<b

e(−ak/b)
∑

1⩽n⩽N

e
(
aΩP(n)/b

)
=

1

b
+ o(1)

since by (4) all inner sums with a ̸= 0 contribute o(N). □

We may now embark on the proof of the Theorem. Let

S(N ; a/b) :=
∑
n⩽N

e
(
aΩP(n)/b

)
(a ∈ Z, b ⩾ 2, N ⩾ 1).

We aim at necessary and sufficient conditions that ensure S(N, a/b) = o(N) as N → +∞,
and seek effective upper bounds for S(N ; a/b) when such conditions are met.
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Whenever a and b are coprime, b ⩾ 2 and |a| ⩽ b/2, we may apply [7, cor. 2.4(i)] with
r = 1, z = e(a/b), ϑ = 2πa/b and κ = 1. Using [7, (7.4)], from which the bound [7, (2.19)] is
actually derived, this yields

S(N ; a/b) ≪ Ne−2a2E(N)/(9b2).

So, if (2) holds, then the above lemma implies that ξP is simply normal to the base b. Notice
that {a ∈ Z : |a| ⩽ 1

2b} describes a complete set of residues (mod b). The effective bound (3)
is then provided by (5).

If, on the contrary, condition (4) fails, we apply [7, cor. 2.2], which is an effective version
of a result of Delange—see [6, th. III.4.4]. We have

(6)
∑

p∈Q, p⩽N

log p

p
≪ ηN logN

for some ηN → 0. A possible choice is

ηN := min
1⩽z⩽N

(
log z

logN
+

∑
p∈Q, p>z

1

p

)
.

The validity of (6) is then obtained by bounding log p by log z if p ⩽ z and by logN otherwise.
That ηN = o(1) follows by noticing that the last sum tends to 0 as z → ∞. Then we get

S(N ; a/b) =
N

logN

∏
p

∑
pν⩽N

e(νaΩP(p)/b)

pν
+O

(
η
1/8
N eE(N) +

eE(N)

(logN)1/12

) ,

where we are picking the corresponding values from [7, cor. 2.2] as a = 1/8, b = 1/12,
and ϱ = 1.

To prove that

(7) S(N, a/b) ≫ N,

it hence suffices to show that

logN ≪
∏
p

∑
pν⩽N

e(νaΩP(p)/b)

pν
=
∏
p∈Q

1− e(νpa/b)/p
νp

1− e(a/b)/p

∏
p∈P

1− 1/pνp

1− 1/p
,

where we have put νp := 1+⌊(logN)/ log p⌋, so that pνp ⩾ N . Now the double product above
is clearly

∼ σN :=
∏
p⩽N

1

1− 1/p

∏
p∈Q

1− 1/p

1− e(a/b)/p
·

Since the general factor of the last product equals 1 + {e(a/b) − 1}/p + O(1/p2), we deduce
from the convergence of

∑
p∈Q 1/p and Mertens’ formula that σN ∼ c logN for some c ̸= 0.

This yields (7) as required.
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