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ON MEAN VALUES
OF RANDOM MULTIPLICATIVE FUNCTIONS*

YUK-KAM LAU, GERALD TENENBAUM AND JIE WU

ABSTRACT. Let &2 denote the set of primes and { f(p)},c# be a sequence of independent
Bernoulli random variables taking values +£1 with probability 1/2. Extending f by
multiplicativity to a random multiplicative function f supported on the set of squarefree
integers, we prove that, for any e > 0, the estimate >° _ f(n) < Vz (loglog z)**¢
holds almost surely—thus qualitatively matching the law of iterated logarithm, valid for
independent variables. This improves on corresponding results by Wintner, Erd6és and
Halész.

1. INTRODUCTION

In many problems of an arithmetic nature, probabilistic models serve as heuristic sup-
port, sometimes leading to plain solutions. For instance, the link between the distribution
of zeros of the Riemann (-function and random matrix theory has been extensively stud-
ied in recent years— see in particular Montgomery’s pioneering article [11], and Katz &
Sarnak’s important monograph [9] for a more general theory.

It is well known that equivalent forms of the Riemann hypothesis (RH) may be stated
in terms of mean values of multiplicative functions. The latest result in this direction, due
to Soundararajan [15], states that, if u designates the Mébius function, RH holds if, and
only if, we have

(1.1) Z“(n) <. \/Ee(logx)l/%rs (x> 3),

n<x

for all € > 0. The best known estimate to date in this direction is the Korobov—Vinogradov
bound

Z pu(n) < peci(losm)¥/?(log, 2)=1/2 (x> 3),

n<e

where c¢; is a positive constant. Here and in the sequel, we let log; denote the k-fold
iterated logarithm.

A probabilistic approach to this question is therefore of great interest. It has been stated
by many authors that RH is almost always true. However such a statement heavily depends
on the nature of the random model that is chosen to represent the Mdbius function. If
one selects random independent signs &,, then the desired bound follows from a well-
known theorem of Khintchine and Kolmogorov according to which a series } -, &,/n? is
almost always convergent if, and only if, ¢ > 1/2. A more precise, and actually optimal,
quantitative form is given by the law of the iterated logarithm which provides the exact
maximal order for |} _ eyl ie. V{2 + o(1)}xlog, z—see for instance [14], p. 397.

However, as observed by Lévy [10], such a model provides only limited hint from an
arithmetical viewpoint since €, does not depend on n in a multiplicative manner. This led
Wintner [17] to consider a setting that avoids Lévy’s objection, thus laying the foundation
for random multiplicative function theory.
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Let (Q, 7,P) be a probability space, let & denote the set of primes, and let {f(p)}pe2
be a sequence of independent Bernoulli random variables on €2 taking 1 both with prob-

ability 1/2. For each positive integer n, we may define a random variable f(n) on 2
by

(1.2) F(n) = u(m)?* T £(0)-

pln

Clearly, n — f(n) is multiplicative, so f(n) is a random multiplicative function. Of course,
the probability that f = u is zero, but it may be noticed that

dy = [ 0)/2

pln

is a random squarefree divisor of n assuming each possible value with uniform probability
1/2¢0)  where w(n) denotes the total number of distinct prime factors of n, and that

(1.3) f(n) = pn)u(d)  (n>1).
The quantity

My(@) = 3 f(n)
n<x
thus measures the amount of cancellations arising from the multiplicative structure of the
random function f. As a heuristic support for (1.1), Wintner [17] obtained the upper
bound My(z) < x/?*¢ for any e > 0 almost surely and showed that M;(z) < 2!/27¢
is false almost surely, this latter property being shared by the Md&bius function. He also
noted that “the chasm between [the upper and lower bound] could perhaps be bridged by
an arithmetical counterpart of Khintchine’s law of the iterated logarithm?”.

Erdés (unpublished, see [5]) investigated in greater detail how the number-theoretic
dependence among the f(n) affects the magnitude of My(x). He showed that the factors
x¢ and ¢ may be replaced, still almost surely, by (log )2 and (log z) ™ for some positive
constants co and cs.

Haldsz [7] made an important step forward by proving that, for suitable positive con-
stants ¢4, ¢c5, we have almost surely

(1‘4) Mf(.%‘) < \/5604\/10g2x10g3x
while
(1'5) Mf(x)<<\/ie—051/log2xlog3z

is false almost surely.
In a very recent paper [8], Harper improved (1.5) to the assertion that, for each € > 0,

(1.6) My (z) > Va/(logy z)*/**

holds with positive probability for infinitely many integers x.

Of course, these estimates still fall short of any conjectural bound based on the law
of the iterated logarithm, or on the belief that dependence actually reduces the expected
size: see problem 26, due to Haldsz, in the appendix of Montgomery’s monograph [12],
where it is asked whether the bound My (z) < /2 holds almost surely.

In this paper, our aim is to investigate how close one can get to optimality for an
almost sure upper bound. Improving on Haldsz’ estimate (1.4), we show that a power of
an iterated logarithm is valid, on a set of probability 1, as an upper bound for the slowly
varying factor, and hence that the multiplicative structure does not disrupt statistical
cancellations in a significant way. To decide whether it actually increases the amount of
cancellations remains an interesting open problem. However, this could only happen in a
relatively narrow range, as shown by (1.6).
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We start by setting up a slightly more general probabilistic model, in which the f(n)
may vanish. Let {f(p)},c» be a sequence of independent random variables on (2, 7, P)
such that

(1.7) P{f(p) =1} =P{f(p) = —1}) = 38, P{f(P)=0})=1—r,

where &, € [0, 1] fulfils the following condition, where ¢ is a positive constant,

(1.8) Z kplogp = x + O(we*QClegx) (x >2).

p<T

We obtain a random multiplicative function f(n) by (1.2). Selecting , = 1 for all primes p,
we recover Wintner’s probabilistic model. With the choice k, = p/(p + 1), we obtain
the probabilistic model for a real primitive Dirichlet character, as defined by Granville
& Soundararajan [6]—see also [18]—with the slight difference that our f has support
included in the set of squarefree integers.

Theorem 1.1. Let € > 0. As x — oo, we have almost surely
(1.9) My(z) < vz (logy x)>Te,

The special case x, = 1 of Theorem 1.1 provides a significant improvement over the
estimate (1.4). In particular, our bound now pertains to the scale predicted by the law
of the iterated logarithm. In short, our result shows that random signs behave in a
comparable way whether or not a multiplicative structure is imposed.

Based on Halédsz” method, our upper bound is obtained by following Haldsz’ suggestion
[7] for removing the logs x from (1.4). With some specific, new refinements, we show that
this idea leads to a much larger gain than expected—compare Lemma 3(ii) of [7] to Lemma
3.1 below.

It is also valuable to note, as did Erdés and Haldsz, that, in the case k, = 1, the f(p)
may be realized as Rademacher functions. Thus, all results in this theory find a natural
interpretation in the theory of orthogonal series.

2. PRELIMINARY ESTIMATES

In the sequel of this work, we let ¢; (j = 0,1,2,...) denote suitable positive absolute
constants.

Recall that w(n) denotes the number of distinct prime factors of an integer n. For real,
positive numbers m, u, v, y, z, we define

y7z
S = Sl vi0.2)i= 3 p(dPme,
u<d<wv

where the symbol Y ¥* indicates a sum restricted to integers all of whose prime factors
belong to the interval |y, z].

Lemma 2.1. Let 6 €]0,1[. Fory >3, m > 1,1 <u < v(l —1/y'70%), y < z < o2,
we have

_ YE ()
(2.1) 8 < LZWIm D

logy u/z<r<v/y

Proof. We may assume with no loss of generality that v > y for S,, otherwise vanishes.
Write d = rp where p is the largest prime factor of d. We plainly have
y?Z

Sm <m Z mw(r) Z 1.

u/z<r<v/y u/r<p<v/r

Since (v —u)/r > y(v —u)/v > y°, the Brun-Titchmarsh theorem implies that the inner
sum is < (v —u)/(rlogy). O
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The main aim of this section is to prove Lemma 2.3 below. For this we need to estimate
moments, and so appeal to the following form of a result of Bonami [2], for which Haldsz
provided an alternate proof — [7], Lemma 2.

Lemma 2.2. Let f(n) be defined by (1.7), (1.8) and (1.2). For m € N* and a; € CY
(1<j<m), we have

e [o( I Swmrm)|<( IT Tlakae?mom —1>w<”>)1/2

1<j<mn>1 1<j<mn=>1

where
(23) w(n) = u(n? [ s
pn
Moreover, we have
(2.4) E(M¢(2)?) ~ cx (x — 00)

with
ci= [+ r/p)(1=1/p),
peEL
and, uniformly forv>u+12>

(2.5) E({M;(v) — Mf(u)}4) < 023 (v — )3 (logv)*?/>.

Proof. When &, = 1 for all p, the bound (2.2) follows immediately from the induction
hypothesis appearing in the proof of Lemma 2 of [7]. Letting @) denote the set of integral
squares and using an asterisk to indicate that a summation is restricted to squarefree

integers, it may be written as
* * * 1/2
S T T wtw| < (I 32 lastmPm— 1)
ni>1 nm>1 1<j<m 1<j<mn=1

N1 Nm €Q

(2.6)

Consider the general case. We have

en B II Yamim)=>">"II wo) [I

1<j<m n>1 ny>1 nm=1l 1<j<m p|ni-nm
Ny nmEQ

As 0 < £ < 1, we plainly have J[,,,, ... 5p < [licjom #(n;)/™ for all squarefree n;
(1 < j < m), with equality if, and only if, ny = --- = n,,. Thus, the modulus of the
left-hand side of (2.7) does not exceed

<SS T Jaitag)ls(ag)tm

ni=1 nm=21 1<j<m
Ny Nm€Q

and the bound (2.2) follows from (2.6).
Selecting m = 2 and a1(n) = az(n) =1 in (2.7), we get
E(Ms(z)?) =Y r(n).
n<e

The asymptotic formula (2.4) is hence an immediate consequence of a classical theorem
on multiplicative function with values in [0, 1]—see for instance [16], theorem 1.3.12.
Finally, since 0 < k < 1, relation (2.2) with m = 4 and Hélder’s inequality imply that

E((M;(0) - My()}) < (3 320) < (o IO
u<n<v n<v u<n<v
Therefore, the required bound (2.5) follows from the classical estimate

227“ " < v(logv)?

n<v
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Remark. As mentioned in [7], Bonami [2] proved the following variant of (2.2):

"< (Z la(n)|*(m — 1)“(”’)m/2

n=1

(2.8) E

> _a(n)f(n)

n=1

in which @ € CY" and m may assume any real value > 2. We shall not need such a
generalization in this work.

According to (2.4), the expected order of M(x) is /z. The next lemma, essentially
identical to Lemma 1 of [7] (and the proof of which we provide for mere convenience), shows
that, almost surely, this quantity fluctuates moderately in appropriate short intervals; in
other words, the problem of bounding My (z) everywhere may be reduced to doing so at
suitable test-points.

Lemma 2.3. Let f(n) be defined by (1.7), (1.8) and (1.2). For any fized constant A > 0,
there is a suitable constant cg = cg(A) €]0, 1[ such that, for

(2.9) X = LeicGJ (i >1),
we have almost surely

VTi (i>1).

max  [My(x) — My(zi—1)| <ar

Ti—1<x<T (log xi)A
Proof. Assume that
(2.10) max | My(z) — My(zi_1)| > 2y/@;/(log ;)"

T; 1 <TLT;

and that the maximum is attained at some integer

where {I/j}?ZIENh and v1 > -+ > v, = 0. We split [z;_1,2] into a disjoint union of
subintervals with limit points

U = Tj—1 + Z Vi <0§k<h>

1<j<k

Thus, there exists a pair {ug, ug41} such that

(2.11) | My (ups1) — My(ug)| > /xi/(log ;)

for the number of these subintervals does not exceed 1+ {log(z; — z;—1)}/log2 < 2log z;.
Note that

(2.12) U = Tj—1 + (f — 1)2m, Ukl = Ti—1 + o2m,

with £ =37, 27" and m = v.

Next, we bound the total probability of the occurrence of (2.11) when (2.12) holds for
some ¢ and m; this clearly dominates the probability of (2.10).

By Markov’s inequality for the fourth moment and (2.5), we may write

N 4/3
U (log mi)4A+64/3_
T

(2.13) P(‘Mf(v) — My(u)| > \/E/(logaci)AH) < (U
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Let u=x;_1+ ({ —1)2™ and v = x;—1 + £2", where £ > 1, m > 0 and 2™ < x; — x;_;.
Then by (2.13), the probability that (2.11) holds for some wuy, ug41 of the form (2.12) is

om 4/3
< ZZ (rm) (1Og$i)4A+64/3

02MmLe;—xi—1

4/3
(2.14) < (logz;)A+64/3 <2m> Pai—aia
X; 2m
2MLr —xi 1

z—x 1\ Y3
< < i - 7 ) (10g$¢)4A+64/3-
Set ¢ := 1/(272 + 48A). As (log x;)*4+64/3 £ j4A+64/3)6 and (z; — x;1)/2; < 1/i'%,
we deduce that (2.14) is < i~%/* and hence that the same bound holds for the probability
of the event (2.10). The proof is completed by the Borel-Cantelli lemma—see, e.g. [4],
Theorem 4.2.1. O

Remark. Chatterjee and Soundararajan ([3], Prop. 3.1) evaluate E({M(v) — Ms(u)}*)
for short intervals |u, v]. However, inserting this estimate into the above proof would only
yield to an improvement on the value of the constant cg, with no influence on the final
exponent 3/2 appearing in Theorem 1.1.

3. PROOF OF THEOREM 1.1

We first establish an average estimate improving significantly over the corresponding
bound obtained by Haldsz—see [7], formula (2).

Lemma 3.1. Let f(n) be defined by (1.7), (1.8) and (1.2) and let {x;};>1 be given by (2.9).
Then, for any € > 0, we have almost surely

1 i
/ My(z)de <o /i (logy x;)* T (1>1).
Ti = Ti-1 Jgy_,

Proof. We show that large values of the integral occur with small probability and conclude
by the Borel-Cantelli lemma.

We have z; = LeiCGJ. Given a large constant ¢y, we put Xy := e for ¢ > fg, so that
X1 = le/z. We consider those z; lying in | X,_1, X/], and for « €]0, %[, write

C6 2Z el aj .

(3.1) wi=ep{) w=uh=w” (>0,
and observe that, if J is minimal under the constraint yy > X, then

log{4/ log ¢
;. log{dl/cs}  logl

Q@ Q@

J <1

Employing the notation
Up(w,y):= Y, fn)  (@20,y>1),

n<x
P(n)<y

we split the sum My (z) according to the size of the largest prime factor P(n) of the
summation variable n. For x € [z;_1, z;], we thus obtain

Yi—1,Y5
My(x)= Y fm)+ > > > fldm)
n<x 1< yjo1<d<z; m<z/d
P(n)<yo P(m)<y;—1
Yj—1,Yj

= Us(z,y0) + Z Z [V y(z/d, yj-1).

1< < yj—1<d<z;
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Setting d; := x; — x;—1, we express accordingly the integral to be bounded as follows:

1 [
(3.2) 5/ My (x)dz = Nio(f) + Z Ni; (f)
b JTi- 1<<J
where
(33 No()i=5 [ Wsa)d
yj—llv;j
(3.4) Nij(f) = > by(d; )f(d) (j=>1)
Yj—1<d<z;
with

1 [
boldif) = 5 [ Wplo/dy0) e
v Jxi—1

We first establish an upper bound for the probability of the event

(3.5) o =a(R):= [ {; /:IMf(x)dx 22\/@73}.

Xp 1<z <Xy

To this end, we define
%o=B(R:0):= | {INo(f)| > vaiR},

Ke—1<zi <Xy
(3.6)
a-ammn= U { T n0lzvar)
Xe—1<m;i<Xp ~1<j<d
Clearly & C %y U %1, so
(3.7) P(o) < P(%o) + P(%)1).

We first estimate 28,. Following Haldsz, we consider the filtration {7 (y)},>1 where
7 (y) denotes the o-algebra generated by the variables f(p) with p < y. Since 0 < k < 1,
we may deduce from Lemma 2.2 that, for any integer m > 1, we have

(3.8) E(|Ng (D™ | Z(yj-1)) < (2:Di(5))™,

where
Yi—1,Yj

Dy(f)i=— S byl Pu(d)em — 1.

‘ Yj—1<d<z;
From the Cauchy-Schwarz inequality, we see that
1 T; . z;/d i} t, . )
%W#V</ %umﬁqu<%/‘ Vit yi-1)® 4,
5’5 Ti_1 (51 zi_1/d t

where we made the change of variable t := x/d and used the inequality d = =/t < z;/t.
Therefore
1 xi/yj—1 Yi-1,Y5 Uty 1)
(3.9)  Dy(f) < Dj(f) = &/ Z p(d)?(2m — 1)w(d)f(’fﬂl) dt.
vl ri_l/t<d<xi/t

Applying Lemma 2.1 to bound the right-hand side of (3.9), we obtain

Yj—1,Y; . . 2
. 1 (2m — 1)+ Y (¢ ;)
Dy <t e e
gYj—1 1<r<X, Ti1/Ty;
N Yi—1,; (2m — 1)¥0) U p(t, y;-1)?
< Z 5 dt.
logy;—1 J1 " ¢

mi_l/tyj<r<zi/tyj_1
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Now, we observe that, for y < min(z,w), m > 1, we have

Y,z Y,z

3100 >.@m -1 <3 (@2m-2) Zl<<— T (2 2),

r<w s<w d<w/s y<p<z

from which we deduce by partial summation that

Yj—1,Y;

2m — 1))
E : ( m ) <<1+ae07am
T

Ti—1/ty;<r<z;/ty;—1

provided a > 1/2° > 1/logyy. Writing

we thus have

1 cram .
(3.11) Dy < (L o ey
logy;—1
Let T > 1 be specified later. Defining the events
(3.12) € = {Ijg < Tlogyj_l} 1<j<J), €= () %

we plainly have
(3.13) B C (:%’1 N %) U%é.
By Lemma 2.2 and the classical estimate ([16], th. III.5.1)

= D 1< Ve >y >,

n<T
P(n)<y

we have E(Ijg) < logy;_1, whence

(3.14) P(%;) < %

Moreover, since, as first noticed by Basquin [1], {1 jg}jzo is a submartingale with respect
to the filtration {7 (y;) : 1 < j < J}, we actually deduce from Doob’s inequality (see,
e.g., [13] Theorem II1.1.7) that

(3.15) P(%) <
Indeed,

L, 1
P sup >T | < =
2r<logyj_1<2rt1 log Yj—1 T

for each integer r such that cs2¢/(4¢log?2) < 2" < 2. Since there are only < log ¢ possible
values of r, (3.15) follows.
Applying Hélder’s inequality in the form

2m
( > \Nz'j(f)l) <IN NG (P
1<<d 1<<d
we derive from (3.6), (3.8), (3.9) and (3.11) that
(1Vi( %;).J2m !
P(%) N6) < Z Z E(|Ni; (f)*™ | €5)

2
(3.16) X1 <z <X 1<G<JT CC R )
< ot/cc (CgTJ2m{1 + aewgym})ﬁb

RZ
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Finally, we bound P(%). Using the Cauchy-Schwarz inequality, we get, as before,

E(No(f)?) <~ [

5 E(\Ilf(x,yo)Q) dz

Ti—1

< ;/wl Uz, yo) de < e~ (e Xe)/(Hlogyo) — 4 0=t/co
i Jxiq

since z; > Xy 1 =X gl 2, By Markov’s inequality, we then deduce that

P (%) < Z P(Nio(f) = v/TiR)
Xp_ 1<z <Xy
. 2 —l/cs
< ). EMl/)) 2 Yok =

VI R)? R? R?’
Xp 1<z <Xy ( ! ) Xp_ 1<z <Xy

by our choice for z; and X,.
Collecting our estimates (3.13), (3.15), (3.16), (3.17) and inserting back into (3.7),
we get,

(3.17)

(3.18) P(et) < 1ot <

csTJ?m{1 + ae™™}\™  log/
R? T

R? T
Selecting

T = (++e/?, R := (?F¢, a:=1/¢, m:={,
so that J <« flog ¥, we conclude that
log ¢

(3.19) P(o) < ek

Thus, the Borel-Cantelli lemma implies that
]P’( lim sup szfg(R)) = 0.
1
This finishes the proof of Lemma 3.1. O
Now we are ready to prove Theorem 1.1. From the identity
/ My (t)dt = 6;My(x) — 6i{ My(x) — My(zi1} + / {M;(t) — My(wi)}dt,
Ti—1 Ti—1

we deduce that, for all i > 1 and all = €|x;_1, x;], we have

1 i
IM(2)] < 5’/ My (t)dt
11 JTi—1

+2 max [M(t) — Mg(xi—1)|-

xi—1<t<x;
Write M ()
Mf T
E; := { sup  ————— 4}.
X, y<a<x, VT (logy x)?Fe
From the above upper bound, Lemma 2.3 with A =1, and (3.19), we have

P(E;) < (log)/e*+e/2.

It hence follows from the Borel-Cantelli lemma that ]P( lim sup,_, Eg) = 0, as required.
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