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Abstract. Let f be a real arithmetic function and let g : [1,∞[→ R be a smooth function. We
describe two emblematic instances in which saddle-point estimates may be used to evaluate the
frequency, on the set of integers n 6 x, of the event {f(n) 6 g(n)} from those relevant to the event
{f(n) 6 y}. The first example revisits Dickman’s historical contribution to the theory of friable
integers. The second is concerned with the distribution of the squarefree kernel of an integer.
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1. Introduction and statements of results

The study of the distribution of an arithmetic function f naturally leads to estimating the
summatory function in two variables

F(x, y) :=
∑
n6x

f(n)6y

1.

However, passing from an asymptotic formula for F(x, y) to an estimate for

(1·1) H(x; g) :=
∑
n6x

f(n)6g(n)

1,

may not be straightforward, even when g is a smooth function. Formally, this task amounts
to integrating the partial derivative ∂F(x, g(x))/∂x, but, due to inevitable remainder terms in
estimates for F(x, y), this is usually out of reach as it stands.

An obvious path consists in approximating the partial derivative through a discretisation process.
This may however turn out to be quite delicate according to available knowledge on the local
behaviour of F(x, y) with respect to the first variable. A favourable case occurs when F(x, y) has
been evaluated by the saddle-point method, which generically provides estimates for the local
behaviour—what Erdős used to call “semi-asymptotic formulae”. This note is devoted to describe
two instances of this situation. We shall see that this approach greatly simplifies the computations.

The first problem under consideration is related to friable integers, i.e. integers free of large
prime factors. Initiated by Dickman [4] in 1930, the theory of friable integers gradually gained
a privileged place in the development of analytic and probabilistic number theory. A direct link
with the Riemann hypothesis is made explicit in [6]. The reader will find a non-exhaustive list of
motivations and a description of many fundamental results in the paper [8], in the surveys [9], [10],
[5], in the conference proceedings [3], and in the monograph [13].

Let P+(n) denote the largest prime factor of an integer n > 1 and put P+(1) := 1. Sharp
estimates for

Ψ(x, y) :=
∑
n6x

P+(n)6y

1

are available in the aforementioned references. However, to the author’s knowledge, none of these
revisits the original problem considered by Dickman, that is estimating

D(x, u) :=
∑
n6x

P+(n)6n1/u

1 (x > 1, u > 1).

This question is of type (1·1).



2 G. Tenenbaum

Recall that Dickman’s function % is defined as the continuous solution on R+ to the delay-
differential system {

%(v) = 1 (0 6 v 6 1),

v%′(v) + %(v − 1) = 0 (v > 1).

For b > 0, c > 0, let Hb,c denote the range

(Hb,c) x > 3, e(log2 x)b < y 6 x/(log x)c.

Here and throughout, logk denotes the kth iterated logarithm.
Dickman proved that D(x, u) ∼ x%(u) for fixed u > 1 and x→∞. The best range in which the

formula Ψ(x, y) ∼ x%(u) (u := (log x)/ log y) is known to hold is Hb,0 for any b > 5/3: this is due
to Hildebrand [7]. Thus, the two quantities agree to the first order. We evaluate their difference.

Our statement involves the logarithmic derivative

(1·2) r(v) := −%′(v)/%(v) (v > 0).

Writing systematically u := (log x)/ log y, we also use the notation

(1·3) R = R(x, y) :=

√
log 2u√

u(log y)3/2
(x > y > 2).

Theorem 1.1. Let b > 5/3, c > 10. Uniformly for (x, y) ∈ Hb,c, we have

(1·4) D(x, u) = Ψ(x, y)
{

1− r(u)

log y
+O

(
R
)}
.

Remarks. (i) We did not aim at finding the best admissible lower bound for the constant c.
(ii) From Saias’ theorem—see [12], [13; ch. III.5]—we have in the same range Hb,c

Ψ(x, y) = x%(u) +
(γ − 1)x%′(u)

log y
+O

(x%(u)(log 2u)2

(log y)2

)
,

where γ denotes Euler’s constant. We hence deduce from (1·4) that, still in Hb,c,

(1·5) D(x, u) = x%(u) +
γx%′(u)

log y
+O

(
x%(u)R1

)
,

with R1 := R + (log 2u)2/(log y)2 � (log 2u)7/6/(log y)3/2.

(iii) It is easy to deduce from Buchstab’s identity that, for
√
x < y 6 x, we have

D(x, u) = Ψ(x, y)−
∑
p6y

{
pu−1 +O(1)

}
= x%(u) +

γx%′(u)

log y
+O

(
y

log x
+

x

(log x)2

)
.

The following statement is a straightforward consequence of Theorem 1.1.

Corollary 1.2. We have

(1·6)
∑

1<n6x

log n

logP+(n)
= eγx− γeγx

log x
+O

( x

(log x)3/2

)
(x > 3).

If logn is replaced by log x in the left-hand side of (1·6), the coefficient −γeγ changes to (1−γ)eγ .

Our second investigation is about the distribution of the squarefree kernel of an integer, i.e.

k(n) :=
∏
p|n

p (n > 1),

where, here and in the sequel, p denotes a prime number. In a recent article, Brüdern & Robert [2]
obtained an estimate for

S(x;ϑ, α) :=
∑
n6x

k(n)6nϑ(logn)α

1

for fixed ϑ ∈]0, 1[, α ∈ R. The following statement significantly improves on their result regarding
uniformity (ϑ and α will not assumed to be fixed) and domain of validity (ϑ will be allowed to
approach 0 or 1). Moreover, replacing nϑ(log n)α by another smooth function would easily follow
by the same approach. The main ingredients of the proof, which turns out to be very short, are
estimates obtained in [11] for the local behaviour of the summatory function

N(x, y) :=
∑
n6x
k(n)6y

1.

These estimates are all established by the saddle-point method.
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We need the following notation. Let ψ(n) :=
∏
p|n(p+ 1) (n > 1), and define

F (t) :=
6

π2

∑
n>1

min(1, et/n)

nψ(n)
(t > 0).

Furthermore, consider g(σ) :=
∑
p log{1 + (1− pσ−1)/p(pσ − 1)} and, for t > 1, let σt denote the

solution to the equation g′(σ) + t = 0. From [11; (2.9)] we have

(1·7) σt =

√
2

t log t

{
1 +

∑
16k6K

Pk(log2 t)

(log t)k
+OK

(
(log2 t)

K+1

(log t)K+1

)}
(t→∞),

where Pk is a polynomial of degree at most k. In particular,

(1·8) P1(z) = 1
2 (z − log 2), P2(z) = 3

8z
2 − ( 3

4 log 2 + 1
2 )z + 1

2 log 2 + 3
8 (log 2)2 + 2

3π
2.

Theorem 1.3. Let A > 0, c ∈]0, 1
2 [. Uniformly for x > 3, 1/(log x)c 6 ϑ 6 1−1/(log x)c, |α| 6 A,

y = xϑ(log x)α, v := log(x/y), we have

(1·9)

S(x;ϑ, α) =
yF (v)σv

ϑ

{
1− σv

ϑ
+O

(
σ2
v

ϑ2
+

√
log v

v

)}
=
N(x, y)σv

ϑ

{
1− σv

ϑ
+O

(
σ2
v

ϑ2
+

√
log v

v

)}
.

Since σv/ϑ � (log x)c−1/2, we see that carrying (1·7) back into (1·9) yields an asymptotic
expansion of the left-hand side with general term c`k(log2 v)`/(log v)k, 0 6 ` 6 k, c`k ∈ R.

2. Proof of Theorem 1.1

Let us assume throughout that x is arbitrarily large since the stated estimates are otherwise
trivial. Recall the notation u := (log x)/ log y and the definition of the function r in (1·2). Put
Z(s) := (s−1)ζ(s)/s (s ∈ C), where ζ(s) is the Riemann zeta function. From a slight modification
of [1; prop. 4.1(i)], we derive that, for (x, y) ∈ (Hb,c), β := 1− r(u)/ log y, b > 5/3, c > 8, we have

(2·1) Ψ(x, y) = x%(u)Z(β)
{

1 +O
( u

(log x)2

)}
.

The alteration mentioned above solely concerns the lower bound on c, which is anyway not optimal.
It stems from the fact that no coprimality is required here, which slightly simplifies the argument.

Estimate (2·1), which is proved through a saddle-point analysis, is the main tool in the proof
of (1·4), inasmuch it provides an estimate to the second order.

As mentioned in the introduction, we mimic partial derivatives ∂Ψ(x, y)/∂x at y = x1/u. Thus,

given a small parameter ε = εx > 0 to be chosen later, we put xk := xe−kε, yk := x
1/u
k (k > 0)

and write, for some integer K > 1,

D−(x, u) :=
∑
k<K

{
Ψ
(
xk, yk+1

)
−Ψ

(
xk+1, yk+1

)}
,

D+(x, u) :=
∑
k<K

{
Ψ
(
xk, yk

)
−Ψ

(
xk+1, yk

)}
+ Ψ

(
xK , yK

)
,

D−(x, u) 6 D(x, u) 6 D+(x, u).(2·2)

Select K := b2(log2 x)/εc, so that Ψ
(
xK , yK

)
� x%(u)/(log x)2, a quantity that may be absorbed

by the remainder term of (1·4). This choice implies in particular that log xk � log x (0 6 k 6 K).
Observe that (x, y) ∈ Hb,c with b > 5/3, c > 10 implies (xk, yk) ∈ Hb′,c′ for some b′ > 5/3,

c′ > 8. Hence our hypotheses enable applying (2·1) for (xk, yk), viz.

(2·3) Ψ
(
xk, yk

)
= xkZ(βk)%(u)

{
1 +O

( 1

u(log y)2

)}
(0 6 k < K),
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with βk := 1− r(u)/ log yk. By the same device, we have

(2·4) Ψ
(
xk+1, yk

)
= xk+1Z(γk)%(vk)

{
1 +O

( 1

u(log y)2

)}
(0 6 k < K),

with

vk :=
log xk+1

log yk
= u− ε

log yk
, γk := 1− r(vk)

log yk
·

If ξ(v) denotes the solution to the equation eξ = 1 + vξ for v 6= 1 and ξ(1) := 0, we have [1], for
v > 3,

(2·5)
ξ(v) = log(v log v) +O

( log2 v

log v

)
, ξ′(v) =

1

v
+

1

v log v
+O

( log2 v

v(log v)2

)
,

r(v)− ξ(v)� 1

v
, r′(v)− ξ′(v)� 1

v2
.

Therefore r(vk) − r(u) � ε/ log x, and γk − βk � ε/{u(log y)2}. Applying the Taylor-Lagrange
formula [13; (5.115)] for %(v) at order 1, we get

%(vk) = %(u)− ε%′(u)

log yk
+O

(ε2%(u)(log 2u)2

(log y)2

)
, Z(γk) = Z(βk) +O

( ε

u(log y)2

)
,

under the extra condition u > 1 + 2ε/ log yk, which is actually implied by the hypothesis Hb,c.

Carrying back into (2·4) and assuming ε� 1/{
√
u log 2u}, we derive in turn

Ψ
(
xk+1, yk

)
= xk+1Z(βk)%(u)

{
1 +

εr(u)

log yk
+O

( 1

u(log y)2

)}
,

Ψ
(
xk, yk

)
−Ψ

(
xk+1, yk

)
= xk(1− e−ε)Z(βk)%(u) +

εe−εxkZ(βk)%′(u)

log yk
+O

( xk%(u)

u(log y)2

)
.

Now

log yk = log y − kε/u, Z(βk) = Z(β) +O
(kε log 2u

u(log y)2

)
,

whence

Ψ
(
xk, yk

)
−Ψ
(
xk+1, yk

)
= xk(1− e−ε)Z(β)%(u) +

εxkZ(β)e−ε%′(u)

log y
+O

(
xk%(u){1 + kε2(log 2u)2}

u(log y)2

)
.

Summing over k yields

D+(x, u) = x%(u)Z(β) +
Z(β)x%′(u)

log y
+O

(
εx%(u) log(2u)

log y
+

x%(u)

εu(log y)2
+
x%(u)(log 2u)2

u(log y)2

)
.

For the quasi-optimal choice ε := 1/
√

(log x) log 2u, we get, with notation (1·3),

D+(x, u) = x%(u)Z(β) +
Z(β)x%′(u)

log y
+O

(
x%(u)R

)
= x%(u)Z(β)

{
1− r(u)

log y
+O

(
R
)}
,

which is compatible with (1·4). Parallel computations provide the same estimate for D−(x, u).



On partial derivatives of some summatory functions 5

3. Proof of Corollary 1.2

Let D(x) denote the left-hand side of (1·6). We plainly have

(3·1) D(x) =

∫ ∞
0

{D(x, u)− 1} du.

From the bound 1 6 D(x, u) 6 Ψ
(
x, x1/u

)
� xe−u/2 (u > 1, x > 1) [13; th. III.5.1], we see that

the contribution of the range u > 4 log2 x may be encompassed by the stated remainder.

Let εx := 11(log2 x)/ log x. For large x and 1 + εx < u 6 4 log2 x, formula (1·5) is applicable.
It is also trivially valid for 0 6 u 6 1 at the cost of replacing the error term by O(1). When
1 < u 6 1 + εx, we have, writing X := {x/ log x}1/(1+εx),

0 6 x−D(x, u) = x%(u)−D(x, u) 6
∑

X<p6x

⌊
x

p

⌋
+

x

log x
� x log2 x

log x
·

Therefore ∫ 1+εx

0

{
D(x, u)− 1− x%(u)− γxu%′(u)

log x

}
du� x(log2 x)2

(log x)2
·

Applying (1·5) to evaluate the contribution of the range 1 + εx 6 u 6 4 log2 x to the integral
in (3·1), we get

∫ 4 log2 x

0

{
D(x, u)− 1− x%(u) +

γx%(u− 1)

log x

}
du� x

(log x)3/2
·

Now (1·6) follows by extending the last integrals to infinity and appealing to the formula∫∞
0
%(u) du = eγ—see e.g. [13; (III.5.45)].

4. Proof of Theorem 1.3

As previously we assume x arbitrarily large and mimic partial derivatives ∂N(x, y)/∂x at
y := xϑ(log x)α. Our main tool will be the following estimate [11; (3.25)], valid for fixed b > 1

2 and

uniformly for x > 3, e(log x)b < y 6 x, v := log(x/y), ηx :=
√

2/(log x) log2 x:

(4·1) N(x, y) = yF (v)
{

1 +O
(
y−ηx

)}
.

Given ε = εx ∈]0, 1[ to be determined later, we put xk := xe−kε, yk := xϑk(log xk)α (k > 0), and,
given an integer K ∈ [1, (log x)/2ε], write

S−(x;ϑ, α) :=
∑
k<K

{
N
(
xk, yk+1

)
−N

(
xk+1, yk+1

)}
,

S+(x;ϑ, α) :=
∑
k<K

{
N
(
xk, yk

)
−N

(
xk+1, yk

)}
+N

(
xK , yK

)
,

S−(x;ϑ, α) 6 S(x;ϑ, α) 6 S+(x;ϑ, α).(4·2)

We note right-away that, by (4·1) and [11; (8.13)] in the form

F (v + h)� ehσvF (v)
(
v > 2, h+ v > 0

)
,

and since log(xK/yK) = v − (1− ϑ)Kε+O(1), we have

N(xK , yK)� yKe−(1−ϑ)εKσvF (v)� e−εϑKyF (v).

Therefore, selecting K := b2(log v)/εϑc ensures that the last term in the upper bound for
S+(x;ϑ, α) is absorbable by the error term of (1·9). Note that this implies vk := log(xk/yk) � v
(0 6 k 6 K).
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Next, we apply (4·1) to (xk, yk) and (xk+1, yk). This yields, with, say, R := e−(log x)1/4−c/2 ,

N(xk, yk) = ykF (vk)
{

1 +O
(
R
)}
,

N(xk+1, yk) = ykF (vk − ε)
{

1 +O
(
R
)}
.

Now, [11; (8.16)] furnishes

(4·3) F (w)− F (w − h) = hσwF (w)

{
1 +O

(
|h|+ logw√
w logw

)} (
h�

√
w logw

)
,

from which, specializing w := vk, h := ε, we derive

N(xk, yk)−N(xk+1, yk) = ykεσvkF (vk)

{
1 +O

(√
log v

v
+

R

εσv

)}
.

The penultimate step consists in substituting v to vk in the above formula. By [11; (8.4)], we know
that dσv/dv � v−3/2(log v)−1/2, hence

σvk − σv �
kε

v
√
v log v

� kεσv
v

, F (vk) = F (v)

{
1− kεσv +O

(
k2ε2σ2

v +

√
log v

v

)}
,

where the last estimate follows from (4·3) with w := v, h := (1 − ϑ)εk − α log(1 − εk/ log x),
observing that ϑεkσv �

√
(log v)/v. Finally, we arrive at

N(xk, yk)−N(xk+1, yk) = ykεσvF (v)

{
1− kεσv +O

(
k2ε2σ2

v +

√
log v

v
+

R

εσv

)}
.

Selecting ε =
√

(log v)/v and summing over k provides the required estimate for S+(x;ϑ, α). The
corresponding formula for S−(x;ϑ, α) is proved by parallel computations.
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[12] É. Saias, Sur le nombre des entiers sans grand facteur premier, J. Number Theory 32 no 1 (1989),
78–99.

[13] G. Tenenbaum, Introduction to analytic and probabilistic number theory, Graduate Studies in Math-
ematics 163, Amer. Math. Soc. 2015; see also Introduction à la théorie analytique et probabiliste des
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