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∆-function, we derive lower bounds for the cardinality of those integers not exceeding a given limit
that are expressible as certain sums of powers.
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1. Introduction

The Erdős-Hooley ∆-function is defined by the formulae

∆(n, u) := |{d : d | n, eu < d 6 eu+1}|, ∆(n) := max
u∈R

∆(n, u) (n ∈ N∗).

Recent, spectacular progress on the mean-value of the ∆-function has been obtained in [17], [9],
and refined in [4]. This invites one to revisit some of the applications linked to this quantity. Put

S(x) :=
∑
n6x

∆(n), S(x) :=
1

log x

∑
n6x

∆(n)

n
,

so that (see [12; th. 61])
S(x)� xS(x) (x > 2).(1)

After the works of Erdős [8], Hall-Tenenbaum [11], [12], Hooley [15], Tenenbaum [28], Koukou-
lopoulos-Tao [17], Ford-Koukoulopoulos-Tao [9], and La Bretèche-Tenenbaum [4], we are now
equipped with the bounds

(1·1) (log2 x)1+η+o(1) � S(x)� (log2 x)5/2 (x > 3), (2)

where η ≈ 0.353327 is the exponent appearing in the new lower bound for the normal order of ∆(n)
by Ford, Green and Koukoulopoulos [7]. A further description of successive advances is available
in the article [4].

The fact that the asymptotic order of magnitude of S(x) is a power of log2 x makes it pertinent
to refine the estimates relating to the various applications, as the number of representations of an
integer as a sum of powers, the Diophantine approximation of an irrational number by a rational
with square denominator, or Waring’s problem.

Two other applications are also worth mentioning. First note that [19; cor. 8] readily yields that,
for any given ε > 0, and uniformly for x > 3, 1 6 |a| 6 x, xε < y 6 x, we have∑

x<p6x+y

∆(|p+ a|)� |a|yS(x)

ϕ(|a|) log x
� |a|y(log2 x)5/2

ϕ(|a|) log x
,

where the letter p denotes a prime number. Second, observe that the upper bound of (1·1) furnishes,
for any fixed ε > 0 and uniformly for 1 6 a 6 q 6 x2−ε, (a, q) = 1, x > 3, the estimate

(1·2)
∑

n,m6x
mn≡amod q

1� x2

q
(log2 x)5/2.

Indeed, if N 6 x1−ε/2, a trivial bound, using τ(n) = no(1) suffices, and if x1−ε/2 < N 6 x, we have∑
m6x

N<n62N
mn≡amod q

1 6
∑

06k62Nx/q

∆(kq + a)� Nx

q
S(x),

where the latter bound results from a special case of [19; th. 1]. This implies (1·2) by summing
over N .

1. It is actually easy to show that S(x) � xS(x) (x > 2), but we shall not need the lower bound here.

2. Here and throughout, we let logk denote the kth iterated of the logarithm.
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We intend here to return to the problem of sums of powers, also addressed in [17].
Given c := {cj}06j6t, ` := {`j}06j6t ∈ (N∗)t+1, consider the number

r(n) = r(n; c, `)

of representations of a natural integer n in the form

n =
∑

06j6t

cjm
`j
j (m ∈ Nt+1).

In all the sequel, we shall assume without loss of generality that {`j}06j6t is non-decreasing.
Under the condition

∑
06j6t 1/`j = 1, we trivially have

V0(x; c, `) := {n 6 x : r(n) > 1} 6 x (x > 1).

The exact order of magnitude of V0(x) = V0(x; c, `) is only known in the case ` = (2, 2). A famous
conjecture (see, for instance, [1], or [31]) is that V0(x) � x for ` = (3, 3, 3), c = (1, 1, 1). The case
t = 2, c = (1, 1, 1), ` = (2, 4, 4) was studied by Hooley [15], Tenenbaum [29], Robert [21], and
Koukoulopoulos–Tao [17]. Robert [21] also considered the case ` = (2, 3, 6).

We obtain the following result.

Theorem 1.1. Let t > 2, c ∈ (N∗)t+1, ` = {`j}06j6t with `0 = 2, `1 ∈ {3, 4} and
∑t
j=1 1/`j = 1

2 .
Let s := max{j ∈ [1, t− 1] : `t−j+1 = . . . = `t}. Assume:

(i) 1 6 s 6 3,
(ii) `t > 26 if s = 3,
(iii)

∑
j>r 1/`j 6 1/`r−1 (1 6 r 6 t− s+ 1).

Then, we have

(1·3) V0(x; c, `)� x/S(x)� x/(log2 x)5/2.

We have not sought to specify uniformity in respect to the coefficients cj in this statement.
Observe that the following sets fulfill the assumptions:

t = 2, ` ∈ {(2, 3, 6), (2, 4, 4)},
t = 3, ` ∈ {(2, 3, 7, 42), (2, 3, 8, 24), (2, 3, 9, 18), (2, 3, 10, 15), (2, 3, 12, 12), (2, 4, 8, 8)},
t = 4, ` ∈ {(2, 3, 7, 84, 84), (2, 3, 8, 48, 48), (2, 4, 8, 16, 16), (2, 3, 12, 24, 24)},
t = 5, ` ∈ {(2, 3, 12, 36, 36, 36), (2, 3, 10, 45, 45, 45), (2, 4, 8, 16, 32, 32)},

this list being non exhaustive. New sets can indeed be constructed by increasing the cardinality t.
For instance, when ` belongs to the above list, we can define `+ ∈ (N∗)t+2 by setting `+j := `j
for 0 6 j 6 t − 1, `+t := 2`t, `

+
t+1 = 2`t. Yet another possibility is to define `∗ ∈ (N∗)t+3 with

`∗t = `∗t+1 = `∗t+2 := 3`t provided `t > 9. Thus, ` = (2, 3, 6) induces (2, 3, 12, 12) and (2, 3, 18, 18, 18).
The article [17] comes back on the case ` = (2, 4, 4)—see, however, the remark following the

statement of Proposition 5.1 infra.
The cases with t > 3 in Theorem 1.1 are new. The corresponding results rely on the bound

(1·4)

∣∣∣∣{(mt−2,mt−1,mt, nt−2, nt−1, nt) :
∑

t−26j6t

cjm
`t
j =

∑
t−26j6t

cjn
`t
j 6 x

}∣∣∣∣� x3/`t ,

established by Salberger provided `t > 26—see the proof of Proposition 5.2 infra for precise
references. In private communication [24], Salberger informed us that, as a direct consequence
of his works [23] and [22], the bound (1·4) persists under the weaker condition `t > 16. Assuming
this, we get that (1·3) also holds for ` = (2, 3, 18, 18, 18) and ` = (2, 4, 8, 24, 24, 24).

The starting point of the proof of Theorem 1.1 is classically the Cauchy-Schwarz inequality

(1·5) V1(x)2 6 V0(x)V2(x)

where we have set

(1·6) Vj(x) = Vj(x; c, `) :=
∑
n6x

r(n)j (j = 1, 2).

We shall deduce Theorem 1.1 from a general estimate regarding j = 2.
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2. Notation

Some notation must be introduced in order to state our results.
Given k ∈ N∗, a = (aj)16j6k, b = (bj)16j6k ∈ N∗k, we put

sa :=
∑

16j6k

aj , ℘a := a1 · · · ak, ab = (a1b1, . . . , akbk).

For each value of the parameters A > 1, B > 1, ε > 0, we designate by Mk(A,B, ε) the class of
those non-negative arithmetic functions F : N∗k :→ R+, satisfying the condition

(2·1) F (ab) 6 min
{
AΩ(℘a), B(℘a)ε

}
F (b)

for all a, b ∈ N∗k such that (℘a, ℘b) = 1. By convention, the functions F ∈ Mk(A,B, ε) are
extended to Nk by setting F (a) = 0 if minj aj = 0. When F 6= 0, we define

(2·2) G(a) = GF (a) := max
b∈N∗k

(℘a,℘b)=1
F (b)6=0

F (ab)

F (b)

(
a ∈ N∗k

)
.

Given a family {Qj}kj=1 ∈ Z[X1, . . . , Xt]
k of polynomials in t variables, we put

(2·3) Q =
∏

16j6k

Qj =
∏

16h6r

Rγhh ∈ Z[X1, . . . , Xt], g := degQ,

where the Rh are irreducible in Z[X1, . . . , Xt]. We may then write, canonically,

Qj =
∏

16h6r

R
γjh
h (1 6 j 6 k)

where γjh > 0 for all j, h, so that

γh =
∑

16j6k

γjh (1 6 h 6 r),
∑

16h6r

γh degRh = g.

Recall that a polynomial is said to be primitive if the greatest common divisor of its coefficients
is 1. In all the sequel we assume the form Q to be primitive, which implies that the same holds for
all the Qj .

For T ∈ Z[X1, . . . , Xt], we write

(2·4) %+
T (s) :=

∑
ξ∈[1,s]t

T (ξ)≡0 (mod s)

1 (s > 1).

Letting κ(s) :=
∏
p|s p denote the squarefree kernel of a natural integer s, we further put

(2·5) K(s) := lcm(sjκ(sj))16j6r = [s1κ(s1), . . . , srκ(sr)]
(
s = (s1, . . . , sr) ∈ N∗r

)
.

Given R ∈ Z[X1, . . . , Xt]
r, we may then define two arithmetic functions of s = (s1, . . . , sr) ∈ N∗r by

%+
R(s) :=

∑
ξ∈[1,℘s]t

Rh(ξ)≡0 (mod sh) (16h6r)

1,(2·6)

%#
R(s) :=

∑
ξ∈[1,K(s)]t

sh‖Rh(ξ) (16h6r)
(Rh(ξ)/sh,℘s)=1

1,(2·7)

where the symbol a‖b means that the conditions a|b and (a, b/a) = 1 hold simultaneously. It is

worthwhile to note that the above definition of %#
R is more restrictive than that of [3]. The grounds

for this alteration are described in [14].
For any s = (s1, . . . , sr) ∈ N∗r, let us put

s′j :=
∏

16h6r

s
γjh
h (1 6 j 6 k), s′ := (s′1, . . . , s

′
k), s′′ := ℘s′ =

∏
16j6k

s′j =
∏

16h6r

sγhh .

Thus, given m = (m1, . . . ,mt) ∈ N∗t, and writing sh = Rh(m) (1 6 h 6 r), we have

s′j = Qj(m) (1 6 j 6 k), s′′ = Q(m).

With these pieces of notation, to any function F in Mk(A,B, ε) we may associate a further function

F̂ in Mr(A
g, B, gε) defined by

F̂ (s) = F (s′).

We then designate by Ĝ := G
F̂

the function associated to F̂ by (2·2) with k = r and, for 1 6 h 6 r,

we let Ĝh : N∗ → R+ denote the composition of Ĝ with the hth coordinate.
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3. Statement of results

The key tool of this work consists in an estimate of the quantity

S :=
∑

xj<nj6xj+yj (16j6t)

F
(
|Q1(n)|, . . . , |Qk(n)|

)
=

∑
xj<nj6xj+yj (16j6t)

F̂
(
R1(n), . . . , Rr(n)

)
.

The following result is obtained. It is the t-dimensional counterpart of that of [13]. We let ‖Q‖
denote the maximum of the absolute values of the coefficients of a real form Q.

Theorem 3.1. Let k, t ∈ N∗, and let {Qj}kj=1 ∈ Z[X1, . . . , Xt]
k be a family of primitive

polynomials. Define Q ∈ Z[X1, . . . , Xt], {Rh}16h6r ∈ Z[X1, . . . , Xt]
r, g ∈ N by (2·3), %+

Q by

(2·4), and %#
R by (2·7). For all

(3·1) α ∈]0, 1], β ∈]0, 1[, A > 1, B > 1, 0 < ε 6 αβ/{50g2(βg + 1)},

and uniformly under the conditions

(3·2)
F ∈Mk(A,B, ε), x = (x1, . . . , xt) ∈ N∗t, y = (y1, . . . , yt) ∈ N∗t,

x := min
16j6t

xj > c
{

max
16j6t

xj + ‖Q‖
}β
, xαj 6 yj 6 xj (1 6 j 6 t),

we have

(3·3)

∑
n∈N∗t

xj−yj<nj6xj(16j6t)

F
(
|Q1(n)|, . . . , |Qk(n)|

)
� ℘yER(sx)

∏
g<p6x

(
1−

%+
Q(p)

pt

)

where c and the implicit constant depend at most upon g, α, β, A, B and where we have set

(3·4) ER(v) :=
∑

s∈N∗r

℘s6v

F̂ (s)
%#
R(s)

K(s)t
(v > 1).

Remarks. (i) We have

(3·5)
%#
R(s)

K(s)t
6
%+
R(s)

(℘s)t
(
s = (s1, . . . , sr) ∈ N∗r

)
,

however the sum ER(x) may turn out to be smaller than that which follows from this upper bound.

For instance, if k = 1, t = 1, Q(X) = Q1(X) = X(X+ `), we have %#
R(p) = 0 as soon as p | `, while

%+
R(p) = 1. As noted in [13] and [14], this can be significant when it comes to obtaining results

uniform with respect to `.
(ii) A weaker version of (3·3) for k = 1 has recently been established [6; th. 1.15], where, in

definition (3·4), the left-hand side of (3·5) is replaced by its majorant. Note that the dependence
of our bounds with respect to the coefficients of Q is effective.

(iii) In the case t = 1, Theorem 3.1 is due to Henriot [13], [14], extending [26], then [18] and [19].
When the Qj are binary forms in Z[X1, X2], Theorem 3.1 has been proved in [3] with a slightly
different definition of %#, refining and extending the estimates of [2].

(iv) When F is multiplicative and satisfies an assumption such that F (n) > ηΩ(℘n) for some
η > 0, it is possible to establish lower bounds for the the left-hand side of (3·3) of the same order
of magnitude as the right-hand side. We refer to [13] for this aspect of the question.

4. Proof of Theorem 3.1

Recall a consequence of the Schwartz-Zippel lemma — see [27; lemma 1], or [32; th. 1].

Lemma 4.1. Let t > 1 and let Q ∈ Z[X1, . . . , Xt] be a primitive polynomial of degree g. For all
prime numbers p, we have

(4·1) %+
Q(p) 6 gpt−1.

In particular, for all integers ν > 1, we have %+
Q(pν) 6 gpνt−1 < pνt provided p > g.
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Let c(Q) denote the content of the polynomial Q of t variables and let vp(n) denote the p-adic
valuation of an integer n. The following lemma is an effective version of [6; lemma 2.8]—see also
[20; lemma 4.10].

Lemma 4.2. Let t > 1 and let Q ∈ Z[X1, . . . , Xt] be a polynomial of degree g. For all prime
numbers p and all integers ν > 1, we have

(4·2) %+
Q(pν) 6 gt(ν + 1)t−1pν(t−1/g)+vp(c(Q))/g.

Proof. Consider first the case t = 1. When (c(Q), p) = 1, inequality (4·2) has been proved by
Stewart [25]. If γ = vp(c(Q)) > 1, we have

%+
Q(pν) = pγ%+

Q∗(pν−γ) 6 gpν(1−1/g)pvp(c(Q))/g.

with Q∗ := Q/pγ . Thus (4·2) holds for t = 1.
We now proceed by induction on t. Let x1 be such that Q depends on x1 and write

Q(x1, x2, . . . , xt) =
∑

06j6g

Qj(x2, . . . , xt)x
j
1

with Qj ∈ Z[X2, . . . , Xt] and gj := degQj 6 g − j. By the case t = 1, we have

%+
Q(pν) 6 gpν(1−1/g)

∑
06γ6ν

pγ/g+(t−1)(ν−γ)N(γ, p)

with N(γ, p) := |{x ∈ (Z/pγZ)t−1 : Qj(x) ≡ 0 (mod pγ) (0 6 j 6 g)}|.
Now the induction hypothesis yields

N(γ, p) 6 min
06j6g

|{x ∈ (Z/pγZ)t−1 : Qj(x) ≡ 0 (mod pγ)}|

6 min
06j6g

gt−1
j (ν + 1)t−2pγ(t−1)+min{vp(c(Qj))−γ,0}/gj

6 gt−1(ν + 1)t−2pγ(t−1−1/g)+vp(c(Q))/g,

since min06j6g vp(c(Qj)) = vp(c(Q)). This completes the proof of (4·2). ut

Let us now state the analogue in our context of [13; lemma 6]. This is a straightforward
consequence of the fundamental lemma of the combinatorial sieve. It coincides with [3; lemma
3.3] when t = 2 and with [13; lemma 6] when t = 1. As in [13; lemma 6], we let α be an arbitrary
constant in ]0, 1] and define

(4·3) α1 := 3
25α, α2 := ε1/6g.

Lemma 4.3. Let t > 1, 0 < α < 1, and let Q,Rh ∈ Z[X1, . . . , Xt] be polynomials satisfying the
hypotheses of Theorem 3.1. Under the conditions

a ∈ N∗r, x, y ∈ N∗t, w := min
j
xj , ℘a 6 wα1 , z 6 wα2 , xαj 6 yj 6 xj ,

we have

(4·4)
∑

xj<nj6xj+yj (16j6t)
ah‖Rh(n) (16h6r)

(p|Q(n), g<p6z)⇒p|℘a
(Rh(n)/ah,℘a)=1 (16h6r)

1� ℘y
%#
R(a)

K(a)t

∏
g<p6z
p -℘a

(
1−

%+
Q(p)

pr

)
.

Note that, since the product in (3·3) only covers primes p > g, it avoids any fixed prime divisor
of the Rh. It is also worthwhile to keep in mind that

(4·5)
%#
R(a)

K(a)t
= dens

{
n ∈ Zt : ah ‖ Rh(n) (1 6 h 6 r), (p | ℘a, p - ah)⇒ (p - Rh(n))

}
.
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Proof. In the above statement, the parameters α1 and α2 defined in (4·3) coincide respectively
with ε1 and ε3 from [13; lemma 6]. Lemma 4.3 follows by applying the combinatorial sieve to the
sequence

A :=

{
Q(n1, . . . , nt) :

xj < nj 6 xj + yj (1 6 j 6 t), ah‖Rh(n) (1 6 h 6 r),

(p | ℘a/ah, p - ah)⇒ (p - Rh(n))

}
.

Thus, we can select A1 = g+1 in the hypotheses of the sieve—see [10; lemma 2.2], condition (Ω1)—
since the upper bound (4·1) implies that

%+
Q(p)

pt
6
g

p
6 1− 1

g + 1

(
p > g + 1, p - ℘a

)
.

Further details are omitted. ut

Substituting Lemma 4.3 to [13; lemma 6] in the proof of [13; th. 5] readily furnishes estimate (3·3).
Note that Lemma 4.2 is crucial in order to get effective bounds in terms of ‖Q‖.

5. Proof of Theorem 1.1

5·1. Statements

It follows from (1·6) that

V2(x; c, `) = card
{

(m,n) ∈ (N∗)t+1 × (N∗)t+1 :
∑

06j6t

cjm
`j
j =

∑
06j6t

cjn
`j
j 6 x

}
,

and so V2(x) = V2(x; c, `) = V 6=2 (x) + V =
2 (x), where the subsums V 6=2 (x) and V =

2 (x) respectively
correspond to the extra conditions m0 6= n0 and m0 = n0. We obtain the following estimates.

Proposition 5.1. Let t > 1, δ > 0, c, ` ∈ (N∗)t+1, satisfy `0 > 2 and δ =
∑

16j6t 1/`j . Then

(5·1) V 6=2 (x)� x2δS(x)� x2δ(log2 x)5/2 (x > 3).

The second bound follows from (1·1). The exponent 5/2 hence measures, in the current state of
knowledge, the deviation of this general estimate from optimality. In [17; § 8], Koukoulopoulos and
Tao indicate the exponent = 24L + 15/4 for L = max `j , `0 = 2, δ = 1

2 . The condition m0 6= n0 has
been omitted in [17]. Since it necessary for a general result, the argument given in [17] only yields
bound [17; (1.5)] in the historical case ` = (2, 4, 4) considered by Hooley. The exponent stated
in [17] is then 65539 + 3/4.

Our approach to Theorem 1.1 is based on an inductive argument described in the following
statement.

Proposition 5.2. Let t > 2, c= {cj}tj=0 ∈ (N∗)t+1, ` = {`j}tj=0 ∈ (N∗)t+1 with `0 > 2. Put

č := (c1, . . . , ct), ˇ̀ = (`1, . . . , `t). We have

(5·2) V =
2 (x; c, `) 6

( x
c0

)1/`0
V2(x; č, ˇ̀) (x > 3).

Moreover, if t ∈ {1, 2} and `t−1 = `t > 3, or if t = 3 and `t−2 = `t−1 = `t > 26, then

(5·3) V2(x; č, ˇ̀)� xt/`t .

Proof. The bound (5·2) is clear, and so is (5·3) for t = 1. The remaining bounds (5·3) are due to
Salberger: for t = 2, see [23; cor. 0.7]; for t = 3, `t > 33, see [5]; for t = 3, `t > 26, see [22; cor. 4.6].

ut

As mentioned in the introduction, we have been informed by Salberger that he intends to write
up the proof that (5·2) holds for t = 3, `t > 16, and hopefully `t > 12.

5·2. A lemma from the literature

Define P+(n) as the largest prime factor of an integer n, with the convention that P+(1) := 1.
The following statement is established in [13; lemmas 2 & 5].
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Lemma 5.3. Let r, g > 1, A > 1, B > 1, ε > 0 and let {σj}rj=1, {ϑj}rj=1 be two families
of multiplicative arithmetical functions. Assume that, uniformly for prime powers pν , we have
σj(p

ν)� 1, ϑj(p
ν) = 1 +O(1/p). Let F̂ ∈Mr(A

g, B, gε), and define

H(s) := F̂ (s)
∏

16j6r

σj(sj)
%#
R(s)

K(s)t
(s ∈ N∗r).

Then, for x > 3, we have ∑
s∈(N∗r

℘s6x

H(s)
∏

16j6r

ϑj(sj)�
∑

s∈(N∗r

℘s6x

H(s),(5·4)

∑
s∈(N∗r

P+(℘s)6x

H(s)�
∑

s∈(N∗r

℘s6x

H(s).(5·5)

5·3. Proof of Proposition 5.1.

Consider

(5·6) Q(X1, . . . , Xt, Y1, . . . , Yt) :=
∑

16j6t

cjX
`j
j −

∑
16j6t

cjY
`j
j .

The following statement gathers the necessary estimates regarding function %Q defined in (2·4).

Lemma 5.4. Let t > 1, c, ` ∈ N∗t be such that

L := max
16j6t

`j , gcd(c1, . . . , ct) = 1.

For all prime numbers p and all integers ν > 1 and Q defined by (5·6), we have

%Q(p) = p2t−1 +O(pt), %Q(pν) 6 Lp2tν−1, %Q(pν)� νp2(t−δ)ν

with δ :=
∑t
j=1 1/`j .

Proof. The second estimate follows from Lemma 4.1. The first formula is included in the first
estimate of [21; lemma 3.4], itself resting on an estimate of Korobov [16; ch. 1, th. 5]. The third
bound is a consequence of the second estimate in [21; lemma 3.4], resting on Korobov’s [16; ch. 1,
th. 6], observing that the proof given in [21] remains valid as it stands when δ < 1/2. ut

We are now ready to complete the proof of Proposition 5.1. Put L := max `j . Proposi-
tion 5.1 will follow from Theorem 3.1, applied with k = 1, Q1 = Q, F = ∆. Up to divid-
ing through by gcd(c1, . . . , ct), the cj may be assumed coprime. The polynomial Q is then ir-

reducible in Z[X1, . . . , Xt, Y1, . . . , Yt], so that r = 1. Indeed, we may write Q = c1X
`1
1 + Q1,

where Q1 ∈ Z[X2, . . . Xt, Y1, . . . , Yt] has no square factor in Q[X2, . . . , Xt, Y1, . . . , Yt]. This en-
ables applying Eisenstein’s criterion associated to a non constant irreducible factor of Q1 in
Z[X2, . . . , Xt, Y1, . . . , Yt].

Taking the above into account, Lemma 5.4 furnishes

∏
L<p6x

(
1−

%+
Q(p)

p2t

)
� log x (x > 2L).

Moreover, the quantity EQ(v) defined in (3·4) satisfies

(5·7) EQ(v) �
∑
n6v

∆(n)

n
(v > 1).

This follows from Lemmas 5.3 and 5.4. Indeed, since k = r = 1, we have

(5·8) EQ(v) =
∑
n6v

∆(n)%#
Q(n)

K(n)2t
·
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By Lemma 5.4, there exist two multiplicative functions ϑ1 and ϑ2 such that

(i) ϑj(p
ν) = 1 +O(1/p) (j ∈ {1, 2}, ν > 1),

(ii) %#(n)/K(n)2t = %+(n)ϑ1(n)/n2t = ϑ2(n)/n (n > 1).

A first application of (5·4) provides the upper bound in (5·7). To establish the corresponding lower
bound, we note that, by condition (i), we have ϑ2(p) 6= 0 for all but only a bounded number of
primes p. Let ϑ3(pν) = ϑ2(pν) + 1{ϑ2(pν)=0}(p

ν). Applying (5·5) to replace condition n 6 v by
p|n⇒ p 6 v, we hence see that substituting ϑ3 to ϑ2 in (5·8) does not alter the order of magnitude
of the sum. A second application of (5·4) with H(n) := ∆(n)ϑ3(n) and ϑ = 1/ϑ3 then furnishes
the lower bound in (5·7).

We may now apply Theorem 3.1 in order to derive Proposition 5.1. Put

(m,n) = (m1, . . . ,mt, n1, . . . , nt).

By symmetry, we may assume n0 > m0. Let us then split the variation range of m0 +n0 into dyadic
intervals ]N, 2N ] with N = 2ν 6 2x1/`0 . Up to neglecting a contribution � x2δ, we may assume
N > x1/`0−1/2`0`k . Indeed, if N 6 x1/`0−1/2`0`k , then for all fixed (m1, . . . ,mk), (n1, . . . , nk−1), the
power n`kk lies in a fixed interval of length� N `0 � x1−1/2`k . The number of admissible nk is hence

� x1/`k−1/2`2k . However, for each fixed nk, the number of admissible pairs (m0, n0) is � xε for

any ε > 0. This plainly implies that the contribution of N 6 x1/`0−1/2`0`k is � x2δ−1/2`2k+ε � x2δ

provided that ε 6 1/2`2k.

If (m0,m, n0,n) is counted in V 6=2 (x), we have Q(m,n) = c0(n`00 − m`0
0 ), hence the divisor

n`0−1
0 + m0n

`0−1
0 + . . . + m`0−1

0 of Q(m,n) is of size N `0−1. As a consequence, for each 2t-tuple
(m,n), the number of admissible pairs (m0, n0) does not exceed ∆(Q(m,n)). Now let us split the

variation ranges of the m
`j
j and n`hh into intervals of size N `0 , say m

`j
j ∈]rjN

`0 , (rj + 1)N `0 ] and

n`hh ∈]shN
`0 , (sh + 1)N `0 ] with rj , sh � x/N `0 . For each rj , the integer mj is hence restricted to

an interval of length � N `0/`j/(rj + 1)(1−1/`j).
For each pair (rj , sj), Theorem 3.1 furnishes a contribution

(5·9) �
∏

16j6t

N2`0/`j

(rj + 1)1−1/`j (1 + sj)1−1/`j

EQ(x)

log x
·

Here, the hypothesis N > x1/`0−1/2`0`k has been used in a crucial way since it implies that mj lies
in a range of size� x1/`j−1/2`k � x1/2`k . This enables us to check hypotheses (3·2) of Theorem 3.1,
which require that conditions (3·2) be satisfied by

xj = (rjN
`0)1/`j , xj+k = (sjN

`0)1/`j , yj = {(rj + 1)N `0}1/`j − (rjN
`0)1/`j ,

yj+k = ((sj + 1)N `0)1/`j − (sjN
`0)1/`j ,

for 1 6 j 6 k. Thus, the choice α = 1/2`k, β = 1/`k − 1/2`2k, is admissible in (3·2).

Now observe that relations
∣∣m`j

j − n
`j
j − (rj − sj)N `0

∣∣ 6 N `0 and

c0|n`00 −m
`0
0 | =

∣∣∣ ∑
16j6t

cj(m
`j
j − n

`j
j )
∣∣∣ 6 2`0c0N

`0

imply
∣∣∣∑16j6t cj(rj − sj)

∣∣∣ 6 2`0c0 +
∑

16j6t cj . Therefore, when all rj and all sh are fixed except

s1, the number of admissible values for s1 is bounded. Summing (5·9) over rj and sh, taking the
condition

∑
16j6t 1/`j = δ into account then yields a contribution

� N `0/`1x2δ−1/`1
EQ(x)

log x
·

It remains to sum over ν such that N `0 = 2`0ν 6 2`0x to get, in view of (5·7),

V 6=2 (x; c, `)� x2δEQ(x)

log x
� x2δS(x).

Note that the manipulation resting on the condition m0 + n0 ∈]N, 2N ] saved a factor log2 x.
This completes the proof of Proposition 5.1.
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5·4. Proof of Theorem 1.1.

Since V1(x) � x (see [21; lemma 3.1] for further precisions) and taking (1·5) into account the
required estimate (1·3) immediately results from a suitable bound for V2(x, c, `). In view of (5·1),
we write c = (c1, . . . , ct), ` = (`1, . . . , `t).

For 1 6 k 6 t, put δk =
∑
t−k6j6t 1/`j , ck = (ct−k, . . . , ct), `k = (`t−k, . . . , `t). The parameter

s being defined in the statement of Theorem 1.1 and ` satisfying conditions (i), (ii), (iii) of this
statement, we shall show by induction on k > max(1, s− 1) that

(5·10) V2(x; ck, `k)� xδkS(x).

Note that hypothesis (iii) may be rewritten as δk 6 1/`t−k−1 for s− 1 6 k 6 t− 1.
For k = s = 1, t > 2, the stated bound (5·10) follows from [21; lemma 3.11]. The case k = 1,

s = 2, t > 2, follows from (5·3). For k = 2, t > 3, s = 3, we only need to bound the number of
solutions (x,y) such that xj , yj 6 x1/` and

x`1 + x`2 + x`3 = y`1 + y`2 + y`3

with ` = `t. The required estimate then follows from Proposition 5.2. The induction is thus
initialized. In these cases, the factor S(x) is actually superfluous.

Let k > s − 1 and assume (5·10) holds for k. We want to prove that it persists for k + 1. By
Propositions 5.2 and 5.1, we have

V2(x; ck+1, `k+1)� x2δkS(x) + x1/`t−k−1V2(x; ck, `k)� (x2δk + x1/`t−k−1+δk)S(x).

This provides the desired bound since δk 6 1/`t−k−1, and 1/`t−k−1 + δk = δk+1.
The induction step is thus established, and so we get the result for k = t+ 1. This completes the

proof of Theorem 1.1 since δt+1 = 1.

Acknowledgement. The authors take pleasure in addressing warm thanks to Tim Browning,
Carlo Pagano, Per Salberger, and the referee for pertinent remarks and suggestions.
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[4] R. de la Bretèche & G. Tenenbaum, Note on the mean value of the Erdős-Hooley Delta function, Acta
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Prog. Math. 63 (1986), 225-239.
[30] G. Tenenbaum, Introduction to analytic and probabilistic number theory, Graduate Studies in Math-

ematics 163, Amer. Math. Soc. 2015; see also Introduction à la théorie analytique et probabiliste des
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