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Note on a conjecture of Hildebrand

regarding friable integers®
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Abstract. Hildebrand proved that the smooth approximation for the number ¥(z,y) of y-friable
integers not exceeding = holds for y > (log #)?T¢ under the Riemann hypothesis and he conjectured
that it fails when y < (log x)z’f. This conjecture has been recently confirmed by Gorodetsky by an
intricate argument. We propose a short, straight-forward proof.
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Let U(z,y) denote the number of y-friable integers not exceeding x, i.e. integers n < z free of
prime factors > y, and let ¢ denote Dickman’s function, defined as the continuous solution to the
delay differential equation

vo'(v) +o(v—1)=0 (v>1)

with initial condition o(v) =1 (0 < v < 1). For supplementary material on this function, see, e.g.
[8; ch. IIL.5 & IIL.6]. In [4], Hildebrand proved that, for any given ¢ > 0 and with u := (logz)/ logy,
we have

(1) U(x,y) ~ xo(u) (x — 00, exp{(logy 9:)5/:”5} <y < :z:)

Here and in the sequel, log;, denotes the k-fold iterated logarithm. Moreover, in the same paper
Hildebrand showed that, under the Riemann hypothesis, (1) persists for y > (log z)?*¢ in the form
VU (z,y) < zo(u) and he expressed the belief that this fails for y < (logz)?~=.

This latter precision has recently been established by Gorodestky [3] through a rather involved
approach. In this note we present a very short, straightforward proof.

In the following statement, D stands for an infinite set of real numbers tending to infinity and,
for x > y > 2, the quantity @ = a(z,y) is defined by the equation

I
Z :)gpl = log x.
péyp

From [5; (7.6)], we have

@) o log (ll—zgygjlogx){l

sothat a =1—-1/c+o(1) if ¢ > 1.

Theorem. Let ¢ €]0,2[. For y > 2, put x := exp{Ejpgy(logp)/(pl_l/C — 1)} if ¢ > 1, and
x = expy'/¢ otherwise, so that y = (log :E)CJFO(U in all cases. We then have:

+0(p—)} (2<y< ogap),

) y2/cfl
zexps(s+o01)——F——— yeD) ifl<e<?2
N W) {% 4(ggm—1n%%} wew)
ogd —1)logx ogx .
— fe=1
re(u) exp{ log, +O<(log2 x)z)} re==5
= gl/e—1+e() if0<e<l1.

Proof. Consider first the case 1 < ¢ < 2, so that « = 1 — 1/¢. Let £ = £(u) denote the unique
non-zero solution to the equation et = 1 + u¢ when u # 1 and put £(1) := 0. From [8; th. I11.5.13]
and [8; (II1.5.110)], we have, as u — oo,

log, u (logy u)?
4 — logu +1 o Logt)
(1 6w = logu-+logyu-+ T2 1 o (22U,
(5) o(u) ~ AT AORS

21U

* We are indebted to Ofir Gorodestky for pointing out that some changes to the published version were
necessary. These are included here.
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and, writing 8 :=1—&(u)/logy, I(s) == [;(e" —1)dv/v, f(0) :=oclogz + I((1 — 0)logy),

f(B) =logx — ué(u) + /1u &' (t) dt.

3/5—¢

Let ¢ €]0,1[, and put L(y) := e(los) . We have f'(8) = 0 and f"(c) 2 0 (0 < o < 1),
and o — f < 1/L(y) by [5; (7.9)]. Therefore f(a) > f(5). Now, the saddle-point estimate
proved in [5] implies ¥(z,y) ~ 2*((a, y)/{a(logy)v2mu} in the case under consideration, where
C(s,y) = [1,¢, (1 - 1/p*)~L. It follows that
Y(z,y) ce”” log z-+1 - ce”” 1 —I((1—a)1
6 ’ >{ 1 } alog z-+log ((ay)— f(a) :{ 1 } og ((a,y)—I((1—a)logy)
© St {Eg e X o)
It remains to estimate the last exponent. Plainly
1 1
IOgC(Q,y)2325:5a'+'%§£:55;1:ZS(a,y)+’%ITa,y)
PY PLY

Put wy := (y'77 —1)/{(1 — o) logy}. In [1; lemma 3.6], it has been shown that T'(«, y) ~ wa, and
that the main term for S(«,y) arising from the prime number theorem is

Yo dli(t Wa
/2 % = log(wq logy) + /1 t€'(t)dt + O(1) = I((1 — @) logy) + O(log u).
We shall establish the oscillation result
U2—a1
Y 0g3Y
—I((1—-a)l =0 (227
(7 S(a,y) (( a)log y) j:( oy )

Since o < 3, this implies the first estimate in (3).
Let us now prove (7). Put

A(n)
t) =) —t, II):= t) :=II(t) — li(t t>2).
R(t) :==(t) —t, () Zlogn Q) () —L@)  (t=>2)
1<ngt
Furthermore, let © := sup, o, where o runs over the non trivial zeros of the Riemann zeta

function.
Ife > %, the argument of [7; th. 15.2] readily yields, for any given & > 0,

vd
tﬁ 550::§h4y®_a_ﬂ7

which readily implies (7) in view of the estimate

Yd{r(t) -l Y 1/2—a
Ife= %, we have
vdQ(t) (Y dR(t)  R(y)

Y R(t) 1
= dt
) /3/2 tetllogt (a + 1ogt)

_/y R(t) /00 (a(a+l)+2a+1/2+ 2 ) dvdt
s VE L 2 logv (logv)2/ vot3/21ogv

o 200 +1/2 2 dv min(v.y) R(¢)
= 2 —Zdt
/3/2 <a(a Ta)t logo ' (log v)2) v t3/2log v /3/2 Vit

*® min(v,y)dv _ y'/2=2

<

372 vF3/2logw logy ’

where the penultimate bound follows from Cramér’s estimate [2] (see also [7; th. 13.5]) conditional

to the Riemann hypothesis

z 2
/ @dt<<z (z22).
1

Since as, shown by Littlewood [6],

R(y) = Qx(Vylogzy)  (y = o0),
this completes the proof of (7) by carrying back into (9) taking (8) into account.
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The case ¢ < 1 may be dealt with by appealing to the formula

(10)

(1+1loge)logz  (logz)(1 —loge) 0 ( (log z)(logs x)? ) .

c—1
1 =—1 -
og{re(u)} c 87 + clog, @ c(logg x)? (log, )3

This follows from (4) and the estimate, essentially due to de Bruijn,

(11)

o ¥(e9) = Ze){1+0(p=+ )} @2uz9)

appearing in [8; th. I11.5.2] in this form. Note that

-1 1 1 2—c 1 3—2c
¢ log z + 08T (log ) ((ng) ) ife>1
clogy 2clogy logy
log4)1
Z(w,y) = (Oig) zgx if e=1

2

1— 1 c 1 c 1 2c—1

(= log)r | (g o (g .
c clog, x logy

This readily implies the last two estimates in (3).
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