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where P(n) stands for the largest prime factor of n. By choosing ¢ optimally and
estimating further the right-hand side of (1.4), one arrives at an upper bound for
¥(z,y) which turns out to be especially useful when y is relatively small compared
with 2. When y is a fixed or slowly decreasing power of z, however, (1.4) becomes
weaker than the trivial bound ¥(z,y) < z. Rankin’s method was fully exploited
by de Bruijn [4] in 1966.

Most of the work on ¥(z,y) in the literature deals with the case when u =
(log z)/(log y) is relatively small. The aim is then to give quantitative and uniform
versions of Dickman’s relation (1.1). In 1951, de Bruijn [3] produced an estimate
for ¥(z,y) which implies that the formula

log(u + 1)
1. = =) S v
(15) ¥z = 2p(u) (1+ 0, (LD
(where, here and in the sequel, we write systematically v = (log z)/(log y)), and
hence (1.1), hold uniformly in the range
(1.6) T>2, exp{(log £)%/3+¢} < y < z,

where ¢ is any fixed positive number. Similar results have been established sub-
sequently by several authors on using different methods, but de Bruijn’s estimate
remained for a long time the best of its type. It can be shown that the error term
in (1.5) is best possible, and it was only recently that the range of validity (1.6)
was improved. Maler [14] established (1.5) for the range

£2>2,  exp{(logz)f}<y<z.
Hensley [10] proved the lower estimate
Y(z,y) > zp(u)
for an even larger range, namely
(1.7) T >2, exp{(loglog £)*/3*¢} < y < z.

In [12] the first author showed that de Bruijn’s formula (1.5) actually holds in
the above range (1.7). It seems that this is the limit of what can be reached
unconditionally. On the Riemann hypothesis, one can prove that (1.5) holds in the
range 7 > 2, (log 7)?*¢ < y < z.

The behavior of ¥(z,y) is quite different when y is very small compared with z.
Ennola [9] showed that uniformly for

(1.8) 2<y<logz

the estimate

19 e = 2 T () (140 (i)

p<y

holds, where 7(y) is the prime counting function. The right-hand side of (1.9)
depends strongly on irregularities in the distribution of primes and cannot be re-
placed by a smooth function as in (1.5). Ennola also gave a similar, but much more
complicated, formula for the range

(1.10) 2 <y < (log z)*/4¢.
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term. The following theorem shows that they can both be well approximated over
the whole range z > y > 2. This takes into account the factor (ay/27¢2(a,y))?
in (2.3) and enables one to compare Rankin’s upper bound with the true order of
magnitude of ¥(z,y). Moreover, if z is not too large with respect to y, we can
derive a reasonably smooth approximation for the whole right-hand side of (2.3).

THEOREM 2. (i) We have uniformly for x > y > 2,

(2:4) a(x,y)=w <1+0<%)>

and

B log = 1 1
(2.5)  ¢2(a,y) = <1 + " > log z - log y(l +0 <log(1 + u) * log y>> .

(ii) Lete, 0 < € < 1/2, be fized. Then we have uniformly for z > 2, (log z)'*¢ <
y<u,

z%¢(o, y)
o/ 272 (o, y)
)\ V2 €() g5 _
(2.6) =:1:<£2(ﬂ_)> exp{v—uﬁ(u)+/0 . 1ds
+0, (% + uexp{—(log y)3/5‘5}> } ,

where v denotes Euler’s constant, £ = £(u) ts the unique positive solution of the
equation e = 1+ ug and &'(u) is the derwative of the function £(u).

From part (i) of Theorem 2, we see that
ay/2m2(a,y) < Vy/log y.

Thus Rankin’s upper bound differs from ¥(z,y) by a factor at most O(+/y/log y).
This is surprisingly small, compared with the precision of the estimates for ¥(z,y)
available in the literature, which in the case y = log z, for example, involve an error
factor of order >, exp{y!~¢}. On the other hand, (2.4) and (2.5) also imply

o/ 2nda(a,y) > log y

uniformly for z > y > 2, so we never have asymptotic equality in (2.1).
Combining Theorem 1 with part (i) of Theorem 2, we obtain the following corol-
lary.

COROLLARY 1. If y and u tend to infinity, we have

U(r,y) ~ z%(a,y) (27ru (1 + lo$>>_l/2 <log (1 + lo: x))_l )

In particular

z%¢(a,y)

VZraTog(y /108 2) (+f y/log £ — ),

\Il(a:,y) ~
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and .
U(z,y) ~ _2(oy) (4f y/log = — 0).
V2my/log y

This shows that the behaviour of ¥(z,y) is quite different according as y/log =
is small or large. This phenomenon has already been stressed by de Bruijn [4].
It is due to the fact that for y > yo(e) and ky < (1 — ¢)log z, we have by the
prime number theorem that (], p)¥ < z so that the numbers that do not have a
prime factorization with exceptionally high powers contribute little to ¥(z, y)—for
instance the squarefree numbers contribute at most z!/*. This feature does not
occur when y/log z is large.

When we combine Theorem 1 with part (ii) of Theorem 2, we derive a smooth
approximation for ¥(z,y), which in the range

T>2, (loglog £)%/3+¢ < log y < v/log z

is as sharp as de Bruijn’s estimate (1.5). Apart from the upper restriction for y,
this range coincides with (1.7), where (1.5) is known to be valid. For larger y,
estimates (2.3) and (2.6) together are less precise than (1.5) because of the error
term O(1/u) in (2.3).

The approximations (1.5) and (2.6) are of quite different type. Equalizing the
two expressions in the case u = (log 2y)!/2, say, we obtain the following result.

COROLLARY 2. Asu — 0o, we have

a1 o= (1+0(2)) (52) e fr-uetw+ [ £ a)

This formula is not new. Thirty years ago, de Bruijn [2] established the asymp-
totic relation

€(u) gs _
(2.8) p(u) ~ \/217r_uexp {7 —ué(u) +/0 - 1 ds} ,

which is a weaker form of (2.7) since ¢(u) ~ 1/u, as can easily be shown. De
Bruijn’s proof was quite elaborate. A different demonstration has been given re-
cently by Canfield [5]. The more precise formula (2.7) has been first proved by
Alladi [1, p. 186] using de Bruijn’s method. In our case, this formula arises quite
naturally, since both sides appear as approximations, obtained from different meth-
ods, for the same arithmetical quantity ¥(z,y)/z.

From Theorem 1, we shall deduce the following simple formula for the ratio
V(cz,y)/¥(x,y), where 1 < ¢ <y.

THEOREM 3. We have uniformly forx > y>2 and1<c <y,
(29) U(ez,y) = Y(z,y)e*) (1 +0 (% L logy y)) |
Y

This improves on results of Hensley [11] and the first author [13], where estimates
of the same type, but with weaker error terms and only for a restricted range, had
been obtained.
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The factor ¢*(*¥) can be well approximated by a smooth function. For instance,
it follows from part (i) of Theorem 2 that the estimate

(log c)/(log y)
ez — (14 Y {40 (loglos(1+y)
log z log y

holds uniformly for z > y > 2 and 1 < ¢ < 2. Substituting in Theorem 3 we derive
as an immediate consequence the following result.

COROLLARY 3. Let z and y tend to infinity.
Then the relation ©(2z,y) ~ ¥(z,y) holds if and only iflog y < (1+0(1))loglog z.
Moreover, we have ¥(2z,y) ~ 2¥(z,y) if and only if (log y)/(loglog z) — oo.

The first of these asymptotic formulae is new; the second has been recently
proved by Hensley [11], using a completely different method. The corollary shows
once more how the behaviour of ¥(z,y) changes at y ~ log z.

Theorem 3 can also be interpreted as a short interval estimate for ¥(x,y). It
leads to an asymptotic formula for ¥(z + z/z,y) — ¥(z,y) in terms of ¥(z,y)
provided z is not too large. More precisely, z has to be smaller than u and y/log y.
Setting, for 0 < € < 1,

Y (¢) = exp{(log y)*/*~¢},

we can in fact sharpen Theorem 3 for large values of z in the following way.

THEOREM 4. We have uniformly forz >y >2,2>1,0<¢e <1,

U(e+2y) - Yy = iji—’l)‘l’(ﬂc,y) <1+O<% +%+ loiy»

+ Oc(¥(z,y)R(z,y))

(2.10)

with
R(z,y) := Y ()" + exp{—bou(log 2u) *}(log y)
for some posttive absolute constant bg.

The last error term in (2.10) can be omitted if we suppose a/z > R(z,y)!/?

and modify adequately by and ¢. Using estimate (2.4) for a(z,y), we see that this
condition is certainly fulfilled in the range

z>2, (loglog z)2/3+¢ < log y < (log z)?/°,

1< 2<Y(e).

Thus, we can state the following corollary.

(2.11)

COROLLARY 4. Lete, 0 < € < 1, be fired. Then we have uniformly in the
range (2.11)
(2.12)
T log(1 + y/log z) 1 loglog(1+y)>>
Zy)- S A [ ) 1 S 08BITYN
‘I’<z+z,y) ¥(z,y) TTogy V(zy) |10 S+ o
Under the Riemann Hypothesis, Theorem 4 is valid with Y (¢) = exp{y'/?}.

Corollary 4 then holds as stated if Y (¢) is replaced by R(z,y)™* in (2.11).
Corollary 4 should be compared with Theorem 3 of [12], where the relation

@) (o L) - e - 22 (1o, (M)
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We write systematically forz >y >2,0<¢e < 1,
Y (e) = exp((log y)*/?7¢),
log z

_ . = min Yy ) = min(y, log z)
log y log y log y

and let o = a(z, y) be defined by the equation

lo
(3.1) (~d1(a,y) =) Y 2L —log z.
p®—1
p<y
For u > 1 we define £ = £(u) as the nonzero solution of the equation
(3.2) ef =1+ut
and put £(1) =
Finally, we let ¢g, c1, ... denote positive absolute constants.

LEMMA 1. We have u > 3,

&(u) = log(u log u) + O (

PROOF. By iteration of equation (3.2} we may write
€ =log u+log(&+ 1/u) = log u + log(log u + log(§ + 1/u) + 1/u)
= log(u log u) + O(log(§ + 1/u)/log u).
This implies the conclusion since we have trivially 1 « ¢ < log u.

loglog u
logu /'

LEMMA 2. Forx >y > 2, we have

(3.3) o(z,y) = m (y < log z),
(3.4) a(z,y) > 6oz v (y > log z),

(3.5) (1-alz,y))logy=~E(u)+ 0 <% + lm% +eV Iogy> (y > log z).

PROOF. The first two estimations are easily proved. Indeed, we have for z >
y=2,

.6 u lo = > >
(3 ) gy pa 1= ya 1= ya 15

p<y
where 6 is the usual Tchebycheff function, and

1

p<y

This last estimate gives the upper bound of (3 3) By (3.6), we may write

5, log(1 + y/(5u log y))
log y

which implies the lower bounds of (3.3) and (3.4).
Formula (3.5) has been established in [13, Lemma 4] for y > 2 log 2. The proof
is in fact valid in the case considered here.

’
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which is the upper bound wanted. For the lower bound, we use a > 1/log y in the
form

Qr—1(p*log p)

et > g (<p<y),
whence

_ lo
(~D*gi(a,y) > (log y)k~t Y EL
VU<P<y P
The p-sum is easily seen to be > (y!=* —1)/(1 — &) by Tchebycheff’s estimates for
the §-function. The result then follows by Lemma 3

LEMMA 5. We have uniformly forz>y>2,

p—ualo p<<1+y1/2 a

v2>2p¥<y
PROOF. Plainly

1 log p ( 1)
S« — ifa>=>},
logyij?/17 pla 4
and
S« > logp[logy} (ifa<1>,
log y <\/_p0‘ log p 4

In both cases the right-hand side is « 1 + y!/2=2 by partial summation

LEMMA 6. Lety>2,0<8,e<l,7€R, 7] <Y(e),s=1—8+1ir. Then
we have

(3.10) Z A(n)n™® = Y

0o (G004 o exp~iog 1))

This result may be proved by usual contour integration starting with Perron’s

formula (see e.g. [16, Satz A.31]) and using Vinogradov’s zero-free region for ¢(s)
(see e.g. [8, Theorem 11.2]). We omit the details

COROLLARY. On the hypotheses of Lemma 6, put

6 =7 log y — Arctan(r/8).
Then we have

> A(m)n?~1(1 = cos(r log n))

n<y

5 .
yﬁ( —ﬁ\/%%)w (ﬁmy exp{—(log ) /2}>).

PROOF. It suffices to apply (3.10) with s =1 — 3 and s =1— 8+ i7 and to
take the real part of the difference.

The next lemma gathers a few simple inequalities that we shall need later and
the proof of which we leave to the reader
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LEMMA 7. We have

(3.11) 20% /72 <1-cos 0<6%/2 (8] <),

(3.12) e’(1-e )2 >9?2 (veER),

(3.13) (1+8)7' <exp{-t/(1+X)} (0t <)),
(3.14) (1+4vt/(t— 1)) <exp{—4v/t} (0<v<1<t).

We can now prove the following result, which constitutes the main tool in the
process of majorizing the contribution of large 7 in the Perron integral for ¥(z,y).

LEMMA 8. Letz>y>2, T€R, s=a(z,y) +ir.
(i) If Ir] < 1/log y, then

$(s,9) { coy < 249(a, y)) }
<exp{ ———log| 1+ ———=} 5.

(oy)| =P U Togy ¢ (y/log y)

(ii) For fized € > 0, the estimate

2
¢(s,9) <. exp{——co(L}

S(0,y) 1-a)? +172

(3.15)

(3.16)

holds uniformly for
y > yo(e), l/logy<ir| <Y(e),

where yo(e) 1s a sufficiently large absolute constant.

PROOF. By an easy computation, we have
(14 2(1 — cos(r log p)) -1/2
B p(1 —p=@)? '

We first consider the case |7| < 1/log y. If y < log z, we have by (3.17) and
(3.11), for p < y,

1-p~©
1-p—s

1-p@
1-p—s

(3.17)

47%(log p)?/n?
p*(1-p=@)?
2 o _
< exp{—ﬁ log(1 + 720~ %y ")} .
Taking the product over p < y yields (3.15) since by (3.3) and (3.8),

- ¢2 (a9 y) .
y/log y
If y > log z, then a > 1/log y by (3.4), whence by (3.11) and (3.12),
2(1 — cos(r log p)) (Tlog p)2
< <c, say.
p*(1-p=2)? alogp) = %
Next, we apply (3.13) with A = ¢; to the right-hand side of (3.17). We obtain

1 — cos(7 log p) } rlog p\?
< - < —cop®
- e""{ T+ Np(—po) [ = P17 o1

< exp{—%log (1 +

y* <1 and o~ ? < u?y~?(log y)*

l1-p©
1-ps
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with ¢a = 2/(7%(1 + A)). Multiplying this for p < y gives again (3.15), since in the
ranges considered
2 ¢2(0,y) < u < y/log y.
We now turn our attention to the case |7| > 1/log y. It suffices to consider the

case u > ug(€), the result being trivial otherwise. We suppose that ug is so large
that

(3.18) y!~* < ulog @ {y > yo(e),u > up(e)).

By Lemma 3, this is possible.
Now, by (3.17) and (3.14) with v = (1 — cos(r log p))/2, t = p*,
T

e exp{—(1 — cos(r log p))p~},

whence [¢(s,3)/¢(a,y)| < e=¥ with
W .= Z(l — cos(7 log p))p~°.
p<y
Thus, we need a lower bound for W. We have trivially
1 E A(n)(1 = cos(r log n))n™* < W + 28,
0g ¥ n<y

where S is the quantity introduced in Lemma 5. Applying the estimate of this
lemma and corollary to Lemma 6 with 8 =1 — a(z,y) yields, if y < log z,

I PR S B ) 1)
W > Tog ¥ (1 o + O (exp{—(log v) })) 3y
2
yT

> (log )1+ )
and, if y > log =z,

l-a
Yy 11—« 1 _(10 )e/2> 1/2—a
W > 1- O | = &Yy -

_(l—a)logy( (1_0)2+7.2+ ’-’<u+e C4Yy

> u (ﬁ + O: G + exp{—(log y)€/2}>> .

From (3.18) we easily see that in the ranges considered

72 T\’
—— i — 1 2>l -2,
T afir > min (1,(1_0) ) > {log u)™* > (log y)
Thus if yo{e) and ug(¢) are suitably chosen, we deduce that

W > ur?/((1-a)? +712) (y > log 7).

This completes the proof of (3.16).
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LEMMA 9. We have uniformly forz >y >2,0<e<1,1<2<Y(e),
(3.19) V(z+2/2,9) — ¥ (z,y) < %¢(a,y){1/z +e %}
PROOF. The left-hand side of (3.19) is

o| £ enf-h(em()]

P(n)<y

We express the exponential in terms of its bilateral Laplace transform using the
formula

o+ioo 2
e/ / exp S vs} ds
1\/2_1r o— 2

1 2 too 1 .
= \/—2_7re" /2=0v /—oo exp{-—§T2 +n(0—v)} dr (o,v€R).

Selecting 0 = a(z,y)/z, we get

2/22', Z [ za‘r/z 72/2( )a+1‘rzd

n>1

P(n)<y
— 1 ea2/222/+ooeia‘r/z—‘r2/2 E (E)a+i”d7
V7 —oo n
n>1
P(n)<y

P +oo0 20 2 ]
«Z [T et gasing)dr
-0

the inversion of summations being justified by the absolute convergence of the
Dirichlet series involved. In the last integral, we divide the range of integration into
three parts: |7| < 1, 1 < |7| < 22, and |r| > 22, The corresponding contributions
I, I, I3 can be estimated as follows

1
I < ¢(a, y)[ e "3 dr < ¢(a,y),
-1

2

z

I, < sup Ig(a+ir,y)|[ e~ % g
1<[r|<22 1

<z sup [¢la+iny)| K z¢(a,y)e s
1<|r| <z

by Lemma 8, and

Iy < ¢(a,y) f e % dr < ¢(ay).

z2

This provides the estimate wanted.
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4. Proof of Theorem 1. The analytic method sketched in §2 works well if u is
large, but complications arise when u is smaller than some fixed power of log log y.
We shall therefore use this method only for the range

(4.1) u > (loglog 2y)?.

In the range 1 < u < (loglog 2y)?, de Bruijn’s estimate (1.5) is available and implies
estimate (2.3) of Theorem 1 via formulae (2.6) and (2.7). Note that formula (2.7),
which we stated as a corollary to Theorems 1 and 2, actually depends only on
Theorem 2 and the special case u = /log 2y of Theorem 1, which is covered by
(4.1). Theorem 2 (and hence (2.6)) will be established in the last section without
using Theorem 1.

It remains therefore to prove Theorem 1 in the case when (4.1) is satisfied. This
is the really interesting and difficult case. We give the main steps of the proof in
the form of two lemmas.

LEMMA 10. Lete, 0 < e <1, be fized. We have uniformly forz >y > 2,

\I’( ) 1 /a+i/1ogy ( )xs
,Y) = 75— ¢(s,y)—ds
2im a—1i/logy 8
+ Oc(2%(0, y)(Y (€)™ + exp{—ceu(log 2u)~?})).
LEMMA 11. We have uniformly for z >y > 2,
a—ti/logy s a
(4.3) ! c(s,y)% ds = —ZStny) <1+O<i>>.

% a—ti/logy O/ 27T¢2(01,y) u

(4.2)

Moreover, the same estimate holds for
1 a+i/logy

2

xS

¢(8,y)—1-lds|.

a—i/logy S

The desired estimate (2.3) of Theorem 1 follows easily from these lemmas when
we assume (4.1). We take ¢ = 1/4 and combine formulae (4.2) and (4.3). The
right-hand side of (4.3) coincides with the estimate announced for ¥(z,y) (since
1/u+(log y)/y =< 1/4), so it only remains to check that the error in (4.2) is absorbed
by the error terms in (2.3). This is an immediate consequence of the bound

(4.4) o/ 2 (e, y) € min(vulog y, \/y/log y)

(which follows from Lemmas 2, 4) under our hypothesis (4.1).

We now prove the two lemmas. In view of (4.4), the conclusions are trivial when
y < yg, S0 we assume y > yo henceforth.

PROOF OF LEMMA 10. We start with the formula

1 o+1T o
\I’(CC, y) = %/\ - g(svy)—s“ ds

(4.5)
i 1. 1
+0 |z Z n—amm<1’m> 7

n>1
P(n)<y
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valid uniformly for ¢ > 0 and T' > 0 (we set here min(1,1/0) = 1). This is a variant
of Perron’s formula and follows from the estimate

1 [T g 1
— J— — o 1 —_—

{0 (0< 2<1),
x(2) = {1 (z > 1),
which is easily proved by contour integration.
We select 0 = a(z,y), T = (Y(e)~? + exp(—ceu(log 2u)~2))~2. The error term
in (4.5) may be estimated by

where

(4.6) 0 L\/%y) + 2% S one
P(n)<y

{log(z/n)|<T~*/?

The first term is compatible with the size of the error in (4.2). The second is

7T 7T 1 o
0 (\Il (z-+- —\;—T,y> - (:c - %,y)) < %, y) {ﬁ -+-e‘°5“}
by Lemma 9. This is also acceptable.

It remains to estimate the contribution of the domain 1/logy < |7| < T. By
Lemma 8, this is

T
< z"g(a,y)/ g0’/ (1-0)?+1%) —dT
1/logy a+T
1-al,1/1
1/logy a+rT

T
+ / e-cﬂﬁf/2 i
max(|1—-a[,1/logy) a+T

o —coi/2((1-ea)logy)? 1 —~coii/2
L T g(a,y){e log (1+—~a+l/logy> +e log T}.

Now, we notice that Lemma 3 implies that
1

1 14+ —————

og( +a+1/logy

Substituting in the last estimate, we see that the remainder term above is

> , {1~ a)log y <« log 2.

< %0, y)exp(—craflog 2@) " )log T
<Le :co‘g(a, y)T"1/2,
if cg has been chosen sufficiently small.
This completes the proof.

PROOF OF LEMMA 11. We divide the range of integration in (4.3) into the
parts |7| < Tp and Ty < || < 1/log y, where Tp = (@)%/3 /(ulog y).
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The main contribution comes from the range |r| < T. Here we expand the func-
tion ¢(s,y) = log ¢(s,y) in a Taylor series around 7 = 0. Putting ox = ¢x(a,y) (k >
0), we get

. 72 73
o(s,y) = 0p + 110, — 502 = gy
where the error term estimate follows from the inequality

03 + O(1%0y),

sup |4 (a +17,y)| < d4(a,y) = 04,
T€ER
which. is an obvious consequence of the “explicit” formula (3.9) for éx(s,y).

By the definition of Ty and Lemmas 2, 4, the quantities 7303, 7404 and 7/« are
uniformly bounded for |7} < Tp. Thus, we have in this range

3! 3!

1 1 72
a+11  « (1_2_+O<a2>>

Bearing in mind that, by definition of a, o1 + log £ = 0, we obtain the following
expression for the integrand in (4.3):

3 73
exp {—2—03 + O(r 04)} 1- 2—03 +0(r® 03 +7404)

and

3 0o} 2 3
(s,9)= = g(—;—’%—exp {iTlog z+ir0y = S0y — i + O(r 04)}
a 3
= E_Sg.g’_y_)g_ﬂo'z/? 1— 7.— _ ’L—0'3 +O(T 0,3 +T a +7_40,4) )
(04 o 3!

We now integrate the last expression over the range |r| < Ty. Omitting the
constant factor z“g(a,y) /a gives for the contribution of the main terms

To Tov/o2 2
/ o—02/2g, — L / e~ /2dr = \/2” <1+O<exp{—lTo202}>>,
T Voz o1y yer 72 2

since the integrals involving 77/« and 17303 /3! vanish. The error terms contribute
at most

1
0 (ﬁ(o;%% +o3la + oﬁm)) :
By Lemmas 2, 4, we have
a>a/(ulogy), or=(ulogy)*@)'*  (k=2,3,4).

The factor 1/,/2 in the above expression is therefore O(1/@). Moreover, from the
definition of Ty we also obtain

exp{—3T¢o2} < (Tgo2) ™% = (u)~".
Collecting the above estimates yields
1 [T z° z%(a, y) ( (1))
—_— _ = ————, 1 O - 3
2ir J_1, $(59) s ds o/2moy + a
which is the right-hand side of (4.3).
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It only remains to show that the contribution of the range Tp < |r| < 1/log y
can be absorbed by the error term. By Lemma 8(i), we have in this range

i % 7202log y
T T (1479298 Y
605 < stan (14702

Thus the corresponding contribution may be estimated as follows (omitting again
the constant factor ¢(a,y)z*/a):

1 00 2] —coy/logy
&« — (1 + T8 y) dr
VO2 JTy /52

> —coy/logy

y
1 Vu/2logy 2
L — / e~coT /2 gy
Vo2 | 1o y53
oo 2] —coy/logy
[T (14 Tloey) m}
Vy/2logy Yy
1 1
&« —(T50;3 +logy -y t) « _,
\/EE( 0 2 g y-y ) \/&—2‘ .

This completes the proof of (4.3).

An inspection of the proof shows that we obtain the same estimate when the
integral is taken over the absolute value, as asserted in the lemma. We omit the
details.

5. Proof of Theorem 4. This is a simple modification of the argument leading
to Theorem 1. We again use Lemma 10 together with the following result, which
can be established in the same way as Lemma 11.

LEMMA 12. We have uniformly forz >y > 2,

a+i/logy @
! s‘(s,y)z’ds=&’y)) (1+O<%>>.

17 Joritogy 2rda (e, y

Moreover the same estimate holds for

L o)l
— ¢(s,y)z°| - |ds].
2n a—ti/logy
Put ' = z(14+1/2), &' = a(z’,y). Differentiating the equation ¢, (e, y) = —log =

with respect to z yields
Oa -1

I? = b
6::( y) zdo(a, y)
whence, by Lemma 4,

Jda U
0< “E(I,y)ﬁw
and _ 1
O<La-d« 4

< .
zu?(logy)? ~ u(log y)?
In particular, we have for all real r and 3, o/ < 3 < q,

(5.1) (=)25(B +i1,9)| < 2°(¢(a + 147, 9)].
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Using this for 7 = 0 and applying Lemma 10 to estimate ¥(z’,y), we obtain

) 1 o' +1i/logy z's N ,
(5.2) Wy =o— » ¢(8,y)— ds + Oc(z%¢(0, y) R (2, 9))
a’'—i/logy

with
R'(z,y) = Y (€)™} + exp{—ceu(log 2u)~2}.

Now (5.1) and the residue-theorem imply that the error involved in replacing o/
by @ in the main term of (5.2) is
[¢(a +1/logy, y)|

a+1/logy

where the second estimate follows from Lemma 8(i) with a suitable modification of
the constant cg. Thus, we have

< Lo’ - o] < ¢(0ny)z* R/ (2, ),

, 1 a+i/logy z's .
W =g [ ey e 0o )R @)
a-—1/logy

Subtracting (4.2), we obtain
x 1 ati/logy . (1_+_1/z)s_1
VG (9: + ;,y) —¥(z,y) = 3 /Q_i/logy s{z,y)z (———s—~—~) ds
+ O (2% (e, y) R (2,9)).

By Theorem 1 and equation (4.4), we easily obtain that the remainder term is

OE(\I,(I, y)R(I, y))
Using the expansion

(1+1/2)* =1+ s/z+ 0(]s]/2?) (z>1,|s] < 1),
we find that the main term equals

1 a+i/logy 1 a+i/logy
[ a0 [ " ksl 1asl).

21z a—i/logy 2% Ja—ijlogy

By Lemma 12, this is

wmeing 06 ))

and, by Theorem 1, this last expression may also be written as

M(1+O<é+§>>.

This completes the proof of Theorem 4.

6. Proof of Theorem 3. Theorem 3 could be proved directly in the same
manner as Theorem 4, but it is easier to deduce it from estimate (2.3) of Theorem
1.

We first dispose of the cases 2 < y < yp and 1 < u < ug, where yp and ug are
arbitrary but fixed constants. All we have to show then is the upper bound

(6.1) Y(ez,y)/¥(z,y) € =) (1<c<y).
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When 2 < y < yo, this follows from (1.9). In the case y > yo, 1 < u < up, with

yo sufficiently large, (6.1) can be deduced from (1.5) and the estimate a(z,y) =

1+ 0(1/log y) (y < = < y*®), which follows easily from the equation defining a.
We may therefore suppose

(6.2) Yy >y, u>up

with sufficiently large constants yg, uo.
Let y > yo be fixed and put for u > 1,

and

_ y ¢ (aw, y)
f(u) = log (au ___%raﬁz(au,y))

= ueylog y + @, y) — log o — 3log(2nda(an,y)).

Thus, exp f(u) is the approximation of Theorem 1 for ¥(y*,y) and, under hypoth-
esis (6.2), estimate (2.3) of Theorem 1 can be restated as

¥(y* y) = exp{f(u) + O(1/u)}.

Estimate (2.9) of Theorem 3 is therefore, in the range (6.2), equivalent to the
formula

(6.3) flu+t)— f(u) =taylog y + O(1/4) (u>up,0<t<1).
Now,

flutt) = 1)+ +0  sup [77(u+0))

uniformly for u > 1, 0 < ¢t < 1. Hence (6.3) is a consequence of the two estimates

(6.4) fl(u) = aylog y+0O(1/a)  (u>uo)
and
(6.5) fflvy=0(1/a)  (u2ug),

which we are going to prove.
We first derive estimates for the derivatives o, al, of @, = a(y*,y), considered
as a function of u. Differentiating the equation

ulog y + ¢1(aw,y) =0
yields
a, = —(log y)/¢2(eu,y) and oy = —ds(aw, y)(ey)?/d2(u, ).
An application of Lemmas 2, 4 then gives

(6.6) lof,| < a/(u? log y),

(6.7) o] =< @/ (u®log y),
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Since ! ! 1

Pl ©  EI-tv)

Yy dt _ /U g n O 1 /U ﬂ
g -1 J to 1-2-9J, 2 )"
The error term is bounded if ¢ > 2/3 and is smaller than the main term by a factor

O(((log y)/a)y™n(>1/¥)

if 0 < 0 < 2/3. This is Oc(Re) if 0 > 0¢ and O(R) if o > 3(loglog 2y)/log y. Thus,
it only remains to prove (7.3) in the case ¢ < min(2/3, 3(loglog 2y)/log ).
In this range we have

v 1-0 _ l1-0o
[ e-t= = a0 )
1

we obtain

to l-¢  1-¢
v dt
=(1+0@w %) | —
\/gt

and

/y dt /y dt 1 /\/'-_’dt
g 7 -1 [ gto—1 1-2-9 ), t

- voodt
=(1+0(y Yblog y))/ et
VY

To obtain (7.3), it therefore suffices to show

v 1 1 1 yl—o
(1.5) /ﬁ;(lmt_a—l_y_c,)dt«l_y_aR.

The left-hand side equals

L[,

1—y= | g t=(1-t0)
o v log(y/t)
< dt
(1 _y—a)(l _y—a/2) /:/i t20
1-20 1-0
gy y
<

(1= y2)min(L,ology) ~ 1-y-°

This establishes the estimates of the lemma for ¢ (e, y). The results concerning
¢2(a, y) are proved similarly.

PROOF OF THEOREM 2. When y is bounded, the result follows by trivial
arguments. Hence, we may suppose y > yg, where yg is a sufficiently large absolute
constant.

Let zo = €¥° and ¢ be any positive constant. We are going to prove

(7.6) a(z,y) = W (1 +0 (@»

for

(1.7) yo <y < (log z)?
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and

o, &) < 1
(78) R R
for
(7.9) T > 70, (log 2)*** <y <a.

Here, as in the previous section, we set

R. = exp{—(log y)*/°~¢}.

We first check that (7.6) and (7.8) together imply estimate (2.4) of Theorem
2. Since the right-hand side of (7.6) is identical with the right-hand side of (2.4)
except for the sharper remainder, we only have to consider the range (7.9). By
Lemma 1, we have in this region

é(u) = log u+ O(loglog(u + 2))
= loglog z + O(loglog(y + 1)),
whence from (7.8)

log(y/! log 1
alz,y) = ogly/log 2)  , (loglog(y +1)
log y log y

_ log(1 + y/log z) 120 loglog(y + 1)
log y € log y ’

as wanted.
To prove (7.6) and (7.8), we introduce as before, for fixed y > yo, the functions

oy = a(y™,y), o, =doy/du
and, given u = (log z)/(log y), define v and w by the equations
_log(l+y/ogz)) ., &)

v log y YT logy’
Thus we have to prove that
(7.6") lo, — o] € oy flog y
and
(7.8) lo — o] € Re + 1/u(log y)?

hold respectively in the ranges (7.7) and (7.9).
By Lemma 13 we have for any positive z,

_ a0—1
(7.10)  —¢1(y, ;) = zlog y = (yf{fl_ 1?(1 - iz) (1 +0 (@)) +0(1),

where the error term O(1/log y) may be replaced by O.(R;) if a, > 1. From the
definitions of &, and «,,, we have

y yl o -1

yor —1

(7.11) =ulog vy, =ulog y.

1 - oy,
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Moreover, we have in the range (7.7),

1/2
(7.12) 0<a, < BLTy’™) 3 0
log y 4
and in the range (7.9),
(7.13) 1€ ay < 1.

Substituting 2 = v and z = w in (7.10) and taking (7.12) and (7.13) into account,
we obtain, in the respective ranges,
_ulogy 1
viegy = T (1 +0 (—————log y)) +0(1)
wlog y = ulog y(1+ O.(R.)) + O(1).

v
This implies, in turn,

and

(7.14) v=u, [v—ul < u(ay+1/logy)
and
(7.15) wxu, |w-u|l <K u(Re+1/(ulogy)).

The desired estimates (7.6)" and (7.8) follow from these, noticing that by (6.6)
we have

(7.16) o, < a/(u?log y)

for any z in the intervals with endpoints u and v or u and w. (Actually, this
follows directly from {6.6) only if 2 > 1, but we have by the above estimates that
z > 14 O(1l/log y), and it is easily seen that this does not affect the estimate of
o),.) We indeed deduce from the last three formulae that

U 1 o
o, — | € ——— <av +——> <« ——
ulog y log y log y

(since o, > u/(ulog y)) and

1 1
o — o] € — <R5+———~> L Re + ———5.
ulog y ulog y u(log y)

This completes the proof of (2.4).
Next, we establish estimate (2.5) of Theorem 2. By (7.2) we have

(7.17) $a(c,y) = (1+O(10; y)) (1_;_Q)2 /ly 1°tgtdt+0( 1),

Estimating the integral by partial summation yields
/y log t ., / /y gl-e —
1 te 1 - C!
dt 1
oy [ (1+0<——-_)).
8V ), (1-a)logy
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Now, if u < ,/y, we have, by (7.8),
l—a=1-t® +O< ! ) 5 ot
log y (log y)? log y
and, if u > \/y, 1 — o> 1 by (7.6). Thus
1 1 1
(1-a)logy < log(u + 2) * log vy =, sy,
and into (7.17) we obtain

alay) = (1+ 0(E) 2Ly [* 2 o)

whence by (7.1)
a(a) = 1+ () “AEDIEY o
—(1+ O(E))ilof ° 'ylff v

To complete the proof of (2.5), it will therefore be sufficient to show that

(7.18) (1-y) = (1+‘°@%>_1 <”O<1o; y))

This is clear if y > log z - log v, since (2.4) implies in this circumstance
o> loglog(1 + y) L0 1 .
log y log y
If y < log - log y, then hypothesis (7.7) is satisfied. By (7.6) we therefore infer

-1
S P 140 (losllry/logz) )\
log log v
whence

e log z\ log(1 + y/log z)
t-v ‘<” y) +O((logyxuy/logsc))

- (1+285) 7 (1o o (Ur e ol wlos ).

The remainder expression equals
(log z)log(1 +y/logz) 1  log(1+y/log ) < 1
ylog y log y y/logz T logy’

This completes the proof of (7.18) and hence of (2.5)
Let us now turn to part (ii) of Theorem 2. We first establish the estimate

(7.19) o) = (140, (1) ) tog €'

for the range (7.9). By (7.13) we have o >, 1, whence by (7.2),

_ 1 Yiogt
¢2(a,y) = (1 + Oe (@))A —t—&— dt.
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Moreover, (7.8) shows that replacing « in the integral by o, = 1 — £(u)/log y
introduces at most an error factor of 1 + O.(1/log y). The modified integral can
be easily evaluated. We have

oty (4[] (v or) (e
1 tow dU 1 ad g=ay, du l—aw du

d [efw 1 ) log y
=—|-———"Io == = (log y)2¢'(u)~!.
(S loey) ud = o ¢ (w
This yields (7.19).

The proof of (2.6) now follows in a rather simple way. From (7.8) and (7.19) we
readily get

o) = (S0)" Lo fo, (28 )]

log y log y
Moreover, we also have by (7.8) that

% = zexp {—u&(u) +O; <uRe + 10; y)} .

Finally, we may write

sta) = stvyen - [
where, by Mertens’ Theorem
¢(1,y) = e"log y(1 + O(1/log y)),

1

¢1(Uay)d0},

and, by Lemma 13,

_/al b1(0,9)do = (1+05(Re))/

«a

1(-21—1—_—0—_—1)d0+0(1—a)

l1-0
(1-a)logy o5 _ |

=(1+0€(R€))/ ds+0(1 - a)

0 8
with an obvious interpretation in the case a > 1. Using (7.8), the last expression

becomes ()
u S __
/ ¢ 1ds+05<13g—1(—1ﬁ—1)+uR€).
0 8 og Yy

The desired formula (2.6) now follows on collecting these estimates.
This completes the proof of Theorem 2.
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