On integral boxes of minimal surface
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1 Introduction and statements of results

Given an integer k > 2, consider for each integer n a k-dimensional box with integral edges and volume n.
How should we select the lengths dy, . .., d; of the edges so that the surface of the box is minimal? Since the
surface of a k-dimensional box with edges dq,...,d is given by

o(dy,....d) =2 > [ dn (k>2),
1<h<k 1<m<k
m#h

it is clear that any sequence {on(n)}1<n<k = {0k,n(n)}1<n<k realizing this minimum and arranged in in-
creasing order is a solution of the optimisation problem

H Qh(n) =n,

1<h<k
(Ppk) 01(n) < 02(n) < -+ < ok(n),
1 1
> Y L
1<h<k Qh(n) d1...dk:n1<h<k h

This setting generalizes the case k = 2 introduced by the second author in [6]. In this case we have
(1.1) 01(n) = max{dn:d < +/n}, 02(n)=min{d|n:d > /n},

so the pair (p1(n), 02(n)) is unique. We note in passing that uniqueness of the solution to problem (P, )
is not necessarily granted in the general case. We leave this question open for the time being and merely
indicate that numerical tests show that uniqueness holds for k € {3,4,5} and n < 108.

Estimates for the mean-values of g2 1(n) and g2 2(n) were given in [6]. The purpose of this note is to provide
corresponding estimates in the general case of dimension k. This last parameter will be fixed throughout
the paper, consequently we shall omit to indicate dependence upon it.

We shall see that evaluating the average of o; is significantly more delicate for j = 1 than for j > 2. By
[6, th. 2|, we have

2.2

(1.2) > oaa(n) = 1;1%:6{”0(10;)} (x> 2).

n<x

Improving upon estimates established in [6, th. 1] and (implicitly) in [7], Ford [1, cor. 6] showed that

23/2
1.3 = > 3),
with
14 log, 2
1.4 d:=1— —>=— ~0.086071.
(1.4) Tog 2 0.0860

Here and throughout, we write log, for the jth iterated logarithm.
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De Koninck and Razafindrasoanaivolala ([2],[3]) estimated the mean-values of the ratios g2 1(n)/02,2(n)
and p22(n)/021(n)", r > —1, and also of ratios involving the logarithms of these functions.
A very recent result of Haddad [4] provides the formula

Z log 02.1(n) = cxlogx + O(x)

n<e

for a suitable constant ¢ €]0, §].

We state our results as the two following theorems. We denote Riemann’s zeta function by ((s). We also
put

k—1
log k

(1.5) Q(v) :==vlogv—v+1 (v>0), 6k::Q( ) (k > 2).

Theorem 1.1. If the sequence {on(n)}5_, satisfies (P, k), we have

plH+1/k
1.6 > 3).
(1.6) > aln ¢ log ) fogyaoE (£

n<

Theorem 1.2. Let 2 < j <k and vj :== k +1— j. If the sequence {on(n)}r_, satisfies (P 1), we have

21+1/7; fy?” 1 1
a7 2_ ei(n) 1ogx>vf{<vjj+1>!<<l+w>+O<logm>} (#>2).

nx

Remarks. (i) The upper bound in (1.6) is actually valid if g1 (n) is replaced by the smallest divisor d; in any
representation n = dy - - - dj.

(ii) Formulae (1.6) and (1.7) hold for any solution to (P, %) and hence are unaffected by the fact that
uniqueness of solution has not been established for k > 3.

(iii) The trivial bound g;(n)**177 < n readily implies

2x1+1/%
< 1<j5<k).

nxr

(iv) Generalising an observation made in [6] for the case k = 2, we shall see that the average of ¢;(n) is
dominated by integers with exactly k + 1 — j “large” prime factors, in a sense to be made precise later.
(v) For k —j =2, (1.7) coincides with (1.2).

(vi) For 2<j <k and 0 < h < j—2, we have
ZQk hj—h( ngj (x — 00).
n<w n<T

2 A lemma

For any v = (v1,...,v;) € (N*)* set

and let us equip
w={v e (N)F tvp <o S, w102+ v, = ),

with the total preorder relation < defined by

vxwe Sh) < S(w) (v,weE,).

The following result provides a necessary condition for optimality of a k-tuple. We denote by P~ (n) the
smallest prime factor of an integer n > 1 and make the standard convention P~ (1) = +o0.
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Lemma 2.1. Letn > 1 andv € E,,. Ifv;P™ (vy) < vy for some 1 < j < h < k, then the ordered k-tuple w
obtained from v on replacing v; by v; P~ (vy) and vy by vy /P~ (vp) is an element of E, satisfying w < v.

Proof. Since v € E,, and w is ordered, we have w € E,,. Moreover,

{P~(vn) —1H{v; P~ (vn) — vn}
vjup P~ (vp)

S(w) — S(v) = < 0. O

For purpose of further reference, we note as an immediate consequence of Lemma 2.1 that, for each n > 1,
we have

(2.1) 0j(n)P~(en(n)) = on(n) (1 <j <h<k).

3 Proof of Theorem 1.1
Set
Nj(x) = {néx:;ﬂ<gj(n)<2£} (x>21,1<j<k te).
Lemma 3.1. Let z > 1. For each n < x, there exists a unique £ > 0 such that n € Ny ¢(z) and

Z1/k B .
(3.1) 5T < 0j(n) < o(U+1)(k=1) ,.1/k 2<j<k).

Proof. The requirement that n € Ny ,(x) implies that ¢ is the greatest integer such that o;(n) < x/*/2¢.
Moreover, since g1(n) < z'/* by definition, we must have £ > 0.

When 2 < j < k, we have g;(n) > o1(n) > 2'/% /2! and

x
((n) < n) < < 2(€+1)(k_1)$1/k. 0
QJ( ) Qk( ) {Ql(n)}k_l
We can now embark on the proof of Theorem 1.1. For v = (vy,...,vy) € [0,00[™ (m > 1), define

Tmt1(n,v) = [{(d1,...,dm) €N 1dy...dp | n,v; <dj <205 (1<j<m)}| (n=>1),
HH ) (2 v) = {n <z :mmy(n,v) =1} (z>1,m >1).

We know from [5, th. 1] that

3.2 HOHD (4 ) = x ,
) )= (g )l e 10, 707
with 7 := (m + 1)/™, provided 2" [T, pc,, vn < x/vf" and vy, < vf* for suitable constants ci, ¢,

0 < ¢1 <1< co. Note right-away that Q(1/logr) = d;, as defined in (1.5) when m = k — 1.
By Lemma 3.1, for every n < «, there exists a unique k-tuple £, = ({y1,...,0 k) € Z* such that
n € Njg, (x) (1<j<k), by >0,and (€1 +1)(k—1) <lyp < -+ < L1 Therefore

1/k

& x x
(33) [Nie(@)] < > HO (s A w1 faeye) (€20
(L) (1—F) << S <L -
Oba+ 05 >0
Now, setting L, := [2d;(log, x)/log 2] (x > 3), we can write
l.l-i—l/k |N1 g(m)| x1+1/k
01(n) = o1(n +O(><x1/k — +O<>~
72 ( ) 72 ( ) (log x)25’< oggzg:Lz 2¢ (log x)%k

e1(n)>z'/* /(log z)*°
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Since the required hypotheses for (3.2) are satisfied for v; := o /F /26 (2 <5< k), 0< < Ly, 0 =<l+1,
and sufficiently large z, we deduce from (3.3) that

1+1/k 1

1
291 logac)‘;k(log x)3/2 Z 2t Z Y —

n<a 0Ly = (01 (1—k) <l < <la <
Ltlo+-+£, 20

plt1/k Z {k(f—i—l)}k*l plt+1/k '
* (log )% (log, x)3/ * (log )% (log, x)3/

0<I< Ly

It remains to establish the lower bound included in (1.6). From [5, th. 2], we know that

S ) 2 _ 1,.1/k x
(3.4) Az) = ’{290 <n<x:pun) =1, Tk(’l% {201? }1<j<k71) = 1}‘ >k (log 2) (logy 2)372
where p refers to the Mobius function. Observe that
1 1 2k
< —— < — n € A(z)),
w2 pm S ww eAw)
hence z'/% /2k < p1(n) < z'/* by construction. In view of (3.4), we finally have
21/k 21/k .
b i [k
Lamz 3 amzy {{n<a: 5o <om) <o/t
- ml/k/2k:<,t;1(n)gml/k
.Tl/k.A(x) xl-&-l/k
>k .
2k (log )% (log, x)3/2
This completes the proof.
4 Proof of Theorem 1.2
Recall definition «; := k 4+ 1 — j, and put
1 1
(4.1) aj = (1<j<k).

F1/2 k—j+3/2

Our proof of Theorem 1.2 is based on the observation that the sums (1.7) are dominated by large values
of g;(n). More precisely, we shall see that the structure of the integers n < « such that p;(n) > 2% is very
constrained: in that case the gn(n) (j < h < k) are all prime. To lighten notation, we write

(4.2) min) = [ enn) (n>1,1<j<k).
1<h<)
Lemma 4.1. Let1<n <z and2<j < k. If pj(n) > x%, then gn(n) is a prime number for j < h < k.

Proof. Under the assumption o;(n) > 2%/, we have

4.3 p_— < gl = 1/ (2y+1)

43 ) <

If on(n) is composite for some h € [j,k], then o,(n) > p?, with p := P~ (gn(n)). However, in view of
Lemma 2.1 we have

(4.4) p> on(n) > Qj(n) > Qj(ﬂ) >$1/(2w+1)’
0j-1(n) ~ 0j—1(n) ~ mji—1(n)

by (4.3), while, since gj_1(n)p = on(n) > p?, we also have
(4.5) p < oj—1(n) < mj—1(n) < at/ v+l

by another appeal to (4.3). Since (4.4) and (4.5) are incompatible, g5 (n) must be prime. O
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Observe that, trivially, o;(n) < /% (1 < j < k) and that the contribution to the left-hand side of (1.7)
of those integers n such that g;(n) < 2% is clearly < x'7%i, a quantity exceeded by the error term of (1.7).
Therefore, we can focus on those n such that g;(n) €lxz®,x'/%]. By Lemma 4.1, these integers admit a
representation of the form n = mpq ... qr—; with p < ¢ < --- < gx—;, where p and the g, are all prime. It
follows that

(4.6) > 0j(n) = Sj(w) + O(a'+9),
with

(47) Sw= Y » 3 [xJ (>1.2<i <k

par .- Qk—j
2% <p<a'/i PO Kar—j J
q1---qu—; <z /p

We now evaluate S;(z). Let ©(n) denote the total number of prime factors of an integer n. We have

s@= Y » Y Y= ¥ S Y

(4.8) 5 <p<a'/ i If(z)/ﬁ mse/np - m<at TN 2% <p<(w/m)' fo/f;"
n)zp n)zp
Q(n)=k—j Q(n)=k—j

Now from the trivial estimate

a;\(] k—j 1+aj1 k—j
Zp Z 1< Zp Z z <<$7T($ )(log, ) <<33 (logy ) ’

) ) mn m mlogx
p<z™  n<z/pm p<z®  n<z/pm
P~ (n)2p P~ (n)2p
Q(n)=k—j Q(n)=k—j

we see that removing the lower bound for p in the summation conditions of (4.8) introduces a global error
< 't (log, ¥)*~7. Observing that 1 — y;a; = a;/2 and defining

(4.9) Tiy)= Y p >, 1< > > %<<y1+1/'“,

p<y'/7  n<y/p p<y?/i n<y/p
P~ (n)2p P~ (n)2p
Q(n)=k—j Q(n)=k—j
we arrive at
T 1+(1—a; /3)/7;
(4.10) S;(z) = Z/3Tj(m) +O(x +(1—ay/ >/w)7
m<z ™I

in view of the inequality a; < (1 — o /3)/7;.
The next lemma furnishes an asymptotic formula for 7);(y) as defined in (4.9).

Lemma 4.2. Let 2 < j < k. We have

,y?wy1+1/»yj 1
211 Ti(y) = — ﬁ+o()
(10 W)= G Dilog ) ogy

—
<
\%
>

Proof. Set
Ap(o,t):i= > 1 (h=1,2<t<0),
Q1= 2qp >t
q1---qn<v
so that
yl/Wj

(4.12) Ti(y) = /2 tA_ (% t) dr(t).

An iterated application of a strong form of the prime number theorem yields, for any fixed h > 1,

_ _ duq - -+ duy, v
Ah(v,t) = /u)m?m;}t dﬂ'(ul) - dﬂ'(uh) = /41}-‘21%21& (logul) - (loguh) + O(e %logv)'

Uy Up KU Uy Up KV
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Therefore

1/v;
1 y o tduy - - - dug_dt 141/,
L= [ v ro(L ).
(k=) Js u17---,u;c—j>/tt (logt)(logui) ... (log ug—;) eViogy
y

UL Uk —§ S

Performing the change of variables t = y*°, up = y*» (1 < h < k — j), we obtain

- L[ g v dv vy (10
) (k — j)' ’U1,.-.7’Uk—j>1}0 U()Ul e ’Uk:—” e\/@ .
(log2)/logy vyt Fvg—; <1—vo ’

For 2 < h <k —j, write

1<m<h
The further change of variables
1 s w 1 Wp — S
Vo= T oo Uh = o+lh: ‘ lh (I<h<k—j)
V5 ogy ogy Vs ogy
yields
Uj(y) y'
4.13 i(y) = —2
( ) T](y) (k—])'+0 e\/@ 9
with )
Uity) o= yl+1/% /log(y i) 4 / eWes duwy - -+ dwy_;
i\Y) = (logy)’ﬁ o e(tl)s Jwi,...,wp_;20 Dj(s,y) ’

Wi—j<v5s

Do = (2 ) T (R,

oo logy/ po N logy

For s < log(3y!/77), we have
i+wh—s>1 S >log2

v logy Ty logy  logy’
hence the contribution of s > Y := (y; + 2) log, y to U;(y) is

o0
1+1/7; —s .
<Ly 3 /Y e ®ds o105 30 dw, dwg—;
(4.14) N Wi—<;8 e,
. . J
< y1+1/7j / Skfﬂ e fds <« y1+1/’)’j kaj e*Y < yiﬂ
y (logy)s

Moreover, for s <Y, we have

v 1—y; Wi—j — 55+ O(1
Dj(s,y) =, 7 +] 7 i— (1)

logy ’
and so
1 77j{1rvak_j’YjS+O(1)}.
DiGsw) U T oay

It follows that

Vi, 141/7; Y
_ Y ds Wi s+1
Uj(y) = (log ) /0 NEIEIE /vl,.u,wk_po e {1 + O( logy ) } dwy - - dwg_1.
Wi—j<v;s
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Since the contribution of the error term is clearly

141/, 1+1/v;

Y

<(logz~/)%'“/O (s+1)¥e ™ ds < -2

we finally get

Vi 1+1/v; Y 14+1/v;
] _ 7_] Yy ds Wi, 4 Yy J
(415) Uj (y) - (log y),yj /O e(’Yj"rl)S A17.”wk7j>0 e J dw1 e dwk—] + O 7(10g y)'Yj+1 .

Wi—;j<v;s
The range of the outer integral may now be extended to [0, oo[ for the involved error is
% k—j s k—j —Y 1
< /Y et ds Y et K W
Inverting the order of integrations in the multiple integral thus modified, we get that it is

o0 TR
(4.16) / Wit dupy - - duwp_ / (dsl _ 1 / dw1W dwiy _ 7
[0,00[5~ By R L B 7+

Formula (4.11) then follows from (4.13) and (4.15). O

We are now in a position to complete the proof of Theorem 1.2. By (4.6), (4.10) and (4.11), we have

Z (n) B ,yj?“/j q;l-‘rl/’Yj Z 1 14 o 1+ logm n 0 ﬂ
= O G D logays 2 i logo logayi
n<x 1<m<z ™
777G+ 1/ P/
(i D!(logz) <(10gx)7+1>

as required.
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