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1. Intreduction. Since the work of HErdés-Kae, Erdos-Wintner,
Kubilius, Delange, Wirsing, Elliott and Haldsz, the limiting distribution
of additive and multiplicative functions is fairly well known. However
the local behaviour of these functions still presents difficulties. In this
paper our aim is to gain some insight into this behaviour, on short intervals.
Given any (real-valued) arithmetical function f we introduce two further
functions,

Ji(n) i = max{f(n+4): 0 <j <k},
fi@):=min{f(n+5):0<j<k}

which reflect the local irregularity of the values of f. Here & = k(n) is
a funection of », possibly constant; the case when k behaves like a power of
logn is important. Our methods would apply to many additive or multipli-
cative funetions but it seemed preferable to us to fix our attention on the
simplest case, when f(p) is constant for primes p. So we consider, typically
w(n) := card {p: p[n, p prime}, v(n):= card{d: d[n, d € Z*}.

The starting point of this study was a double conjecture of Erdos,
proved in [1], on the functions i (») and 7; (n). The first part of the con-
jecture was that for each fixed % there holds

Z 7 (n) ~ kxlogw.

n<r

In [4] it was shown that this remains valid if ¥ = k(x)—co in such a way
that

k < (log@)°**~'exp { — &(x)V (logloga)}

where &(x) is any function tending to infinity. The exponent log4—1
is sharp. On seeing this result Erdos conjectured that when

N N k= (logw)*s*~exp {(e¢-+o(1)) V (logloga)}
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then
2 75 () ~ F(c)krlogx

n<E

where F is an appropriate distribution function decreasing from 1 to ¢
on R. This is a corollary of our first theorem which we now state. Through-
out the paper we denote by ¢(u) the function defined on R™ by ¢(u)
= ylogu —u 1.

THEOREM 1. Let a € (0, 1] and 8 = 2°. If we write

k = (logz)*® exp {alogp V(2 ploglogm)}
where a = a(x, k) is unrestricted, then

fee]

y L)1 w? logloglogx
o i (o] )
g(rk (m))* = H(a)kz(logz) e afe w - Vsl

uniformly for keZ*, x> xy and 0 < a<1, where

1 1\ 2¢ 3¢
B =T H(l_Z) (e g gt )

Here and throughout the paper z, is an absolute constant (10000
will do) for which our iterated logarithms are positive, and we assume
@ > x, henceforth.

The problem of 77 {(#) is harder and its mean value is not known for
any k > 2. The second part of Erdos’ conjecture was that for each fixed k,

D) (n) < @(loga)

NEL

where o, decreases towards log2 as k increases. In fact o = k(2% —1)
is the sharp exponent: the right hand side above, if it be divided by
(loglogw)“"2, persists as a lower bound. We now improve this lower bound
to what we believe be a sharp result, that is we conjecture that this is
the correct order of magnitude.

THEOREM 2. For k> 1 and x> x, we have

Z‘ 75 (n) >, #(logx)* (loglogz)1—972,

nNE<w

We cannot prove that the left hand side is o (w(logw)"k) but it will be -
seen that the proof we give would work equally well for the upper bound,
except for technical difficulties mostly related to the sieve.
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Regarding wjf (n), the most interesting problem is the normal order,
from which one can easily deduce the average order. We shall see later
that the normal order of 7 (n) may also be derived. In [2] Erdés and
Katai gave a quite complicated proof of the following result.

THEOREM (Erdos-Kéatai). For almost all n, the following asympiotic
Jormulae hold unmiformly for ke Z*,

wif (n) = (L+o(1)ju'(2)loglogn,

wj; (n) = (u~(2)+o(1))loglogn,
where A is such that & = (logn)?, and w*(A) (resp. v~ (1)) denote the root
=1 (resp. <1) of the equation ¢(u) = 4 (resp. ¢(#) = min (1, 1)).
In the last section of the paper we give a new and simple proof of this
theorem based on a variance argument. This provides some extra infor-

mation on the number of j, 0 < j < k for which w(n -+ j) is near its extrema.
As a consequence of the Erdios—Kéatai theorem we have

TueorREM 3. With the above notation we have for 1 = O(1) and
almost all n,

7 (1) = (logm)™* @+l
where v+ = u*log?2.
2. Some lemmas.

LevmmA 1. Let 2922 ...20,20, Yo=91>...29,>0. Then

B+ (@Yo + Y1+ oo TBY,) = @+ T+ oo +2,) (Yo T Y1+ oor T Y.

This is a special case of an inequality of Chebyshev (cf. [5], p. 43).

LevMuA 2. Let g: Z¥—R* be multiplicative, and such that for each fized
prime p, the sequence {g(p°): 0 < a < oo} is decreasing.
Let G(n) = D {9(d): d\n}. Then for all z,

1 1 <
) G(n)mzng(d)>'r(7>% 1.
a<z a<z

Proof. This is by induction on w(n), the number of distinet prime
factors of n. Let w(n) =1, n = p% For 0 << a set

1 if pP<ue,

wy =g, Y= !0 olse

Then (1) follows from Lemma 1 in this case. Now let n = mp®, ptm, and
suppose that (1) holds for all integers »" with w(#’) < w(n) and all 2.
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Since m is an »’, we have

1 1
- dy — By . t
Gm) ;m g(d) G ﬂ;’ g(p") tlgm g(?)
a<z

t<zp"‘ﬁ

>Géa) ;g(p% T(in) %‘ T(m>2ap) o)

pﬁ <zft

t<zp_ﬁ

ZT( Z él‘

<wxfé

Hence (1) holds for n and all z. This completes the induction and the
result follows.

LevMA 3. We have

3 tra-+etn-k 3« LD

(log )2(2“-—1)
nNEL I
uniformly for 0 <a<1 and 0< 4, j <, ¢ #J.

Proof. We may write

where g, is a positive, multiplicative function such that g,(p") = (r +1)* —#°
The funetion 7* is concave for each fixed a [0, 1], hence the sequence
{9.(P")}2, is decreasing. We apply Lemma 2, with g = g¢,, & = 7%, and
2 = Vn. We have

1 AN 1 . 1
Wﬁ;g“(d)/_(—z >§

d<vn a<vn

Now set z = l/(2w max{l/(n—i—@ V(n+j)} for every m,,j <. Then

Dlplntiyrntiyr<a D) D) D 0.(@)g.(d)

n<w n<a d|n+z d’'|n+j
d<z d'sz

<> Zga(d)ga(dv{[df”d,] +1}

d<z d'<z
(d,d')i~j

Z Z 92(2) 9. (d') d)ga(d)
d<z d'<z [d d :]
(d,d)i—j3
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since g¢,(d) < 1. This is

<o DU 3 2bnf

rli—3 m<zfr

< 6(“’ .”) (log )2(20_1)
e —jl
gince g,(mr) < g,(m). This is the result stated.

LevMMA 4. We have

. E—1 @ (2%oglogz)*? k ))
Z o(n)" = H, (Zaloglogw) logz  (k—1)! (1 +0 (loglogx)?

n<x
w(n)=k

I

uniformly for ae[0,1], ke Zﬂf\m > 3, where

2° 1\2% 2% 3%
H,(?) = o 1——} {1 oo}
®) = T I;I( | p) ( T e )

We omit the proof which follows that of Selberg [T7].
Levua 5. We have

c

n<T ~0o
o(n)<l+eVl

uniformly for a €[0,1], ¢ € B where

1 = 2°loglogw,

. 1 1 2% 2a Sa
=— 1— = 1+—~+—+...-).
I’@)ﬂ( 19) ( p P

We omit the proof, which just involves Stirling’s formula and the
fact that H,(z) = O(1) near z = 1.

3. Proof of Theorem I. We put I = 2°logloga and

H, = H,(1)

k = (logz)* os*~**+lexp {alog2°V (21)},
M () = &, (2)(logz)* =2 exp {alog2 Y(20)}.
We have

D)t () < Z'Zx(%ﬂ (n+4)"+ 3 7t (n)°

n<e n<x j<k n<x
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where >’ is restricted to integers » for which =i} (n) < M (x) and y denotes
the characteristic function of the integers n such that v(n) > M (x). There-
fore the left hand side does not exceed -

kD) a(n)v(n) oM (@).

n<x+k

1
We set g,(2) = exp(~— —logloglogm) so that this does not exceed
a

B(8; - 8,) + kx(logx)**~ (loglogx)
‘where
8y = D' {r(n)":2°M > M (2)e,(%)},

n<e

8 = D {z(w): v(n) 27 > &7 (@)}

N<r

The sum 8, is treated by Lemma 5. We have

— 2
w(n) > 1+a¥(2l)— 2 logloglogx
and so
; r loglogl
8, = Hz(loga) —1(-}: f e**dw +0(-9-g-°g:°gw))
V= 4 aV(loglogx)
Also
7 (n)*+! a_ -
(@) 2 2500 < w(logz)* ~Y(loglogz)™*.
n<T
Hence

, | 1 oo*a,z M»
sz() < H ko (loga) (1/7:;{6 dw+0(al/m ’

n<e

It remains to obtain a similar lower bound. Let y now be the charac-
teristic function of the integers » such that

win)>1+aV (@) + £

where &—+oo, & = O(V(loglogw)) is to be chosen later. Then

2 2 amtirintir < D+ D) D alnti)r(n+i),

n<e i<k n<x <z j<k
Mn)=2
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where

Aln) =card{j: 0<j<k, y(n+j) =1}.
| 1
alog2 %
xlogloglogx it has the sanie asymptotic formula. The second sum on the
right does not exceed

The sum on the left is similar to §, above, indeed if we set & =

. . (a T(n+12) v (n+j)*
2 D gmtigln et <2 prm
I<i<j<k o<i<j<k
1 .
< = T(n-+4) %t (n ).
k(logz)* ~'logloga N Y

By Lemma 3, the inner sum is

< kr(logz)2@*—D
and we deduce that

o ; loglogl
o )t > H e (loga) ™ —e [ e=ode 2 0 [081081087
F v V(logl

Py Y aV(loglogx)

as required. This completes the proof.

4. Proof of Theorem 2. This is a variation on the method worked
out in [1]. We have

2) 2 Zz”Tk(w 0) > 2 2" 71Ty (@, v),
where

T4(z, v) = card {n < #: min w(n+j) = v},
0<j<k .

Ty, v) = card {n < x: min o(n+j) >0},
o<i<k

and we employ (2) in the range [2"¥loglogz]<< v < [2Y*loglogx]+
+ V(loglog®). Let M < &%, u(M) # 0, o(M) = kv and let M = myms, ...
.. my, where w(m;) = v for each j. There exists N, 0 < N < M, such that
N = —j(mod m,) for each j, and we put N+j = a;m,. For I+1<a/M
put g; = ¢;(1) = Ml a;for each j, where M; = M /m;. Then g;m; = Ml+
+N-+j and n = MI+ N is an integer contributing to T, (z, v).

We have to control the number of representations of « in the form
described above: in fact we restrict M, 1 in such a way that the number
of different representations in bounded. First, we suppose (M ,P(k)) =1
where P (k) denotes the product of the primes not exceeding k. For each

5 — Acta Arithmetica XLIII, 4
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such prime p, let B = B(p) denote the least integer such that pf >}k
thus g is bounded as a function of k, moreover sois [ {p’: p <k, § = B(p)}
which we denote by @. Then we restrict ! so that MI4N-- j
= 0 (mod p”) for any prime p < k. Notice that given M, N is determined
uniquely and, as j varies, 0 <j <k, just k residue classes (modp”) are
excluded for Ml. Since pt M and p’? > k, there is at least one residue clags
available for 1. It follows by the Chinese Remainder Theorem that thepe
is at least one residue class (mod@), say ! = a (mod @) such that the
above condition is satisfied for each p < k. This means that for every g
n -4 has at most ~

= > (6@)-1) Q,

o<k

prime factors not exceeding k, counted according to multiplicity. Second
we suppose that every g;(I) is free of prime factors in the range (%, 2]
here we use a sieve, as in [1], for a suitable 2, which will be a small pow
of », depending on k.
We may now estimate the number of representations of » in the form
M1+ N. For each j, we have n-+j = g;m; where ¢; = q;¢; say, and al
the prime factors of ¢; are <k, those of g > z. The number of choice
for ¢;, ¢i do not exceed 2%, 2¢ respectively where b is given above ang
: ¢ = log(@+k)/logz. Hence the number of representations of » will no
! exceed 2%0+9). For each fixed k, this will be bounded.
: It remains to construct our sieve. We suppose M given, M < »*?
u(M) #0, (M,P(k)) =1, M = mm,...m, Write M; = M/m,; and

define
k-1 k—
Fo =[] (+a) H ),

k—1
B(r) = f(@+a) = [ [ (M;Qr +Ma+ay),
j=0
X = [(0/M—M)Q1-1, P=[[{p:k<p<al.
We seek a lower bound for

8 =card{r:1<r< X, (F(r), P) = 1}.

This is similar to the sieve in [1] (Lemma 9), and we do not give the details
The conclusion is that :

= 01 (k) X

(log X)~*

(X =
0gQ <k M < #% and so X > Ve for suffici

Xo(K))
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. large @. Thus ¢ < 7k is bounded for each fixed % as required. Indeed

®
8> 02(7c)-]—n—(10gm)“",

and

M
Tuto, o) > OBy ) 250
M

where »(M) denotes the number of ways of writing M = mm, ... my;
with w(m;) = v for every j. Thus »(M) = (kv)!/(v})* and

»  (loglogz+ O(1))™

Tk('”? ’0) >>k (lng)k (v!)k

whence by Stirling’s formula, for o = [21”‘10g10gw]+1",¢<l/(loglogw) ,

wekv P —kv
2T (5, ) >y T (1 + )

(logx)® 2Y¥oglogw
wek(v—-r) B .
>kW > [ klzw(logw) i,

Summing over 7, we obtain the result stated.

5. Proof of Theorem 3 and new proof of the Erdés—Kdtai Theorem.
heorem 3 readily follows from the result of Erdés and Katai [2] stated
the introduction, since for almost all n, (logn)™° < 7(n)[2°™ < (logn)®
y fixed & > 0. We now prove their theorem: we remark that the
result on this problem, due to K4tai [6], gave one-sided estimates:
st all # and uniformly for k& > 1, we have

oy (n) < (14+o(1))ut (2)loglogn,
i (n) > (™ (2) +0(1))loglogn

s we also prove this in the ap-
roblem; we note

i;n;_‘the case logk
manujan ‘theorem

logk < (loglogn)*™
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(iii) Since 4~ (1) = 0 for 1>=1, we may assume A<{1 in the cage
of wy (n).

We now need some more notation. First set w(n,z) = card{p: p|n,
p < 2} and define the corresponding functions wj (n,2), oy (1, 2). Next,
for each y, 2 define a multiplicative function f(n,y) such that

D f(d,y) =y,

dln

in fact f(p%,y) =y—1 if » =1 and p <z, = 0 else. We set

B(2) = Z” M (y, 2) =H(1+%) =§‘fﬁf‘l’_f_1)
a=1

p<z p<z

and for any pair (y, 2) we let y be the characteristic function of the sequence
of integers n such that

lo(n, 2) —yB ()] < £(2) VyE(2)

where £-—>co a8 2—>00, £(2) = o(l/loglogz). For every n we set

Fnyy, ) = 3 aln+j)y=99.

i<k
Finally, we denote by P*(n) the largest prime factor of n. We state

. logx
THEOREM 4. Provided k<a'’, y>y,>0, y’loge =o (loglogw)

we have
DEm;y, k) —kM(y—1, 2)) < ok*M*(y —1, 2) R,

n<e

where
R = R(x, y, 2 k, b) <, k™2 (loga) ™0+
(loga)™™

+exp((—3+0(1) £(2) + —— exp {£()logylV (ylogloga)}

uniformly (except for the dependence on b implied by <3).

This is rather technical, but we check that it implies the result of
Erdos and Kétai, taking the case of wj (n) as the other is easier.

Let n be a small positive constant and set k, = [(logaz)™"],
m =1,2,3,...; by the monotonicity of wj (n) as a function of %k, the
continuity of 4% (A) and remark (ii) above, it will be sufficient to prov
that for all but o(x) integers n < # and for any ¢ > 0 we have

wi (n) = (1 —e)u™ (mn)loglogw,
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where %k = k, and m < exp{(logloglogz)?}. We choose z such that
logz = (logz)exp{—(logloglog x)%}, and set £(2) = (loglogz)'3,
Ym = (L—e/2)u™ (my) in our theorem. For almost all n, and all the m
above, we see that .
) F(%’ Yms km) ~ kmM(ym_1> 2)
and so
> 4ln+1) = by (loga)~trHeetim,

i<kp
The right hand side tends to oo, which is all we need.
Now we embark on the proof of Theorem 4. We begin with

LEMMA 6. Provided k< a'®, y>y,> 0, y’logz = o(logz/loglogx),
we have

@) D Fm;y,k) = kaM(y—1,2){L+0(exp(—} +o(1) & ().

n<x

Proof. We write

2Py, ) = ) Xy 040 b 3 (1 —z(m)y?)

n<Le n<z j <k

=% Df(d,y)w/d]+

a<z

2
(k > 2 uy)*™Jexp { —yE (2)logu; — S(z)llogui]V(yE(z))})
i=1 n<x
provided %; <1< %, For example, if w(n,z2)> yE(2)+ &(2) l/(yE (?))
‘then
1—x(n) = 1< ug™?exp | —yB(z)logu, — &(2)logu, V(yB (2))} .

:‘:z"-‘?f*{[‘he sums involving u, may be estimated from above by the inequality
of Halberstam and Rlchert [3], and we obtain

ZF(n,_y, k) = keM(y—1,2)+O0(k{R,+ Ry+ S, +8s})

n<e

= Mifd, 9, B=a Y ifd,yld,

asiw a>x
nd for g = 1 2, ‘
L (’“1:_1)?/)
mM =1L,2) 4. J |\ L+ ————}exp | —yE(2)logu,—
@ )L[( pry 1) (B

— §(z)[log%¢”/m}'




386 R. R. Hall and G. Tenenbaum

If we choose
u; = 1+ (—1)&() [V [yE ()
then we find that )
8;+8, < mM(y—l,m)exp{(—%+o(1)}§2(z)}.
Set a = (logz)~'. We also have

»R]_—i"R2 < wl—a 2 lf‘(-l?i?l/)l < ml—a ” (1_]_ e(y-p_l))
‘ d=1

<z
< oM (y—1,2)exp{(—}+o(1) (@)}
This completes the proof. Obviously the crucial step in the proof of the
theorem lies in the evaluation of the second moment of F(n;y, k).

LEMMA 7. Provided k< @, y>=w,>0, ylloge = o(logwloglogz),
we have

N Py, k) = ok My —1,2) L+ O(R)}

NEL

where B is defined in the statement of the theorem.
Proof. Set

A(z;4,J) = Zyw(n+i’z)+w(n+j’z)a

NEB

Bw; iy ) = ) (L—gln4)yersateesss,

n<w

C@) = D xmy™™?

n<e
g0 that the sum to be evaluated is
2 3 Aw;i,+0( ) B(a3 i, /) +Bl@3 j, ) +k0 (@)
Cot<i<k i<j<k
and we note that

() < y’llE(z)—l-sgn(y—l)é(z)I/(yE(z)) Z yw(n,z)

< oM (y—1, 2)exp |(ylogy) B(z) + logyl§ () V (yE (2))}
< 0l (y —1, #)(logwy*Wexp {logy|£(2) ¥ (ylogloga)}.

With the same u,, %, as before, seb

Gl(m; ’l:, j) = 2 (uly)w(n'l"i,z)yw(n‘}“j’z)’ l — 1’ 2

n<w
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so that
B(x;i,5) < I—Z1l Gy(w; 14, j)exp | —yE (2)logw, — &(2)|logw,| l/m} .
If 5 denotes the characteristic function of the sequence of integers =

|
|
‘ baving a divisor d such that d> 4", P*(d) <z, u(d) # 0, we have

(4) Gi@;i, §) = D) D D fd uy)f(@, y)+O(Ry)
\ n<z dln+i d'in-+j
d<a:1/10 d’<x1/10

| where

By = 3n(m) (L +hgy — 1)1y —1])059

n<we

and estimate the mean value of #(n) by Rankin’s method, viz:

| | 2w <o 3 3 @< e [T +po

n<L n<L dln <z
PH(d)<z

with a = 1/logz as before. Holder’s inequality gives
Ry <, aM*(y—1, 2)(log »)~°.
Denote the main term in (4) by G (z;4,j). Then
Go36,d) = D) fldswy)f (@, y)card {n < o: din+i, d'ln-+3}
d,d’ <z1/10

=3 D fons, wapin's,) {2 o)

slj—1 mym’ <xl/10

(m,m’)=1
1
=25 D wort T fasug) s y)jdd +0@™.
Sli=t  pcnl/105—1 d,d’ <2110(ts)—1

—1 -1
Let % be multiplicative, h(p’,y) = F(#’, ) (1+y7) . Then

) f(rd
MDD iy -1, 21, ).
d=1

We split off from the sum above terms with s > 2%, and then add on
all the terms with #s < 2*** but d or d' > 4'"°/ts. The contribution of
both sets of terms is estimated by Rankin’s method with a = 1/logz,




388 R. R. Hall and G. Tenenbaum

and we get

* . 1 i
63 (@3 ,4) — aM(uy—1, AU (1,2 3 = 3! L hies, wg)hes, )+

8|j—1 ts<zl/20
+ 0y (#M*(y — 1, 2) (loga) ™)
and so
D) Gl iy §) = oM (wy —1,2) M (y —1,2) K+ 0, (s7* M7 (y — 1, #) (loga)~")

i<j<k

where
- YA( 7
= SH0 0 S S]]
n=1 sln r<k §
because
N ZH
Ld ]
i<j<k r<k
slg—~1%

We consider two cases according as y <2 or not. In the first case,
the inner sum is k*/2s+O(k) and the term involving %* vanishes when
2 < n<k If we estimate the remaining terms by Rankin’s method we
get

K, = P+ 0(KP).

If y > 2, h(n,y) and h(n, uy) are non-negative and an upper bound
for K, is available, indeed

Kz:j 2[ ]ju m)h(ms, zzmz/m(ms,y)

s=1 r<k m=1
<H(1_ h(p, uly)h(p,y))zy 1 9(9) 1 h(E—1),
p2 82
» r<k s=1
g being the multiplicative function such that
h(p”, wy)h(p, ¥)

( 11) == 7V v -
IO = 170, ug) (0" 9)p

We have now shown that for all y satisfying our hypotheses, we have

3 @4, §) < § Bol (uy —1, ) M(y—1, 2) {1+ 0, (k™" + (loga) ™)}

t<j<k
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whence, recalling the definition of %, and u,,
N B(w;i,j) < okt M*(y—1, 2)exp {(—3-+0(1))£()
i<j<k
a similar estimate being valid for B(x;j, ¢). If we substitute #; = 1 in

the above we also obtain

3 Aws 1, §) < I (y —1, 2) {1+ 0y (k™ (loga) ") +
i<j<k

ll +exp{—3+o(1)& ()

and so we have

DI P (n;y, k) < Wall(y—1,2)(1+O(R)

n<w

the opposite inequality also holds — we need only apply Cauchy’s
ality to the first moment. This completes the proof of Lemma 7,
ogether with Lemma 6 this gives Theorem 4. '

Appendix. In this section we prove the one-sided estimates of Kétai.
¢ may assume k< m, else op (n) =1 and

oif (n) < of (1) ~ (logk)/loglogk ~ u™(i)loglogn, as n->co.

Next, fix A so large that for z = ', we have H(z)< loglogx. Since
w(n)—o(n,?) <A we need only consider w;f (n,#), wy (n,z2). For y> 0
and k<o we have

‘ (Di .
(B Z?/ B Z Zy“’(”“’z) < kx(logx)?™t.

n<x n<e j<k

Recall the definition of the numbers k,,. Since wjf are monotonic functions
of £ and #*(A) are continuous, we need only prove that for each fixed
¢> 0 we have Nt (x)-- N~ (2) = o(»), where

logw '
+ — < @ =i _—" - wF +
N7 () card{n z:dm < TToglogs wi, (1, 2) > (L+e)u (nm)loglogm}
and
N- dn <a:AIm < logw = (n,2)< (1 - logl
: (#) = eardin < w: Jogloga wi,. (1, 2) < (L —¢e)u™(ym)log ogm}.

We apply (5) with k = kn, ¥ = ¥, Yn Where y;, = (L+e)u'(ym),
= (L—¢)u"(nym). This gives the result stated.
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