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On some Tauberian theorems related

to the prime number theorem

A. Hildebrand and G. Tenenbaum

§ 1. Introduction.

The main purpose of this paper is to describe the asymptotic behavior of sequences
{an}o2 satisfying a relation of the form

1
(1.1) an = Y ktnk+ra  (n=1),
1<k<n

with initial condition
(1'2) ag =To.

Here {c,}5%, and {r,}°2, are given sequences of complex numbers on which we shall
impose some mild growth conditions.

The equation (1.1) expresses each term of the sequence {a,} as an average of the
previous terms, weighted by the coefficients ¢, plus a remainder term r,. One might
expect that this repeated averaging process induces some degree of regularity on the
behavior of a,,. We shall show that this is indeed the case, even if we impose no regularity
conditions on the behavior of ¢,.

Our motivation for this work came from two directions. The first is the theory of
multiplicative arithmetic functions, where Wirsing [Wi], Haldsz [Hal, Ha2] and others
have developed deep and powerful techniques to study the asymptotic behavior of the
averages m(x) = e * > .. f(n) of a multiplicative function f. As was observed by
Wirsing, these averages satisfy integral equations of the type

(1.3) mio) o7 [ Cmyk(z —y)dy tr(z) (2 >0),

which are continuous analogs of the discrete equation (1.1). While Wirsing has given
results for rather general equations of the form (1.3), subsequent work, and in particular
the powerful analytic method of Haldsz, has been focussed on the narrow context of
multiplicative functions, and the full scope of this method remains yet to be exploited. As
a first step in this direction, it seemed natural to investigate the case of discrete equations,
where the results take a particularly neat and simple form.

Another reason for studying equations of the form (1.1) is that the results have potential
applications to certain non-linear relations such as

(1.4) na, + Z akan—k = 2n+ O(1) (n>1),
1<k<n

which arise in proofs of the prime number theorem and its analogs. Specifically, (1.4)
plays a crucial role in Bombieri’s proof [Bol, Bo2] of the prime number theorem for
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algebraic function fields. Bombieri gave a Tauberian argument showing that any sequence
of nonnegative real numbers a,, satisfying (1.4) as well as

(1.4) Nas, + Y Goazn—op =2n+0(1) (n>1)
1<k<n

necessarily converges to 1. Zhang [Zh] observed that (1.4) alone together with the
nonnegativity of a,, is not sufficient to imply the convergence of a,, a counter-example
being provided by a,, = 1+ (—1)"*1.

Zhang [Zh2] sharpened this result by proving that (1.4) together with the condition

(1.4)" Y aw=n+0(1),

1<kn

which is weaker than (1.4)’, implies the estimate a,, = 1 4+ O(1/n). Granville [Gr| showed
that for any sequence {a, } of nonnegative numbers satisfying (1.4) with the weaker error
term o(n) either a,, or a,+(—1)" converges to 1, thereby answering a question of Bombieri
([Bo2], p. 178).

By considering (1.4) as a special case of an equation of the type (1.1), we shall obtain
a theorem that describes the asymptotic behavior of the general (nonnegative) solutions
of this equation and which contains both Zhang’s and Granville’s results.

Notation. We shall use the symbols <, >, O(...), and o(...) in their usual meaning and
write < if both < and > hold ; any dependence of the constants implied by these symbols
on other parameters will be explicitly stated or indicated by a subscript.
Ranges like k < x in summations are generally understood to include all positive integers
satisfying the indicated inequality. If 0 is to be included, we will indicate this explicitly.
We shall use the standard notations

e(t) = >, It]| = min{|t —n|:n € Z},
and we define

(1.5) log™ t := max(1,logt).

§ 2. Statement of results.

We assume that {c,, }52; and {r,}52, are given sequences of complex numbers and that
the sequence {ay,}72 is defined (uniquely) by (1.1) and (1.2). Our first and main result
is the analog of Haldsz’ celebrated mean value theorem for multiplicative functions [Hal].
It completely describes the asymptotic behavior of a,, for arbitrary complex coefficients
¢, of modulus at most 1 under a mild growth condition on the remainder terms ry.

Theorem 1. Assume

(2.1) <l (k=1
and
(2.2) lim r, =0, Z Iral < 0
n— oo n
n=1

Then one of the following alternatives holds :
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(i) The series

Re (1 — e e(nd
3 ( (nd))

(2.3) -

n>1

converges for some real number ¥ ; in this case we have

(2.4) an = ae(p(n)) + o(1) (n — 00),
where
. cre(kd)
(2.5) p(z) = —dz+Im »_ o
1<k<e
and
(26) a = Zrk)‘k
k>0
with
1
(2.7) N=e ™ A= ke‘A/ ADA—pthtar (k> 1),
0

(2.8) At) == Z (1- Cn;(nﬁ))tn’ A:=ReA(l-) = Z Re (1 —:Lne(nﬁ))'
n>1 n>1

(ii) The series (2.3) diverges for all real numbers ¥ ; in this case, lim,,_, o a,, = 0.

Remarks. (i) By (2.1), the series (2.3) has only nonnegative terms and hence, for any given
1, either converges to a finite limit or diverges to infinity. It is easy to see that there exists
at most one value of ¥ for which (2.3) converges. Moreover, if (2.3) converges for some 1,
then we have [Ag| < 1/(k+ 1) — see (6.11) —, and in view of (2.2) it follows that the
series in (2.6) is absolutely convergent. Thus, the quantities a and ¢(n) are well-defined
under the hypothesis of case (i) of the theorem.

(ii) The oscillating factor e(¢(n)) in the asymptotic formula (2.4) may be regarded as
a perturbation of the function e(—n4). In fact, in the course of the proof of the theorem
we shall show that the function L(x) := e(go(x) + (m9) is “slowly oscillating” in the sense
that

(2.9) max |L(z) ~ L(y)| = o(1) (& — o0)

ex<y<x/e

holds for any fixed € > 0.

(iii) The conditions (2.2) on r,, are essentially necessary for the conclusion (2.4) to be
valid. This is clear in the case of the first condition. To see that the second condition
in (2.2) cannot be dropped, it suffices to take ¢, = 1 for all k, in which case it is easily
verified that a,, is given by

Tk
(2.10) I =Tn+ Y PR
0<k<n—1
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If the terms r, are nonnegative and the series in (2.2) diverges, then the last expression
is unbounded as n — oo, and hence cannot satisfy a relation of the form (2.4).

(iv) The assumption (2.1) on ¢4 is the simplest and most natural condition under which
the asymptotic behavior of a,, can be determined, and we shall prove the result only in this
case. We remark, however, that this condition can be relaxed and generalized in various
ways. For example, one can show that the result remains valid if the coefficients c¢; are
bounded by 1 in a suitable average sense, such as

1 2 2
. — < >
(2.11) - > el <1+ K/(logz) (z > x0)
k<z
with some constants K and xy. Moreover, an analogous result describing the asymptotic
behavior of a,n'~¢ can be proved in the case when (2.1) (or (2.11)) holds with the bound
1 replaced by an arbitrary constant C'.

We state two corollaries of Theorem 1. The first of these results, an analog of a
mean value theorem of Delange [De], gives a necessary and sufficient condition for the
convergence of a, to a non-zero limit, assuming that the remainder terms r are zero for
k > 1. The second result, an analog of Wirsing’s mean value theorem [Wi], deals with the
case when the coefficients ¢;, are real.

Corollary 1. Suppose that (2.1) holds and that ro # 0 and r, = 0 for k > 1. Then the
limit limy,_, an, exists and is non-zero, if and only if the series ), -, (1 —c;,)/n converges.

Corollary 2. Assume that (2.1) and (2.2) hold, and suppose in addition that the numbers
¢k are all real. Then at least one of the two limits lim,,_,~ a,, or lim,_,(—1)"a,, exists.

The possibility of two alternatives in the last result represents an important divergence
from the case of continuous equations such as (1.3), where, under similar hypotheses,
Wirsing’s theorem shows that the solution m(z) is always convergent.

We next turn to quantitative estimates for a,,. We shall prove several estimates, assuming
various kinds of bounds on the coefficients ¢, but without imposing restrictions on the
remainders ri. The results are again largely inspired by known estimates from the theory
of multiplicative functions.

We shall use henceforth the following notation. Given a sequence {cj}72 , we set, for
zzy =0,

(2.12) S(z,y;9) :=Re yg;z @, S(x;9) == S(x,0;9),
(2.13) S*(x,y) == gleaé{S(m,y;ﬂ), S*(x) := S*(z,0).

Theorem 2. Suppose that, with some positive constants C' and K, we have

(2.14) el <K (k>1),

and

(2.15) S*(a,y) < Cloglafy) + K (z>y>1).

Then

(2.16) lan| <o |rn] #0970 > ﬁg%v; (n>1).
0<k<n—1

Furthermore, if ¢;, > 0 for all k, then we have

1 . N \C s*mn
(2.16)’ lan| <ok |rn|+ﬁ Z |rk|m1n<(k—+1) e )) (n>1).

0<k<n—1
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The estimates (2.16) and (2.16)" are sharp in several respects. In the first place, an
application of Theorem 1 shows that if rp, = 0 for £k > 1, 0 < ¢, < 1 for all k, and the
sum ) -, (1 — cx)/k converges, then

1— 5*(n)
lim a, = rg exp{ — Z ck} =rge” 7 lim ¢ ,

n— oo ]{; n— 00 n
k>1

where 7 is Euler’s constant. Thus the right-hand side of (2.16)’ is in this case within
absolute constants from the actual order of magnitude of |a,| for large n.

Moreover, the dependence of (2.16) on the remainders 7, is also essentially best-possible.
This can be seen by taking ¢, = C for all k. As we have remarked above — see (2.10)
—, the right-hand side of (2.16) is exactly equal to a,, if C' = 1 and the numbers rj are
nonnegative. More generally, it can be shown that, for arbitrary C' > 0, the solution a,,
to (1.1) with ¢, = C'is

B C+n—1 re (CH+k\

0<k<n

For nonnegative 7, this has the same order of magnitude than the upper bound of (2.16).
It is interesting to note that, in the special case of nonnegative coefficients ci, the
estimate (2.16)" also holds, under the same hypotheses, for the solutions to equations of
the form )
ap = — Z crap + 1y (n>1).
0<k<n—1

This is a consequence of a discrete version of Gronwall’s inequality ; see Mitrinovic et
al. [MPF], p. 436. It is tempting to believe that there is a connection between the two
estimates. However, we have not succeeded in deducing the bound of the theorem from a
Gronwall type inequality, and it seems that the former lies deeper.

A simple way of applying Theorem 2 is to use the inequality

(2.18) S*(z,y) < Y %

y<k<zx

and an estimate of the type C'log(z/y) + K for the right-hand side. This gives an upper
bound for |a,| in terms of an average of the numbers |cg|, & < n, which is analogous
to estimates of Hall [Ha] and Halberstam and Richert [HR| for sums of multiplicative
functions. As we remarked, this procedure often leads to sharp estimates, and hence
is quite precise, when the coefficients ¢, are nonnegative. In the general case, however,
the hypothesis (2.15), which requires only one-sided bounds for sums over ¢, is much
more efficient, and the resulting estimate is of far better quality. The following corollary is
particularly useful for applications and often provides improvements on estimates obtained
via (2.18). For instance, if the coefficients ¢y are all negative and bounded in modulus by
|C_], then the corollary shows that (2.15) and hence (2.16) hold with C' = |C_|, whereas
(2.18) would give (2.16) only with C' = |C_]|.

Corollary 3. If, for some constants C_, Cy, and ko, we have
(219) O_ < Ck g C_|_ (]C 2 ]{?0),

then (2.15) and hence (2.16) hold with C'= max (Cy, 5(C4 — C_)).
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Our next result represents a quantitative version of part (ii) of Theorem 1 and may be
viewed as an analog of a quantitative mean value theorem of Haldsz [Ha2] (see also [HT)).
We set

Re (1 — cre(Vk))
2.20 T(x;9) =
( ) (x7 ) Z k; Y

k<z

and define

Y , T ()
(2.21) T*(z) : gélrntT(m’ﬁ)’ Ay i=e .

Theorem 3. Suppose that (2.14), (2.15) and

(2.22) Iglali(|5(x;m9))| <logzx + K (x> 1)
€
hold with some constant K and with C = 1. Then, we have
(2:23) anl < ral + 30 IrP(An) (0> 1),
0<k<n—1

where A,, is defined by (2.20) and (2.21) and

(224)  Ao(A) = Alog*(1/A),  Ap(A) = min (% kA <log* ﬁ) ) (k> 1),

with log* t being defined by (1.5).

It is not hard to see that, under the condition (2.1), the series (2.3) diverges for every
¥ € R, if and only if the function A, tends to 0 as x — oo. Theorem 1 shows that in
this case a, tends to 0, and it is therefore natural to seek a quantitative bound for |a,|
in terms of the quantity A,,. The theorem gives a bound of this type.

The hypotheses on ¢ in Theorem 3 are weaker than those of Theorem 1 and in a sense
represent the minimal hypotheses under which the estimate of the theorem holds. For
simplicity we have confined ourselves to the case when (2.15) and (2.22) holds with the
constant C' = 1 as a factor of the logarithms, but similar estimates, with A\x(A) replaced
by different weight functions, can be proved in the general case.

The coefficients A;(A) defined in (2.24) are close to being best-possible as functions of
k and A. This can be seen by taking, for given integers ng > 1 and k¢ > 0,

-1 (k< no) 1 (k=ko)
22 w={1" I =10 (e

and comparing the estimate (2.23) with the asymptotic formula of Theorem 1. On the
one hand, Theorem 1 gives lim,,_, @, = A, With

1 —2
)\ozexp{—2 Z E}xno
k<n0

and, for kg > 1,

1 Lk
Mg :ko/o exp{—2 3 ! kt }(1—t)t’“°‘1dt

k}STLO

= ko /1 min {1, (no(1 — t))_z}(l —t)tho~lde

(1 /fol « 1O
=min | —, < log” — ] .
kg’n% & ko



On some Tauberian theorems related to the prime number theorem 7

On the other hand, it is not hard to show that, for sufficiently large n, A, < ny 2 The
right-hand side of (2.23) therefore is of order ng?logng if ko = 0, and

1 kg no 2
An = mi1 —, 5 log™ — s
Ako (An) ' (k’o n% <0g kzo) >

if ky > 1. Thus the bound (2.23) is in this case by at most a logarithmic factor larger than
the asymptotic order of magnitude for a,, given by Theorem 1. In fact, it seems likely that
by directly evaluating a,, for sequences such as (2.25) one can show that, for suitable finite
ranges of n, the bound (2.23) lies within absolute constants of the true order magnitude
of a,,.

Of particular interest is the situation when the coefficients ¢ are real. In Section 7 we
shall show that, assuming (2.1) — which implies the hypotheses of Theorem 3 —, we have
in this case

(2.26) T*(z) 2 $ min (T(,0),T(z, 3)) + O(1)

(S

and thus obtain the following corollary.

Corollary 4. Suppose that the coefficients ¢, are real and satisty (2.1). Then (2.23) holds
with A, = e~ T(.0)/5 4 ¢=T(n,1/2)/5

As we have mentioned above, the proofs of Theorems 2 and 3 are based on analytic
methods. The principal tool is an estimate for a,, in terms of the generating function

(2.27) a(z) == Zanz”.
n=0

We now state this result, together with a related estimate of independent interest. We set

(2.28) M(p) = sup |a(z)] (0> 0),

|2|=¢

with the convention that M (p) = oo if the series a(z) does not converge for some z with
2| = o
Theorem 4. (i) If ¢;, satisfies (2.14) for some constant K, then

1 1—1/TL M 1
(2.29) lan| <K —/ ﬂdg—i— — Z Ikl + |rn]  (n>1).
" Jo 1-e " o<kan—1

(ii) If, for some constant K, we have

(2.30) Sl <Ko (z>1),

k<z
then

1/2 1/2
@) Jel<x (3 [ M@Pde) 4|5 X mE] @z,

0<k<n—1
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An application of Cauchy’s inequality shows that the right-hand side of (2.29) is bounded
from above by the right-hand side of (2.31). Thus, the estimate of part (i) is stronger than
that of part (ii). On the other hand, the second estimate holds under a weaker hypothesis
on ¢ than the first.

The first part of Theorem 4 will be used in the proofs of Theorems 2 and 3. The second
part is analogous to quantitative estimates of Haldsz and Montgomery for multiplicative
functions ([Ha2, Mo]; see also [MV], [Te|, [HT]), and its proof is modelled after the
Haldsz-Montgomery argument, as given in [Mo] or [Te] (§ I11.4.3).

In our final theorem we apply the above results to quadratic equations of the type (1.4).

Theorem 5. Suppose {a,}32 ; is a sequence of nonnegative real numbers satisfying
n—1
(2.32) nay, + Z akan— =2n+ O(R(n)) (n>1),

k=1

where R(n) is a positive-valued function with the properties

(2.33) R(n) is nondecreasing, R(n)/n is nonincreasing,
(2.34) lim R(n)/n =0.

Then we have either

(2.35) an =1+ 0(%) (n>1)
(2.35)’ an =1+ (=)™ + O(RTn)) (n>1).

The error terms in (2.35) and (2.35)" are clearly best-possible, and the condition (2.34)
is obviously necessary in order to conclude the convergence of a, or a, + (—1)". In the
case of the equation (1.4), the hypotheses of the theorem are satisfied with R(n) = 1, and
we therefore obtain that (2.35) or (2.35)" hold with error terms O(1/n).

The result of Theorem 5 is related to the Abstract Prime Number Theorem for additive
arithmetical semi-groups (see [Zh1] for a precise definition and a list of references). In this
context, it can be shown that the analog of the arithmetical quantity ¢ (n)/n (where 9
denotes the Chebyshev function) satisfies (2.32) with R(n) = 1. The fact that then (2.35)
or (2.35)" holds has been recently proved in this case [IMW], but it was not previously
known that this conclusion merely follows from the Selberg type formula (2.32), without
any assumption aside from the nonnegativity of the coefficients.
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§ 3. Preliminaries
In this section, we obtain an identity and an upper bound for the generating function

a(z) defined by (2.27), and we prove that the function S*(x) introduced in (2.13) is
nondecreasing up to an bounded additive error term. We set

oo oo
c(z) = Z cnz", r(z) = Z rnz’.
n=1 n=0

A priori these series may be divergent for any non-zero value of z. However, we shall see
that, for the proofs of Theorems 1-4, we may assume that each of the series a(z), c(z),
and r(z) converges in the disk |z| < 1.

In the case of Theorem 1, the convergence of ¢(z) and r(z) for |z| < 1 follows from the
hypotheses (2.1) and (2.2). The same assumptions together with (1.1) give

S Jal+R (n=1)

0<k<n—1

S|~

|an| <

with R := sup,,>¢|rn|. By a simple induction argument, this implies |a,| <. (1 +¢)™ for
any fixed € > 0, and hence the convergence of a(z) in |z| < 1.

Next, observe that a, is uniquely determined by the values of ri and ¢ for £ < n.
Thus, in proving the estimates of Theorems 2—4 for a given value of n, we may assume
that ¢ = rp = 0 for k& > n. Under this assumption, the functions ¢(z) and r(z) are
polynomials and thus convergent for all z. Moreover, we have

K
al <5 S lad (> n)
0<e<Lk

with K := maxy<, |cx|, which as before implies the convergence of a(z) for |z| < 1.
With these assumptions, we have the following result.

Lemma 1. For |z| <1 we have

(3.1) a(z) = ree®) + /Z eCE=CW () dw,
0

where

(3.2) C(z) = Z k™ ep 2.
k=1

Proof. Multiplying (1.1) by nz" and summing over n > 1, we obtain
(3.3) za'(2) = a(z)c(z) + 2r'(2) (lz| < 1).

The general solution to this differential equation is of the form

a(z) = {A +/O e Oy () dw}ec(z)

for some constant A. The required result follows, since, by (1.2), a(0) = ag = 79 and
therefore A = ryg.
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The next lemma gives an upper bound for M(g) = max|;—, |a(z)| which will be used
in the proofs of Theorems 2 and 3.

Lemma 2. Assume that (2.14) holds for some constant K. Then we have, for any x > 1,
k

(3.4) M(1—1/z) < |role® @ + Z |7k ¢S @R/ emu gy,
k>1 k/x

Proof. Expanding r’(z) and interchanging the order of summation and integration in (3.1),
we obtain, for |z| < 1,

(3.5) ja(2)] < JroleR* ) + 3 redi(2)],

k>1

with B
Iy(z) := k/ eCE)=C W) k=1 qyy,
0

Setting w = te(¥) with 0 < ¢ < 1 and ¥ € R, we have by (2.14)

Cre —tk k
cwy= ’“g“'ﬁHOK 3 1kt+ >

k<1/(1—t) k<1/(1—t) k>1/(1—t)
1
=S(——9) + Ok (1).
1-t¢
It follows that for z = (1 — 1/x)e(¥) and w =te(¥), 0 <t < 1—1/xz,

Re <C(z) - C(w)) = S(z, %;19) + Ok (1) < S* (=, %) + Ok (1),

and, in particular, ReC'(z) < S*(x) + Ok (1). This shows that the coefficient of |rg| in
(3.5) is of order €5 (®) and gives for the integral Ij(z) the bound

1-1/= 5% (2,1/(1-)) k-1
]Ik(z)]<<Kk/ ¢S (@1/0-0) ph1 gy
0

< k/r o5 @) g—h/y W
1 y?

k 3k
_ / oS @ k/u) = g,
k/x

The desired estimate now follows.

Lemma 3. Under the hypothesis (2.14), we have
(3.6) S*(y) < S*(2) +Ok(1)  (A<y<a).

Proof. Select ¥, € R such that S*(y) = S(y;¥,). Since the numbers ¢; are bounded, we
have [0S(y;v)/0V| <k y and hence

Sy;0) = 5(y) + Ok (1) (|9 =3yl <1/y).
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Thus, we may write

S*(y) =

N [—=

y+1/y
y / S(y;9)do + O (1)
ﬁy_l/y

N[ =

Dy +1/y Iy+1/y
y/ S(z;9)dd — %y/ S(z,y;9)dv + Ok (1).
Oy—1/y Vy—1/y

In this last expression, the first term dos not exceed S*(z) since, by definition,
maxy S(x;9) = S*(z) ; the second term is equal to

ﬂy"'l/y
_%yRe/ﬁ 3 %e(lﬂ?)dﬁzO(@/ 3 E—’;') = Ox(1).

yv—1/y y<k<z y<k<z
This completes the proof.

§ 4. Proof of Theorem 4.

We may assume that the series a(z) converges in the disk |z| < 1, for otherwise we have,
by definition, M (g) = co in some non-trivial interval gy < ¢ < 1 and the right-hand sides
of the two estimates (2.29) and (2.31) are infinite.

We fix a positive integer throughout the proof. We may suppose that n > 1, since for
n = 1 the estimates to be proved are equivalent to the bound |a1| <k |ro| + |71], which
follows immediately from (1.1) and (2.30). We set

and
dpy = Z Crlm—F,
k<m
so that by (1.1)
1
(4.1) Uy = —dp + Ty (I1<m<n).
m

We first show that, under the hypothesis (2.30) (and thus, a fortiori, under (2.14)), we
have

(4.2) Y dl® <x 2M(1-1/z)* (1<z<n).

m<2x

Let the generating functions for the sequences {c},} and {d,,} be denoted by c¢*(z) and
d(z) respectively. We have d(z) = c¢*(2)a(z), and by Parseval’s formula it follows that, for
0<p<1,

D ldm?e*m =/0 |d(ge(¥))]* dv

m2=0

(4.3) _ /0 e (0e(9))a(ce(®))[2 9

<M [ I (ee®) a0 = M(0 3 fen P

m<n
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By partial summation and (2.30) we have

S lenfPe™™ = 3 fen + 2logel [ 3 lenfPe™ du
0

m<n m<n m<u

" 1
<K (ann + 2| log ¢ / uo** du) < i min (n, 1—) .
0 -0

Taking o = 1 — 1/x and noting that with this choice
D7 ldnl® < Y ldm[?0™™,
m<2x m2=0

we obtain (4.2).
From (4.1) and (4.2) we deduce first that

dp|? 1 n d
> e S 2 [ Y 1P

1<m<n m<n m<2u

<x tMO -2+ [ M- 1S

w2
n d 1-1/n
<</ M(1 - 1/u)2u—g :/ M(Q)ng,
1 0

since, by the monotonicity of the function M (p) and our assumption n > 2,

2 (" n
M(1-2/n)* < —/ M(1—1/u)*du < n/ M(1— 1/u)2d—;‘.
n Jnj2 n/2 u

By a further application of (4.1) and (2.30) it follows that

2
el < ) ‘%”J + > rml

0<k<n m<n os<m<n

1-1/n
< [ M@Pder 3 Il
0

o<m<n

From this estimate, (1.1) and (2.30) we obtain by Cauchy’s inequality

1 1/2 /1 1/2
anl < (= D2 lanl?) (5 Yo lenl?) T+ Il

0<ksn k<n

1 [i-in ) 1/2 1 2\ 1/2
< (p [ M@ra0) " (50X k) Hin,

0<k<n—1

which proves (2.31).
To show (2.29) under the stronger hypothesis (2.14), we first apply (1.1) together with
(2.14) and (4.1) to obtain

1
lan] <k~ > am| + [ral

o<m<n

1 |dn| 1
<= Tt D frml el

m<n o<m<n—1
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Next, we use partial summation, Cauchy’s inequality, and (4.2) to get

D DRy B S

m<n m<n m<u

1-1/n
<K M(l—2/n)+/1 M(l—l/u)%<</0 T(dig.

Combining these estimates yields (2.29) and completes the proof of Theorem 4.

§ 5. Proofs of Theorems 2 and 3.

As we have remarked above, we may assume that r, = 0 for & > n. Combining the
first estimate of Theorem 4 with Lemma 2, we then obtain, under the common hypothesis
(2.14),

, | M -1/p) L4 .
o e 3 [ M-y E L Sl ind

0<k<n—1

1
<k D, Il (Tt =)+ fral
0<kgn—1

(5.1)

with

1 n . 1 n 1 k "
Iy := _/ e® (x)@, I = _/ _/ e (e du da (k> 1).
1 1 L Jk/x

n T n

If, in addition to (2.14), the hypothesis (2.15) of Theorem 2 holds with some positive
constant C', then we have

5@ < 2@ @Y <o (x/y)¢ (x=y>=1)

and therefore .
1
Iy <k ﬁ/ 2 Tdx <LK n0717

I, <k —/ / :Uu e “du dx

TL

C’l
dor <«
Ck

Lo K — &=

k>1).
Hence the coeffients of |rg| in (5.1) are bounded by < n¢~(k+1)~¢ for 0 < k < n, and
we obtain the first estimate, (2.16), of Theorem 2.

To prove (2.16), we first observe that, if we put Ry := |rg|, and let {4,,}22, be the
sequence defined by Ag = |ag| and

1 n
— >
(5.2) Ap =~ Y kAnk+ R, (n21),
k=1
then |a,| < A, for all n, since by hypothesis the numbers ¢, are nonnegative. Thus

it suffices to prove the required estimate in the case when the numbers r; and aj are
nonnegative.
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With these assumptions we have, by (1.1), (1.2) and Lemma 2,

1 1 1
a, < — Z Kay_p+r, <k —a(l——)+rn
n n n

1<k<n
(5.3) S 1 koo
<L rg —i——Zrk/ S (mk/w) g=t Qo 4
n n k:/n
k<n

Now, by (2.15) and the nonnegativity of the coefficients ¢, we have for all k£ > 1

S*(nkju)y= Y %gmin(s*(n),mog(nu/k))+0K(1).

k/u<t<n

Hence the integrals in (5.3) are bounded by

k . c . c
<LK / min (es ("), <ﬂ) ) e “du <« min <es (”)7 (E) > :
k/n k k

and we obtain the desired estimate (2.16)".

Suppose now that the hypotheses of Theorem 3 — i.e. (2.14), (2.15) with C' = 1 and
(2.22) — are satisfied. We then have

(5.4) §' @) =Y % —T*(2) = logx — T* () + Ok (1) (2> 1).

k<z
By Lemma 3, we deduce that, for 1 < y < x, we have
$(y) < logw — T () + Ox (1).
Together with (2.15), this yields
(5.5) S W) = yA, < min(y, zA;) (1<y<u),

and in turn

Iy €k % /1” min (1, nin) de < Ay log™(1/A,) = Mo (An).
Next, we note that, for 1 < y < x, we have for some ¥ = ¥(z,y)
S (@, y) = 5(2;9) = S(y;9) < 57(2) + max[S(y, 9)|.
Thus, we may deduce from (2.15) and (2.22) that
S5*(z,y) < min (log(z/y), S*(z) +logy) + Ok (1).
Taking (5.4) into account, we therefore obtain

(5.7) e @Y < e min(z /y, 2yA,) (1<y<a).
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This implies for £ > 1 and 1 < z < n,

1P o kA,
—/ e @k W)= gy <« g / min (E, )e_“ du
T Jk/a 0 k U

1 1
in( —,kA;log" ——
< g min (k" og k\/A_x)
. (1 nkA, 1 )
< g min lo ,

Kz 5 kv/nA,x

where in the last step we used the estimate A, < nA,, /x, which follows from (5.5). We
hence infer for &k > 1

1 M . 1 nkA, .
I, < — min —— log
n Ji X

1
ky/nA,/x

where \;(A) is defined by (2.24). Noting further that, by (5.5) we have A,, > As/n >
1/n, we see that I + 1/n < Ag(4A,,) and thus obtain the estimate (2.23) of Theorem 3.

§ 6. Proof of Theorem 1.

If the second alternative of the theorem holds, then the desired conclusion follows almost
immediately from Theorem 3. Indeed, in this case the function T'(x, ) defined in Theorem
3 tends to infinity as x — oo, for every fixed ¥, and since T'(x, ¥) is a continuous function
of ¥ and a nondecreasing function of z, it follows by a classical result of calculus (see,
for example, [Te], Lemma II1.4.4.1) that the function T%*(z) = infyer T'(x,9) tends to
infinity as well, so that lim,, ., A,, = 0. In view of the hypothesis (2.2) this implies that
the right-hand side of (2.20), and therefore a,, tends to 0 as n — oc.

Assume now that the first alternative is satisfied, i.e., the series (2.3) converges for some
real ¥. Replacing a,,, ¢,, and r, by a = a,e(—nd), ¢ = c,e(—nd), and r); = r,e(—nd),
respectively, we may assume that v = 0.

We first note that, by Theorem 2 and the hypotheses (2.1) and (2.2), the numbers a,
are uniformly bounded.

Let
L(z) :=e(p(z)) = exp {iIm Z cn/k},

k<z

and define 0
ap = L(n) 'an, a(z) = Zanz” (2] <1).
n=0

To prove (2.4), we have to show the asymptotic relation
(6.1) an, =a+o(1) (n — 00)

with a defined by (2.6) and (2.7). We shall apply Tauber’s classical theorem, which asserts
that, if one has

(6.2) Jim (1 - g)a(e) =a,

then (6.1) holds if and only if
1
(6.3) an== > ox+to(l) (n— o)
0<k<n—1

is satisfied.
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We write ¢, = ug + tvi, and put

=) ko, V(e =) ktud® (0<o<),
k=1

k<Lz

so we have in particular L(x) = exp{iWW (z)}. We first show that L(z) is a slowly varying
function of n, i.e., satisfies the oscillation condition (2.9).
The convergence of (2.3) with ¢ = 0 implies

(6.4) > kN1 - up) < o0,
k=1

and since, by the hypothesis (2.1), vZ <1 —u? < 2(1 — uy), it follows that

o0
(6.5) D kT < o
k=1
Together with the estimate

sip (W) - WP < (Y k)

exSyse/e ex<k<z/e
§ —1 E -1, 2
< ]{ k 'Uk
ex<k<z/e ex<k<z/e
—-1,2
<. E k™ vy
k>ex

this yields (2.9).
Next, we show that (6.3) is satisfied. Plainly

1 1
n— = E =L _l{n__ E }
an = Qg (n)""qa - ay
0<k<n—1

—i—% Z ar(L(n)™" — L(k)™).

0<k<n—1

(6.6)

By (2.9) and the fact that a, is bounded, we see that the second term on the right tends
to zero as n — o0o. Moreover, we have for every n

an—% Z akzrn—%Zan_k(l—ck)

0<ks<n—1 k<n

and, for any positive real number ¢,
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in view of (6.4) and (6.5). Thus the first term on the right of (6.6) tends to zero as well,
and (6.3) follows.

It remains to prove (6.2). We begin by showing that
(6.7) (1-0)ale) = e V(1 —plale) +o(1)  (o—1-).

We have
(1= o)lale) = e~V Wa(g)| = (1= o) D ang" (V@ W ) — 1)
n=0
<1=0)] Y lanle" W (n) - V(o)
n=0

< (=) o (DR unl(1 = o) + D0 kT oMl

n=0 k<n k>n

o0
< Zk_l\vkmk(l — o).
k=1

For any fixed € > 0, the last expression is bounded by
1/2
< Z E71(1 - o") + < Z E~to? Z kilg%)
k<e/(1-e) k>e/(1-e) k>e/(1—e)

1/2
<e+ (5_1 > k‘lv,%) =e+o(1)
k>e/(1-0)

as o — 1—, where we have used the estimate
o
k>e/(1—p) k=1

Since € can be taken arbitrarily small, this establishes (6.7).
We are now in a position to complete the proof of (6.2). By Lemma 1 we have

(6.8) (1 —0)ale) = ro(1 — 0)e®@ + (1 - p) Z rilk (o),

k>1

where 0
Ik(g):/ eCO=CW k=1 gt
0

With A and A(t) defined by (2.8) (with ¥ = 0), we have for 0 <t < 1

Taking into account that V(p) = —Im A(p) and lim,_.;— Re A(p) = A, which follows from
(2.3), we obtain

(6.9) (1 — 0)eC@ = e=AMe) = =AMV 4 (1) = V(DN +0(1) (0 — 1-),
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and, for every fixed k > 1,

e
(1— 0)I(0) = =A@ / AOR(1 — )¢k
0

1
(6.10) _ —AiV(0) / AMOk(1 — #)th =1 dt + o(1)
0

=eV@N, +0(1) (0—1-),

where A\, is defined as in the theorem. Since

(1=l < [ e COND - et
(6.11) 0

1
< 1— k—1 - =
/O B = e =

and, by (2.2), > ;5 |rkl/(k+1) < oo, the series in (6.8) converges uniformly for 0 < o < 1.
By (6.9) and (6.10) it follows that

(1—o)a(p) = eV(© Zrk)\k +0(1) = V@ + o(1) (o — 1-).
k>0

Combining this relation with (6.7), we obtain (6.2) as required. This completes the proof
of (6.1).

§ 7. Proof of the corollaries.

Proof of Corollary 1. If a,, converges to a non-zero limit, then Theorem 1 implies that
the series (2.3) converges for some real number ¥, and without loss of generality we may
assume that 0 < 9 < 1. Furthermore, the relation (2.4) gives

1= lim 2 = Jim e(p(n+1) —p(n)) =e(-1),

n—0o0 a’I’L n—0o0

by (2.9). This implies ¢ = 0 and the convergence of the series 3, -, Re (1—cy)/k. A further
application of (2.4) then yields the existence of lim,,_,~, ¢(n) and thus the convergence of
the series » ;- Im (1 — ¢x)/k. Hence the series 3, -, (1 — ¢x)/k converges, as claimed.

Conversely, if the latter series converges, then so does (2.3) with ¢ = 0 and the limit
¢ = lim,, .o ¢(n) exists. Relation (2.4) then implies that a, converges to ae(y) with
a= Zk>0 rEAk. Since, by hypothesis, rg # 0 and r, = 0 for k > 1, the limit is non-zero.

Proof of Corollary 2. In case (ii) of Theorem 1 the result is trivially valid. Suppose therefore
that the series (2.3) converges for some real number ¢ € [0,1). We shall show below that,
in the case the coefficients ¢,, are real and satisfy (2.1), this can only happen for ¥ = 0 or
¥ = 5. The function ¢(n) is therefore either identically 0 or equal to —n/2. In the first
case, (2.4) yields a, = a + o(1), and in second case a,, = a(—1)" + o(1) as n — oco. The
conclusion of the corollary then follows.
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To prove the above claim, we note that by the hypothesis |c;| < 1 we have for any = > 2

Z Re (1 — cre(k)) > Z 1 — | cos(2mkd)|

k k
k<Lz k<z
1 cos?(2mk?) 1
> —Z_ il StV Z
DI RN DD D Dl
k<z k<z k<Lz
(7.1)
1 2(2mky
=|1- cos?(2mkd) logz + O(1)
log k
k<z
1 logmin(z,1/|]29])
Y 1 1
( \/2+ 2log ogz + O(1),
where in the last step we have used the identity cos?(2mkd) = (1 4 cos(47k?)) and the
relation
2rk
(7.2) 5 T o min (2. 1/ ) + O(1),

k<z

which holds uniformly for all real numbers « and x > 1. This relation is easily proved by
showing that, with z; := min(z, 1/||a|) the sum over the range k < x; is, up to an error
term O(1), equal to >, ., 1/k, whereas the sum over the remaining range is uniformly
bounded.

Proof of Corollary 3. We have to show that the condition (2.19) implies (2.15) with
C = max (C4, 3(Cy — C-)) and a constant K depending on C' and ko. In the case
C4 > —C_ we have C' = Cy and (2.19) implies |cx| < C for k > ko, so that (2.15) holds
trivially. Suppose therefore that C;. < —C_ and set Cy := 3(Cy + C_). We then have
Co < 0 and C = C4 — Cy, so the inequality in (2.19) is equivalent to |cx —Cy| < C. Hence
the left-hand side of (2.15) does not exceed

1 cos(2mky
oY 1ra Y S0,

k
y<k<zx y<k<zx

By (7.2) the last sum is bounded from below by an absolute constant, and since Cj is
negative, we obtain the required estimate (2.15).

Proof of Corollary 4. This result is a consequence of Theorem 4 and (2.26), and it only
remains to prove the latter estimate. Thus we have to show that for any real coefficients
¢, of modulus < 1 the function T'(z,9J) :=Re >, ., (1 — cre(kV))/k satisfies

(7.3) T(z,9) 2  min (T(,0), T(z,3)) +O(1) (z>1,9€R)

We fix x and ¥ and set

log min(1/[]29], x)
log x ’

L:=logz, p:=
By (7.1) we have

(7.3) T(z,0) > (1 — /1~ u)/?) L+0(1).
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On the other hand, using (7.2) we obtain

Z k711 — ) + Z ek~ (1 — cos(27mkY))

k<z k<z

(7.4) Z k™1 (1 — cos(2mkv))

k<z
> T(z,0) — logx + logmin(z, 1/[|9]]) + O(1)

and
T(x,9) = Z EY (1 —cn(—D)F) + Z k™ —1)* — cos(2mk?))
k<z k<z
(7.5) (z,3)— Z k™1 (1 — cos(2mk(d + 3))
k<z

> T(z,1) —logz + logmin (z,1/[9 + &) + O(1).

Now set Ty(z) := min (T'(z,0),T(z, 1)), so that (2.26) may be written as
(7.6) T(z,9) >
Since [|29|| > min (][9], |9 + ||), we infer from (7.4) and (7.5) that
(7.7) T(x,9) = To(z) — (1 — p)logz + O(1).

This implies (7.6) if (1 —p)L < 2Tp(z). In the remaining case we have p < 1— 2Ty(z)/L,
and applying (7.3) we obtain

T(x,9) > (1 —4/1— %To(x)/L> L+0(1) = tTy(z) + O(1),
which again gives (7.4).

§ 8. Proof of Theorem 5.

We fix a function R(n) satisfying the hypotheses of the theorem and a sequence {a,, }° ,
of nonnegative numbers satisfying (2.32). The constants implied in the estimates of this
section may depend on these datas.

We normalize a,, by setting a,, = 1+ b,,. By the nonnegativity of a,, and (2.32) we have

R(n
(8.1) 1ba] < 1%)(%),
and, in particular,
(8.1) 1bn] <1+ 0(1) (n — 00).
Noting that, by the hypotheses on R(n),

(8.2) R(n)>R1)>0 (n>1),

(8.3) by = % (=2 — b )b + o(@).
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We need to show that either

i)
(8.4) by = 0(7)
or

(8.5) by = (~1)"F + O(M)

n
holds. As a first step we shall show, using Theorem 3 and Corollary 3, that b,, satisfies
either

(8.4) b, =o0(1) (n— o0)
(8.5) by = (=)™ +0(1) (n — c0).

A relatively simple elementary argument will then allow us to sharpen (8.4)" and (8.5)
to (8.4) and (8.5), respectively.

We begin with a lemma which gives an estimate for the summatory function
By :=3 1<, bk This is in fact a consequence of a result of Erdés [Er]. However, since the
latter result is proved in [Er] only in a special case corresponding to R(n) = 1, we shall
give here an independent proof based on Theorem 3.

Lemma 4. We have B,, = o(n) as n — oco. Moreover, if

(8.6) limsup |b,,| < 1,

then we have B, = O(R(n)).
Proof. From (8.3) we obtain
nBy— Y Bu= mbu= > (~2—b)Bus +o( 3 R(m)>.
m<n—1 m<n k<n—1 m<n

Since R(m) is nondecreasing, it follows that

(8.7) By =~ > (=1 =bg)Bu_y + O(R(n))

k<n—1
holds for all n > 1, with the convention that By = 0. This equation is of the form (1.1)
with a, = B, ¢y, = —1—by, and |r| < R(k). By (8.1)’, the hypothesis (2.19) of Corollary
3 is satisfied, for any fixed e > 0, with C_ = -2 —¢, Cy =¢,C = (Cy —C_)/2=1+¢,
with a suitable constant kg = ko(g). Since |r,| < R(n) = o(n) as n — oo, we obtain, on
taking € < 1,
R(k)

|B,,| < R(n) +n® Z REe

k<n—1
=o(n) + o(n6 Z k;_a) = o(n) (n — 400),
k<n—1
which proves the first assertion of the lemma. If (8.6) holds, then (2.19) holds with some
constant C' = (C; — C_)/2 < 1, and we obtain

B, < @) +nf Y 1)

k<n—1
< R(n)+ R)n®" > k¢ < R(n),

k<n—1

using the monotonicity of R(n). This proves the second assertion of the lemma.
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Lemma 5. Let {a,}5%, {cn}02, and {r,}>2, denote real sequences satisfying (1.1),
(1.2) and |c,| < K +o0(1) with some constant K < /2. Suppose further that the following
conditions hold :

(i) rm—=0  (n—o00),

(ii) limsup, .o n 'Y,k <1,

(iii) limsup, o n 'Y, (=1)Fc, < 1.

Then a,, — 0 as n — oo.

Proof. We show that the sequence {cj} must satisfy condition (2.15), i.e.

(8.9) ap Y0 EORD gy 1 00) <y <),

veR, 52

with some constant C' < 1. By Theorem 2, this implies

-
|an| < |rp| +nC71 Z ’k—g‘ =o(1) (n — 00),

k<n—1

i.e. the conclusion of the lemma.

To prove (8.8), we fix a real number ¥ and set xo := 1/[|2¢||, with the convention that
xrg = o0 if ¥ € %Z. It clearly suffices to prove the desired inequality for the two cases
I1<y<axz<axgand x>y > xp.

Suppose first that 1 <y < x < 2. By the definition of 2y we have ¥ = %(n +1/x0) for
some integer n, so that e(d) = ¢+ O(1/x¢) with € = () = £1. We then have

cr cos(2mkd) cre® + O(k/zo) cpe”
> T T X T = rom

y<k<z y<k<z y<k<zx
By (ii) or (iii) — according to the value of ¢ — and partial summation, this does not
exceed C'log(z/y) + O(1) for some positive constant C' < 1 and hence satisfies (8.8).

Ifz > y > x0, we use the bound ¢, cos(2mkd) < K| cos(2mkd)|4+0(1) and apply Cauchy’s
inequality and (7.2) as above — cf. (7.1) — to obtain for any positive n

3 Mg(lﬁrn) > M;WJFO”(U

y<k<zx y<k<z

< (Kj;” log(z/y) + O, (1),

which again implies (8.8) for suitable 1. This completes the proof of Lemma 5.

We now embark on the proof of (8.4)" or (8.5)". By Lemma 4, relation (8.3) reduces to
1 R(n)
8.9 bn = - b bn— O<—>7
& " k<z:n—1 kT "

if (8.6) holds, and in any case implies

(8.9) b = —% S bk to(l)  (n— o).

k<n—1

We will show that the latter relation, together with (8.1)', implies either (8.4)" or (8.5).
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We first prove that the conclusion certainly holds in the form (8.4)" if we have

1
8.10 lim inf — bl < 1.
(8.10) iminf 3 |bg|

k<z
Setting f, :=n"" Y., [bk|?, We obtain from (8.9)" by Cauchy’s inequality
(8.11) |bn| < frno1 4+ o(1) (n — 00).

It follows that, for any fixed € > 0 and a suitable number ng(¢),

fn = (1_%>fn—l+%’bn’2 < (1—¢>fn_1+% (n = no(e)).

Choosing ¢ € (0, 1) and ng > ng(e) such that f,,—1 < 1— 2e (which is possible in view of
(8.10), provided ¢ is sufficiently small), we deduce

2e €
fn<<1_?)fn—1+g<1_25

for n = ng. By induction, we obtain the same inequality for all n > mng, whence
limsup,, ,., fn < 1. A further application of (8.11) then gives

limsup £, < limsup |b,|? < limsup £ < 1,

which implies (8.4)".
Next, we note that (8.4)" also holds if we have

. 1 k+1
(8.12) 1171111_>sotip - Z(—l) br < 1.
k<n
Indeed, in view of (8.9), we can in this case apply Lemma 5 with a,, = b,, and ¢,, = —b,, :

the condition on K follows from (8.1)", assumption (i) from (8.9), assumption (ii) from
Lemma 4, and assumption (iii) is exactly (8.12).

It remains to deal with the case when neither (8.10) nor (8.12) are fulfilled. Setting
b, = (=1)"*T1(1 — 3,,), we have by (8.1)

R(n) R(n)
(8.13) 0(57) < <2+0(57),
and in particular
(8.13) o(1) < B <2+4+0(1) (n— ).

The hypothesis that (8.10) and (8.12) are not satisfied then amounts to assuming

. 1 .
(8.14) lim sup — > min(|Be],2 - |B]) = 0
k<Lz
and
1
8.15 liminf — =0.
(8.15) iminf = 7|6

k<z
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We shall show that under these conditions we have
(8.16) Bn =0(1) (n— o),

which is equivalent to (8.5)".

Rewriting (8.9)’ in terms of [k, we obtain, by a straightforward computation,

= %kZ@ — B)s +o(1)  (n— +00).
By (8.13)" this implies
2
(8.17) Bul < Do 1Bl +o(1)  (n— o).

k<n

Let g, := 27! 3, <, |8k and set A := 11/10. By (8.17) and (8.13)" we have, for sufficiently
large z and z < m < Az,

Bin| < 20m + 1/11 < 29, + (2/2) Y Bkl +1/11 < 29, +3/5.

z<k<Ax

If now
(8.18) g, <1/10,

then it follows that |3,,| < 1 holds for each m in the interval [z, Az|. Therefore

Z |Bm| = Z min(|Bnl,2 = [Bml),

z<m<AT r<m<AT

which by (8.14) is < /100, provided z is sufficiently large. This in turn implies

1 1 1 1 1
- — J— < - —_— = —,
Pre = Y92 ¥ 10 > 1Bml 10x T 100x 10

z<mAT

and hence (8.18) with x replaced by Az. Since by (8.15), liminf,_,~ g, = 0, we obtain by
induction a sequence {x, }°° , of the form z,, = A"z, such that (8.18) holds for each z,,.
Since

2(*TnJrl - xn)

n

1
max go <go, t— Y |G <get +o(1)

Ty <T<Tpi1
mRTREE " <k<Tpii

1 3
<—4+20A—-1 1)=— 1
ot (A=1)+o(1) 104—0() (n — 00)
it follows that limsup,_, . g» < 3/10. By (8.17) this implies limsup;,_, . |8k| < 3/5. Using
(8.14) as before, we deduce from this that lim, . g» = 0, and hence obtain (8.16), by
another application of (8.17).

We have now shown that either (8.4)" or (8.5)" holds, and it remains to sharpen these
asymptotic relations to the quantitative estimates (8.4) or (8.5) respectively.
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Assume first that (8.4)" is satisfied. We can then apply the second part of Lemma 4 and
obtain (8.9). Define A, by b,, = A\, R(n)/n, and set A}, := maxg<, |A\x|. To prove (8.4), we
need to show that A\ is bounded. From (8.9) and the monotonicity of R(n) we get

2
Ml € 5 D [brbn—k| +O(1)

R(n) k<n/2

2 R(n —k)

< —— b\, —— + O(1
R(n)k;nﬂ’k n—k (1)

4
<A — .
<t S o)
k<n/2

By (8.4)" the last sum is of order o(n), and we obtain
[An| = 0(An) +0(1)  (n — o0).

This implies A} = O(1) and hence (8.4).

Suppose now that (8.5)" holds. Defining (3, as above by b, = (=1)""1(1 — 3,), we have
Brn = o(1), and we obtain from (8.3)

(819) b= 3 (24 (0t - p) + o (B,

k<n—1

To eliminate the term (—1)"~* we replace n by n + 1 and add the resulting equation to

(8.19). Setting v, = B, + Bn+1, we then obtain, after some simplification,

Tn :% Z 6k(4_’7n—k)+0(R(n)+R(n+1)>

n
(8.20) ) fsnd
- — Z Yk + Tn,
n k<n
where
R(n)+ R(n+1 1
(8.21) ral < T ROE D LS (Bamid + 1Ba—i).

k<n

In this form, (8.20) together with the initial condition vy = ro has the closed form solution

B n—1 -
(8.22) Vn —Tn+2(n+1)]§m,

given by (2.17) with C' = 2. (This may be easily verified by showing that the difference
(n+1)yp41 — ny, computed via (8.20) is equal to the corresponding expression computed
by means of (8.22).) Since 7, and r, are bounded as n — oo, the series on the right of
(8.22), when extended to infinity, must have sum zero. It follows that

n—1

Z (k+1)(k+2)

k=0

(8.23)

Tk . 1 oy
- ;(k—i—l)(k—i—Q) <7"”Z(k+1)(k+2) T+l

>n k>n
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where 7}, 1= supy,, [7n|. Now set (), := supy>,, |Bk|. By (8.21), (8.16) and the monotoni-
city of R(n)/n we have

R(n 1 . R(n y
< T L S < M o) oo,
k<(n+1)/2
and hence R(n)
* n *
il < = 0By, (0= o).

Noting further that by (8.13)

B = Yn = Br1 <%+o(¥)

we deduce from (8.22) and (8.23) that, for suitable positive constants C' and ny,

Rn) 1.,

1Bl < C + 3Pz (n210).

n
This implies
R 1
Bf = max|f,| < C'max (n) + —max 3} ,

n>t n>t n 4 n>t

1 *
+ 1@5/2 (t

R(1)
St

using again the monotonicity of R(n)/n. Iterating this inequality yields

<C

WV

no),

ko —k
] RE27%) 1 .
(824> /8t < CZ t2_k.4k + 4k0+1ﬁt2*k0*17
k=0

where kg is defined by t27%0—1 < ny < t27%0. The right-hand side of (8.24) is

R(t) . R(t) 1 R(t)
4 ko -
AT S <
by the monotonicity of R(n) and the bound R(¢) > R(1) > 0 for ¢t > 1. This yields (8.5)
and thus completes the proof of Theorem 5.
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