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Abstract. Let o be a complex number and let f be a multiplicative arithmetic function whose
Dirichlet series takes the form ((s)?G(s), where G is associated to a multiplicative function g.
The classical Selberg-Delange method furnishes asymptotic estimates for the averages of f under
assumptions of either analytic continuation for G, or absolute convergence of a finite number of
derivatives of G(s) at s = 1. We consider different set of hypotheses, not directly comparable to the
previous ones, and investigate how they can yield sharp asymptotic estimates for the averages of f.
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1. Introduction and statement of results

In a series of papers published in 1953 and 1954, [12], [13], L. G. Sathe studied the local laws
of the arithmetic functions counting the number of prime factors, with or without multiplicity,
a problem previously considered by Hardy and Ramanujan. Sathe’s results provided asymptotic
formulae while only upper and lower bounds were previously known. However Sathe’s method,
based on induction formulae, involved very long and technical estimates. In the same year 1954,
Selberg devised a fruitful method based on the idea that the Dirichlet series of the search for
probabilities may be expressed through Taylor coefficients of powers of the Riemann zeta function.
This idea was then systematically developed by Delange [4], [5]. In the second author’s book [18]
(latest edition, first in 1990), the results were generalized and made effective regarding various
parameters—the method being there named after Selberg and Delange.

This theory provides estimates for counting functions associated to Dirichlet series of the form

(1-1) F(s) = ¢(s)°G(s),

where g is a complex number, ((s) is Riemann’s zeta function, and G(s) satisfies suitable regularity
conditions. Usually, G is associated with a multiplicative arithmetic function g, but this need not
be so — see, e.g., [11]. In the sequel, we shall however concentrate on the case when g is indeed
multiplicative. Then F(s) is the Dirichlet series of a multiplicative function f.

In [18], two types of assumptions on G(s) are considered : (a) analytic continuation at the left of
the vertical line 0 = Re s = 1; (b) absolute convergence at s = 1 for a finite number of derivatives.

In a recent work [8], Granville and Koukoulopoulos, propose a third type of condition, implying
mere convergence, instead of absolute convergence, for a finite number of right-derivatives of G(s)
at s = 1 . However, their analysis actually rests upon a much stronger assumption, viz., for some
constant A > 0, not necessarily an integer,

(1-2) > gp)logp =Y {f(p) — o}logp < x/(logz)* (x> 2).

p<zT n<x

Some extra, secondary hypotheses are also needed for the values f(p”) at prime powers. Here and
in the sequel, the letter p denotes a prime number. For the sake of comparison, it is worthwhile to
note that hypothesis (b) above essentially amounts to > |g(p)|(log p)? /p < oo for a finite number
of exponents j.

Similar, but weaker, conditions have been considered by Wirsing [21], in the frame of comparison
theorems, evaluating the ratio of averages of f and of a non-negative majorant. Via a further
weakening of the hypotheses, such results were improved in [22]. In [19], the second author
considered generalizations, and obtained effective forms of the results. In the present work, the

* Some minor corrections with respect to the published version are included here.
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viewpoint is quite different: taking advantage of the strength of assumptions like (1-2), one aims at
directly deriving an asymptotic estimate for the averages of f. As in the classical Selberg-Delange
approach, this also enters in the frame of comparison theorems, but the average of f(n) is now
compared with that of 7,(n)—the nth coefficient in the Dirichlet series expansion of {(s)2— instead
of being compared with that of a majorant.

Assuming (1-1), (1-2), and |f| < 7, for some parameter r > 0, the main result in [8] states that,
with J := [A — 1] and suitable coefficients {)\;(f)}7_,, we have, for z > 3,

j=0-
. 2(log, )04, 7+1
(13) M) ::Zﬂ”):x“‘)gm)g_l{ 2 <S§i§j}+0<&§%—r)’
n<w U Y)

with Kronecker’s §-notation. Here and henceforth, log; denotes the k-fold iterated logarithm.
Formula (1-3) is specially interesting when A is small, for less is then required on g. However,
it furnishes no more than an upper bound when A < r — Re p. Incidentally, under the weaker
assumption that the series
}:ﬂ@
p p

converges, and arguing as in [10] (see also [18; th. II1.4.14]), theorem 1.1 of [19] readily yields, for
real f,

(1-4) M (z; f) < z(log )~ min{lK(r=0)} (x > 2),
where K = 0.32867 is optimal. Moreover, in the case ¢ = 0, the same technique furnishes
(15) M(th) < w(logx)rflfmin{l,(172/7r)r} ((t > 2)

In particular, (1-4) supersedes (1-3) as soon as A < K(r — p) < 1. Analogous upper bounds are
available for complex f, under suitable hypotheses upon f(p): see e.g. [9].

The purpose of the present work is two-fold: (a) to investigate refinements of (1-2) enabling an
improvement of the error term in (1-3) by replacing the exponent r of logz by Re o, as expected
in view of standard estimates in the theory; (b) to propose a simpler and more natural (i.e. relying
on a direct convolution argument) proof of (1-3), with possibly weaker hypotheses.

In the first direction, we meet the set goal when Re o > 0, where g is the exponent appearing in
the generic assumption (1-1). This latter restriction is actually necessary for achieving target (a):
we construct a family of counter-examples in Section 5.1.

In the following statement, hypothesis (1-2) is replaced by a short interval version, with the same
value of A. The other assumptions concern |f|: we use those now classical introduced by Shiu [15],
although they could be somewhat weakened if needed. Accordingly, we define the class §(B) of
those multiplicative functions f such that:

(i) |f(p")| < B (v=>0),
(i) Ve>03C =C.:|f(n)] <Cnf (n>1),
and, for r > 0, we consider the subclass 8(B,r) of those f satisfying the extra assumption:

(iii) E:Ugﬂgrb&m+OU)(m>$.

pPsT

Theorem 1.1. Let A>0,B>0,0<a<1,r>0,0eC, J:=[A—-1], and let f € 8(B,r)
verify

z
. = - > l—a <> < ).
(1-6) I<Z;Hf@0bgp Qz+0<@gny (x>2,27"<z<x)

Then, for suitable constants {\;(f)}o<j<s and with ¥ := B + |o| + 1, we have

A - Ai(f) x(log, x)”
(1-7) M(z; f) = z(log x)® 1 Ogjzg‘] (lojgx)j + O<(10gx)A+12max(0’me g)) (x > 3).
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The coefficients \;(f) may be described as follows. Representing f = 7,%g consistently with (1-1),
we prove the convergence of the series

(1:8) 7i(9) = M (0<j<J),
and derive
{+h=j

where T" is Euler’s function and ay(p)/¢! is the ¢-th Taylor coefficient at the origin of
{s¢(s+1)}?/(s+1).

Alternatively, we also have

~ di{seF(s+1)/(s+1)}

- j'T (o — j) ds?

In particular, \;(f) = 0 for all j if ¢ is an integer < 0.
As for our second aim, namely goal (b) described above, we apply friable convergence (see below)

to show the following result, essentially equivalent, in the intersection of the respective validity

domains, to [8; th. 1]. For » > 0, o €]0, 1[, we define the class F(r,o) comprising those complex
multiplicative functions f such that

(1-10) Ai(f)

0+) (0<j<J).

R Togo
(1-11) P
£ ()]? |f ()]
zp:{ 2% +y§>:2 T }<oo

These conditions are weaker than those of [8; th. 1] and not directly comparable to those
described in [8; § 7]. For instance, letting pj denote the kth prime number, conditions (1-11) allow
f(pr2) < k/log 2k, whereas the latter do not.

Contrary to that of [8], our analysis does not ascribe a special role to the case when A is an
integer.
Theorem 1.2. Let A > 0, J := [A—-1],r > 0, o € C, 0 €]0,1], and let f € F(r,0) be a
multiplicative function such that p — g(p) := f(p) — o verifies (1-2). Then, for suitable constants
B >0 and {\;(f)}og s, we have

(1-12) M(x; f) = w(logz)®™" >

J2= Togay +“\ (loga) A1

Ai(f) +O( a(logs )P )

We shall see that the \;(f) are still given by (1-10).

In Section 5.2, we show that, even when Rep > 0, the remainder term of (1-12) cannot be
sharpened so as to meet that of (1-7) —although a possibility of some improvement remains open
if f is real. To this end, we construct a family of counterexamples f € F(o,r) satisfying (1-2) with
0=0,0< A< r (resp. 0 < A < 2r/m in the real case), but contravening the short interval
condition (1-6), and for which the exponent r in (1-12) cannot be replaced by ¢r if ¢ < 1 (resp.
c<2/m).

As a final remark, we note the following: as that of [8], our analysis heavily depends on the
asymptotic expansion for

(1-13) Ty(w) i= M(w;7p) = Y _ 7o(n)

provided by the Selberg-Delange method; since the arithmetical functions under consideration are
of the form f = g * 7,, refinements regarding hypotheses on g or on its generating series G(s) may
hence be regarded as genuine parts of this theory.
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2. On the case o =17

The bound (1-4) shows that the error term of (1-3) is not optimal in the general case. Moreover,
Theorem 1.1 provides fairly standard assumptions under which an essentially optimal remainder
is achieved. However, inasmuch the power of the logarithm is concerned, (1-3) is expected to be
sharp when ¢ = r. This latter case is discussed in [8], where it is confirmed that the error term
may be replaced by a quantity < z(logz)" "4~ when p=7r>1, A ¢ Z.

Assuming ¢ = r essentially amounts to considering f > 0. In this latter circumstance, an
asymptotic formula with optimal remainder may be obtained in a very simple way under lighter
hypotheses. We present the details below.

Theorem 2.1. Let A > 0, o €]0,1[, r > 0, and assume f is a non-negative multiplicative function
such that

0 Y feogp=ra+0(55) (622,
(ii) Z{ 2+;2fw}
We then have
(21) M(z; f) = )\o(f)m(logx)T_l{l + O(W)} (x> 2),

with Ao(f) ::%H( 77) Zf

v>=0
Proof. We have
M(;v;f)logx:Zf( logn—i—Zf ) log(z/n)

n<e n<x
* M(t;

= Z f(m) Z f(®")logp” / 7(15 7) dt

(22) m<z p’'<z/m 1
ptm
= ra Z fm) —|—O(R+S+:1:(logx) 1),
m<x

with

> fmfWlogp+ > fm)f(p")logp”, =3 log2x/m)

mp<a pYm<a m<z
plm v>2

and where the last integral has been estimated by an Halberstam-Richert type bound—see, e.g.,
[18; th. I11.3.5].
Now, with o := (¢ 4+ 1)/2 < 1, we have

R< Y fm) > {f)fp"") + f(p)} logp”

m<x p’'m<x
v>2
f f)f' ) +f( ") f(m)z~ r—
oy Lt s S « 5 L gy,
m<x p v>2 m<zx

where we used assumption (ii). Moreover, partial summation furnishes
S < z(logz) ™LA (Jog, z)014,
It remains to note that, by [20; lemma 8.2] (with k = r), we have

Z % - {1 + O((logx)rlnin(LA) ) } )\Oif) (logz)" (z > 2),

m<x

and carry back into (2-2). U
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3. Proof of Theorem 1.1

3-1. Preparation
Given g € C, let M(p) denote the class of those multiplicative functions f satisfying

(3-1) f0) =70 + 7,0 ) — 0} (=2,v=1).

When f € 8(B,r), we can write f = f* h where f € M(p), h is multiplicative, supported on the
set of squareful integers, and such that the series

3 h(n)(logn)? G

>0
- )

n>1

are absolutely convergent and uniformly bounded in terms of B for bounded j. Assuming (1-7)
for f, this is enough to yield the required estimate, arguing as in [18; th. I1.5.4]. Therefore, it will
be sufficient to prove that (1-7) holds when f € M(p), | f(p)| < B, and f satisfies (1-6).

As a consequence of this reduction, we can assume that f = 7, * g, where g is supported on the
set of squarefree integers. Moreover, g € 8(B,r + |g|) with B := B + |9/, and g satisfies (1-2).

3-2. Main estimates

The main part of the argument consists in providing effective estimates for averages of the
function g defined above.

Lemma 3.1. For a suitable constant ¢y and uniformly for x > 3,0 < j < J, k < log, x, we have

. x(Bloggw + o)kt
(32) Girlx):= Y g(n)(logn)’ < (k(— 1)%€logx)gll—j'

nLx
w(n)=k

For further reference we note right away that a consequence of (3-2) is that

x x B
33 Gla)= X gosn) < B (20,023,
- n)logn J (0] X B
(3-4) g;(z) = Zg(ﬂwzyj(g)+o(&gg:i)jj) (0<j<J z>3).

Indeed, it suffices to apply, e.g., lemma 1 from [17] in order to note that, for large, constant D, the
contribution of those n with w(n) > D log,  is negligible and then appeal to (3-2) for k < Dlog, x.

In the following proof and henceforth, we let P (n)—resp. P~ (n)—denote the largest—resp. the
smallest—prime factor of an integer n > 1, and make the standard convention that P*(1) = 1,
P~(1) = .

Proof of Lemma 3.1. By partial summation, it is enough to consider j = 0. We may also plainly
restrict to bounding the subsum over n €]y/z, z|.

Given a suitably large parameter X, set X := (logz)” and represent each n arising in (3-2) as
n = md with P*(m) < X, P~(d) > X. By, for instance, [16; lemma 2| (a Rankin-type bound), we
see that the contribution to Gg x(z) of d < x1/* is, for suitable positive constants Cjs

d
< Z |g(d)\ Z |g(m)|<< Z |g( )‘ml—cl/logx<<x1—02/logx.

)5{

d<zl/4 I1/4<m§x/d d<z/4 d
Pt (m)<X
Whence
sl = Y Y aome (%) + 0t
(35) stt=k pgp3/4 m

t>1 w(m)=s

PT(m)<X
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with
(3:6) G (w; X) = Z g(d) (1<t<k, 2t <w < ).
x1/4<d<w
w(d)=t
P~ (d)>X

Let H := aX, where o > 0 is the constant appearing in (1-6), and let § := 1/(logz)™. Put
I(¢) :=]e%, ®HD] (£ > L := (Xlogy 2)/6). The contribution to (3-6) from those integers d having
at least two prime factors in a same interval I(¢) is

w
< B! < dw(logw)®? « ————
Z Z PP (log w) (log 7)A+2’
1<j<t X<p1<---<pt
p1-PtKwW
Pj+1<pje

for a suitable choice of X and hence of H.

For the remaining integers, split the prime factors of the summation variable d in (3-6) among the
various I(¢) and consider the multiple sum over all hypercubes that are hit. If {1 < fy < ... < {; is
a sequence of admissible indexes, then §(¢1 +. ..+ ¢;) < logw since d < w in (3-6). If some product
v = H;:l p; happens to be > w, we must have w < v < we®. Therefore the total contribution of
those admissible hypercubes containing at least one product > w is

< Y B0uw)? < wlogw)® ot <

w<vLwetd

(log z)A+2
We have shown so far that, for relevant values of ¢t and w,

w
)= 10y )

with, for some absolute constants C; (j =0, 1),

S, = 3 I > w

L<ty<--<dy 1<iStpel(£y)
(log z)/46<l1+...+£:<(log w) /8
Coefj(s
< Z H §ApAFL
L<ly <<y 1<t J
(logz)/46<l1+...+4:<(logw) /8
CtA+1 9t
B
(t — DI(L3)ACED) §A(ATI
(logxz)/46<t<(logw)/é
CitA+1y w
<

(= DIGL)AC D (log ) A+t <

(t — 1)!(klogy z)t~1(log z)A+1’

where k£ = k(X) may be chosen as large as we wish. Here, we made use of the short-interval
assumption (1-6) at the very first step. In the third line, we set £ := ¢; + ... + ¢; and bounded
1/¢4%1 by ¢A+1 /pA+1 ] Carrying back into (3-5), we obtain

(B logs x + c3)* z(Blogy x + cp)F 1
G
0.5(2) < SHZ:k St —1)l(rlogy @) (log ) AT~ (k- 1)!(logm) AT’
t>1

provided X, and therefore &, is suitably chosen. This is the required estimate. a
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3-3. Completion of the argument

It is now a simple matter to derive (1-7). Recalling definition (1-13), we have

x
Maif) = ¥ a7, ()
By (3-4) and partial summation, we have
g(n)(logn)? ) - L .
671 gl =3 T gy Afog )y > ),
n<y

Recall the definition of the coefficients oy, (o) appearing in (1-9) and put

vp = ap(0)/RT(e—h) (h=0).
By [18; th. I1.5.2], for a suitable constant b, we have v, < (bh + 1)" and

B bH + 1)H+1
3.8 T — (1 o—1 _ O (7 >2
( ) Q(x) l‘( ng) {0<;H (log:v)h + (log.’b)HJrl (Z‘ )7

uniformly for H < (logz)/3, say.

Now Dirichlet’s hyperbola formula provides
M(w; f) = U +V +0(a(logm)?™ =),

with

U:= Z g(n)Tg(%), V.= Z To(d) Z g(n).

N d<v/z VE<n<a/d
The sum V may be treated as an error term: for d < \/z, we have, by (3-3),

z(log, z)®

Vvrz<n<z/d

By distributing the variable d into intervals ]e*‘s(jﬂ)\/ﬁ, e~%,/r] and approximating the corre-
sponding n-range by [/, v/ze%] with 6 := 1/(log z)* for suitably large K, we obtain

V< Y {Go(e¥Va) — Go(Va)} > 7o(d) +W

720 =3+ F<d<e—09 /T

<V

z6(log, )P ) _
< TS (oga) 2 1y

& j=0
<V

z(logy )% .

< (l(og;)All {1 + (logy )% ¢ (log )" g})

with Kronecker’s notation.
Finally, we apply (3-8) with H = [A + 27] to get

U=z Z g(nn){ Z W(log%fihil+O((1ogx)§Re@*H’2>}.

n<V@ 0<h<H
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From the expansion

(10%9?/”>Q_h_1 = Y (B o(kle I (BT 1 <n< va)

log x oeneK log x log x

with ¢, < kle=2=" we get, for each h € [0, H],

n) (logz/n\ 2"} NZ3 Kle=1-hl
(3-9) Z g(n)(liga/c> = Z Ckh?lko(gx)’)“ +O< 5K (logQI)%),

n<VT 0<k<K

where we used the trivial estimate |g| < B“ to bound the error term.
Select K := |2(A+ B + 1) log, z|. Applying (3-4) for j < J, and (3-7) when J < j < H, we get

e )

A

the exponent 04, s41 arising from that in (3-7). This completes the proof.

4. Proof of Theorem 1.2—friable summation
4-1. Setting

An integer n such that P*(n) < y is said to be y-friable. Friable summability of series, was
defined in [6], [7], and has been employed systematically in [1], [2], [3]. A series }_, -, a, is said to
be friably summable to a (or is said to have friable sum a) if the subseries

Zan

n>1
Pt (n)<y

converges for each y > 2 and tends to a as y tends to infinity. We then write

Zan =a (P).

n>1

Letting ((s) denote Riemann’s zeta function, it is well known that, for any given real number
7 # 0, the series 35 o, 1/n'*" has friable sum ((1 4 47) (by the convergence of the Eulerian
product on the pointed line 1 + i7, 7 # 0), while being divergent in the ordinary meaning.

We shall show that, representing f as a Dirichlet convolution f = 7, * g, then, for 0 < j < J, we
have

(@) lg) = 30 sl

n>=1

With this notation, the coefficients \;(f) appearing in (1-12) are given by

1 ae(0)vn(9) ,
4-2 Ni(f) = . g 0<j<J),
while (1-10) remains valid.

4-2. Reduction

Let g be exponentially multiplicative, i.e. such that g(p¥) = g(p)”/v! for all primes p and all
integers v > 0, and define g(p) := f(p) — 0. Put f := 7, * g. Then f = §* h where h is

1. This concept has been extensively used in the literature, in particular by Wirsing [22].
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multiplicative, supported on the set of squareful integers, and, for each p, the values h(p”) are
given by the power series expansion

S = (- %P S fp)er (el < 1/p).

v>0 v>0

Thus, 32,5, [h(n)|/n™ < oo for all T > o and so, by a standard convolution argument left to the
reader, we may restrict to proving (1-12) for .
We note right away that g € F(2r, o) and that (1-2) holds. Introducing the series

o) _ s
D

we readily see by partial summation that the right-derivatives of any order j < J at s = 1 of the
left-hand side converge to a limit as y — oo, in other words that (4-1) holds. Moreover partial
summation yields that, for integer j and y > 2,

g(n)(logn)’ 1ogn B 7i(9) + O((logy)’~*) (0<j<J),
) 0= 2 {o(j!<1ogywaog2 pon) G )

To prove this, observe that, for |w| < 1/logy, we have

-2 2 e - S {0l )} o (M)

p<y P k>0 p<y k<J (log y)
wF lo SA, 041
:ZM% +O<( ?foy) )A )7

with ug =3, g(p)(logp)*/p (0 < k < J). Estimate (4-3) then follows from Cauchy’s formula.

4-8. An auxiliary estimate

For f = 1,+g and g as above, let us write f = 7, * g, * h,, where g, and h,, are the multiplicative
functions defined by

9y(0") = 1<y 9(@),  hy(P”) = 1ppsyy9(@”)  (p=2,v21).

Our first goal is to estimate

N

y < ).

> ohyn) (2

y<n<w

Lemma 4.1. Uniformly for x >y > 2, and with u := (log x)/logy, we have
mu2r

(4-4) Hy(z) < (logz)At1~

Proof. We have

Hy@) = Y g+ > hym) Y mm«W%

y<Vp<;c y<m<z/y p’<z/m
psz p>P*(m)

with

|hy(m)|z
S = E e
1
y<mesly m{log(z/m)}
mPt(m)<z
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Writing m = ng” with P*(n) < ¢, where, here and in the sequel of this proof, ¢ denotes a prime
number, we have
S — Z l9(q)[” Z |hy(n)|z ’
vlg” n{log(z/ng”)}A+!

>y n<a/q" !
v>1 <z/q

Pt(n)<q

Let S~ denote the contribution to S of n = 1, and ST that of n > y. We plainly have

) l9(q)
ST D o)A

v21l y<q<alt/(v+1)

<Y ¥ zlg(g)|” (v + A ~ wlog(2u)

! A+1 Al
v21y<g<al/ D) vig”(logz) (log x)

In order to majorize ST, we appeal to the Rankin-type bound

2r—1
Yo Iy « pi=e/rogq (108D (t,q > y),
Jae (logy)?r
Pt(n)<q

where ¢ > 0 is an abolute constant. It follows that

v41

v z/q 1—c/logq 2r—1
N zlg(g)| / 1 t (log?)
ST Z Z vlgm  J, t(logz/tq”) A+ dO( (logy)?" )

v21ly<q<alt/(v+1)

Y Y zlg(q)|” /””/qm (logt)* 1 dt
vlg”(logy)* J, tire/losa(log x/tg) At

v21ly<qLal/(v+1)

<> ¥ zg(q)|" (log q)*" 4" /“"“)/(bg 9-v=t e ewp2r=1 dgp
l/!qV(log y)27' 0 {(log x)/(log q) — U — w}A+1

v21ly<qLal/(v+1)

v (] v\2r 2r
<<Z Z z|g(q)|” (log ¢*) < LU

Vg (log y)?r (log )41 (log ) A+

v21ly<qLal/(v+1)

4-4. Completion of the argument

Put f, := 7, % gy and let y := x¢/1082% where c is a sufficiently small constant. We have
M (z; fy) = Vy(m) + Ey(x)

with

Vy(z) = Z gy(n)Tg(E), Ey(z) := Z To(d) Z gy(n).

n<y/x d<v/z Vvz<n<z/d

We immediately note that a Rankin-type estimate such as [16; lemma 2] provides

- (d T
(45) By(x) < 271wy S o0 gye-1on,

d
d<z

for any given integer N.
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From (3-8), we deduce, for any fixed integer H, that

B gy(n logx/n) 1% 1
> { 2 aogxh/n)h*OH(aogx)HH)}'

n<JT 0<h<H

Using the bound provided by (1-11) and selecting H sufficiently large in terms of r, we get that
the overall contribution of the above remainder term is

< z(logx)?T?H=2 <« g(logx) 1N,

for any given integer N.
Appealing to (3-9) for g,, we may write

PP ST (T A S ST O S S
(4-6) " log = b _n \logz (log z)N+r+1)”

for sufficiently large K. Let v := 1/logy. For all 0 < k < K, we have, by Rankin’s device again,
provided c is suitably chosen,

gy (n log n)* |9y k! kt2r 1
; < Uk v/4 z;/ - ’L)/Q < Zo/4 (log y) < (log z)N+r+1

We may therefore extend, in (4-6), the inner n-sum to all y-friable integers without perturbing the
error. Taking (4-5) into account, we thus obtain

Maif) = atloga) {3l ST AR L oL

logx
0<h<H 0<k<K (log z)

which, by rearranging the double sum, yields

(47) M(x; f) = :c(logw)g‘l{ > %f} - O((loglx)N>}

o<j<rrn 1087)
where, in view of (4-3),
(4-8) Ni(i f) = A(f) + O (logy) *(logy 1)) (0<j < K +H),

with the convention that, say, A;(f) =0 for j > J.
By Dirichlet’s hyperbola formula, we have

(4:9) M(x: f — f,) = M(z: fy by — f,) = S+ U =W,
with
Si= 3 HmH,(T), U= Y hmM(if,), W= M(Vaf,) Hy(Va).
n<VE y<m<y/z
Now

| fy(n)|z(logy )" a(logy )"
S< ) b <
+1 A+1—r"
o n(log ) (log x)
and similarly

o , z(log, z)%"
W < z(log x)? 4 2(10g25€)2 < M'
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To estimate the sum U, we insert (4-7) and evaluate the contribution of the main terms by partial
summation from (4-4). Taking (4-8) into acount, we obtain
U < zu® (logz)e~ 41

Recalling (4-7), (4-8) and (4-9), we have thus almost reached (1-12), but with a remainder term

fR(l‘f) < x(long)Qr

(log x)A+17r'

We now show that an inductive argument enables us to replace (log, x)?" by a power of logs .
Indeed, under assumption (1-11), consider the exponentially multiplicative function ¢ defined by

e@”)=fp)"/2"v! (p=2,v

WV

1).
Then ¢ € F(r/2,0). Moreover, we may write f = ¢ * ¢ x 1 with

—1V f(p)I F(pr—i
Z( Y f(p) f(p7)

Y(p”) = i

(v=1).
0<j<v

Thus ¢(p) = 0 and, writing &, := |f(p)[*/p*” + 3,5, [f(0")]/p"7, we have

[v(p [f ()1 f (")
Z pov S Z lpa(kJr])

v>2 Jt+k>2

<ep+ |fp(:»5p + 5pe‘f(p)|/pa {1 + |fp@ + Ep} < &p.

Applying the estimate already proved for ¢ and writing the hyperbola formula for f furnishes

z(logy )"
R(x; f) < W'

After k + 1 iterations, the exponent of log, x becomes 7/2*, while the implicit constant in the
upper bound for R(x; f) gets multiplied by CF for a suitable constant C. Selecting k =< log, x
yields (1-12).

5. Limitations
5-1. Optimatility of Theorem 1.1

We show here that it is not possible, in general, to replace max(0, Re g) by Re ¢ in the error term
of (1-7). To this end, we initially consider the completely multiplicative function go defined by

9o(p") :=1/(logp)™ (p=2,v2>1)
with 0 < A < 1—note however that, at the cost of slightly more complicated computations, our

approach would work for any positive A. As a preliminary step we show that, for a suitable constant
C, we have

(5-1) M(m;go):(b;;;“{wo(@)} (@ >2).

Indeed, on the one hand, since Y go(n)/n < oo, we have

(5-2) M(z;90) < x/logx (x> 2),
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and, on the other hand,

M (x; go)log x— /w Mdt =Y go(m) > go(d)A(d)
1 m<T d<z/m
(5-3) Y __om) n O<$ 3 go(m) )
=7 2 gzt 00 2 logaemr)

From this and (5-2), we deduce that M (x;go) < x/(logz)A*! (z > 2). Carrying this estimate back
into (5-3) yields

. o go(m) d
M(x;90) = log « Z m(logOQx/m)A + O<W>'

m<zx

_ =z go(m) x
~ logx ;\f m(loZm/m)A + O((logm)2A+1)

m<y/ T

= Togey1 2 Pt} +O{ogarm)

m<y/T

_ T go(m) x
~ (logz)A+1 <Zf m +O((10gx)2A+1)’

which implies (5-1) with C:= 3", -, go(m)/m.
Next, define g(n) := go(n)n® (n > 1). By partial summation, we have

le—i—i

(5-4) M(9) = G oz {1 + O(@)} (x>2).

Now, select p = —r, with A < r < 1 and define f = g * 7,. This function satisfies the hypotheses
of Theorem 1.1. By the hyperbola formula, we have, for 1 <y < x,

(5-5) M, /) =U+V -W
with
Youey 9T, (5). V= mmM(Lig). We=Tom)M (o).

n
n<z/y n<y

We choose 3 := e®(log2 ””)2, where a is a sufficiently large constant. We plainly have

i
W .
< Qogy) 1 (logz) A1

The sum U may be evaluated by the Selberg-Delange method in the form given in [18; §11.5.4,
Notes|. For suitable positive constants b, ¢, we have

To(z) = /ob a(t)z'~H" dt + O(me_c\/@> (x = 2),

where « is continuous on [0,d]. Since we may deduce from (5-4) that

t
gn z/y
Z(t) = ng—i < (lo(gi)‘)“"rl (0<t<h),
n<x/y

we get, with an appropriate choice of a,

b
_ L=t 7 ($)t" ) T '
U /0 a(t)z' T Z(t)t dt+0((log:c)‘4+2) < Qlog2) 1 (log y)" !
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Finally

Calt T, logn x 7(n)
V= (1+i)(log x) AHZ Qlﬂ{ (1 gx)}+0<(logx)2A+1 Z )

n<Ly n<y
B {1 +o0(1)}Cx'*?
T (1 +4)C(1 +9) (log z) AT

Carrying back into (5-5), we obtain

M .
(z: f) > (Tog )+

which implies the stated property.

5-2. Optimality of Theorem 1.2

We show here that the exponent r appearing in the remainder term of (1-12) cannot in general
be replaced by Re g, even when Re ¢ > 0. To this end we exhibit a function f belonging to F(o, )
for 1/2 < ¢ < 1 and for which: (i) condition (1-6) fails, (ii) ¢ = 0, 0 < A < r, and (iii) given
any ¢ < 1, one cannot replace r by ¢r in (1-12). If f happens to be real, the conditions become
0 <A< 2r/mand ¢ < 2/m. Our construction relies on exploiting possible resonance between f(p)
and p* for certain values of the real parameter t.

Let A > 0,7 > 0, C > 0 (large), and let z := expexpC¥, t := (logzpy1)? (k> 1). Put
¢(v) := e and define f as the exponentially multiplicative function such that f(p) := rp(t), log p)
whenever z < p < zpy1 and, say, f(p) = 0 when p < z;. Observe that fo (tw)dw < 1/t
(t > 1, y > 0). Due to the rapid increase of xy, partial summation hence yields

T
flp)logp €« —— T 2= 2).
2 SOler < ggr (@22)
Now, for = := xp41, t :=tg, 0 := 1+ 1/logx, we have
M (y;
(50) S A = e <o [ g,
n>1 h<k y
with - y
Sy, =7 Z M (1< h<k).
Tp<PKThi1 p
Of course
1
(57) Sy : = rlog (%) +O(1) = rCHL(1 — 1/C) + O(1).

Next, for 2logk < h < k — 1, we have, by the prime number theorem in a strong form,

Th41 _
s, :r/ cos{(tx — tp)logv)} v+ O(1)

vlogv

h

1og Zn1 ty —t 1
:r/ cos{lbe =t} 44 oy« — L f1<1,
log T w ty log xp,

Bounding S}, trivially for h < 2logk, we finally get

3 S = rCMH (1 - 1/0) + O (K2 C) = (1 - 1/C) logy « + O<(10g3 x)mogc).
h<k
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Carrying back into (5-6) yields
/z |M(yy2; 1l dy > (log ) (1-1/C)=Ato(),
1

and so, as ¢ — oo, provided A < r(1 —1/C),

(5-8) M(z; f) = Q((logx)Aﬂfu1/C)+o(1)>'

Since C' may be chosen arbitrarily large, this furnishes the required result.

If we require f to be real, we define ¢(v) := sgn(cosv) (v € R). Since ¢(v) cos v has mean value
2/7, we obtain Sy, = (2r/7)C*+1(1—1/C) + O(1) instead of (5-7), appealling, e.g., to [18; Lemma
I11.4.13]. The remainder of the analysis is essentially identical and so we get (5-8) with 2r/7 in
place of 7. It is noticeable that, provided A is suitably chosen, the implied lower bound and (1-5)
may agree to an arbitrary small power of log z.

Remark. The above construction shows that assumptions f € F(o,7) (¢ < 1, r > 1) and (1-2) with
0=0,0<A<r—1, are insufficient to imply the convergence of the series > -, f(n)/n.
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