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1. Introduction

For integer n > 1 and real u, put

Alnyu) = {d:d|n,e* <d<e"T'Y, A(n):= maﬂ){A(n,u).
ue
Introduced by Erdds [5] (see also [6]) and studied by Hooley [11], the A-function and specifically
its (possibly weighted) mean-value proved very useful in several branches of number theory — see,
e.g., [16], [10], and [2] for further references. If 7(n) denotes the total number of divisors of n, then
A(n)/7(n) coincides with the concentration of the numbers log d, d|n.

Asymptotic estimates for
S(x) = Z A(n)

n<x

have a rather long history since Hooley’s pioneer work [11]: see [3] for references. Recent progress
regarding this mean-value is due to Koukoulopoulos and Tao [12], Ford, Koukoulopoulos and
Tao [8], and the authors [3]. The current best estimates are

z(logy ) T <« S(2) < x(logy 2)*/2,

where 1 & 0.353327, the lower and upper bounds being respectively proved in [8] and [3]. Here and
in the sequel we let log;, denote the k-fold iterated logarithm.

In [4], we applied the latter upper bound to Waring type problems, showing that, for certain
integer vectors (2,/1,...,4;) € N*t+1) gatisfying 1/2 + > 1<j<t 1/¢; = 1, the number of integers n

not exceeding x and representable by the form mg + 3, m? is > x/(log, x)%/2.

Given z > 0, we let M, denote the class of those non-negative multiplicative functions p that are
bounded on the set of prime powers and satisfy, for suitable ¢ = ¢(0) > 0,

(1-1) > o(p)logp = 2y + O((logyy)c> (v =>2).

We then have

Z W:H<1+Q;m)x(logx)z (x> 2).

P+(n)<z p<az

Here and throughout, p denotes the Mdobius function, the letter p denotes a prime number. A
standard instance of an element of M, is the function defined by o(n) := 2<("),
In this work, we investigate upper bounds for the weighted moments

(1-2) St o) = Z o(n)A(n)* t=1l,0eM,, x>1).

n<x

Here and in the sequel, ¢ and z are fixed parameters, o € M, and implicit constants may depend
upon ¢ and p. Estimates for Sy ,(z) are potentially useful for determining dominant values of
o(n)A(n) in certain averages. In [17], this was used with ¢t = 1 4 ¢, for arbitrary small e.
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Writing 8 = B(t,2) := 2tz — t, 2z, := t/(2¢ — 1), we have, for real t > 1,

(1.3) .’E(lOg.’E)maX{B’Z}_l < S, g(-’L') < m(logx)max{ﬁ,z}—le{fc—&-o(l)}\/(log2 x)loggz’
with
2t if z > z,
T 21— Tog(1/2)/Togy 2 if 2 < 2.

The upper bound is proved in [9](1) while the lower bound follows from the inequality (see, e.g.,
[10; th. 60])

7(n)
(1-4) A(n) = maX{L m} (n>=1).

Our approach to bounding S; ,(x) is primarily based on an iterative procedure restricting the
parameter ¢ to integer values. While the induction step is based on the method developed in [12],
the initialization turns out to be non trivial and necessitates new ideas—see Propositions 4.1
and 6.1 infra. The extension to real values of the exponent is derived secondarily by exploiting the
flexibility offered by the parameter z.

We obtain the following results. Here and in the sequel, we let § = §(¢,2) := 1g=, = 1,—,,.

Theorem 1.1. Lett > 1, z >0, and o € M.
(i) For z > z and all large z, we have

(1-5) S o(x) < x(log )"~ (logy )1 H9.
(ii) For 0 < z < z and all large z, we have
(1-6) S;.o(x) < x(logx)**(logy )12/,

where s > t is defined by z; = z.

5/2

Remarks. (1) As shown in [3], the upper bound (1-5) can be improved to z(log, z)°/¢ in the case

z=t=1

(ii) As will be clear from the proofs, all our estimates are locally uniform in z and ¢ in the
complement of the line 8 = z. In any admissible compact domain in (z,t), they only depend on
the constants involved in (1-1).

Inserting (1-5) into the proof of [13; cor. 4] readily yields the following statement, where [3; th. 1.1]
has been taken into account for the case t = 1.

Corollary 1.2. Let F € Z[X] be irreducible with no fixed prime divisor. Then, for any t > 1
and € > 0, we have

Z A(|F(n)|)t < y(log 2)PED =1 (log, z)tH1+3(t1)/2
z<n<x+y

provided z* <y < .

For exponents at least equal to 2 and sufficiently large z, we obtain the true order of magnitude.
Theorem 1.3. Lett >2, z > z; :=t/(2" — 21/2) = 2,(1 + 27%/?), p € M. We have
(1-7) S o(x) < x(logz)?~! (x> 2).

We have z3 = 1. This motivates the next statement.
Theorem 1.4. Let p € My. We have

(1-8) Sa () = Z o(n)A(n)? < z(log z)(logy )+/logs x (x > 16).
n<
This last estimate improves by a factor essentially log,z the current upper bound for the
quadratic mean-value of the Delta-function: see [3; th. 1.2] where an argument from [10] is made
explicit.
From (1-8) and [13; th. 1], we derive the following corollary, which seems out of reach by standard
techniques.

Corollary 1.5. Let ¢ €]0,1[. Uniformly for N > 1, x > 3, 2° < y < x, we have

> (VCHJJ _ hmfn}J) < y(log z)(log, 2)/Togs 2.

[m, n]
N<m,n<2N

1. The proof of [9] is written for o(n) := 2¢() but it readily extends to o € M.
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2. Notation

Put
Ei={nz1:un)?*=1} n,:= [[ » (021,921,
pln, p<y

Given t > 0 and T > 2, put

1
(2:1) b="b;, = Fologa— 1’
. log, 3y — by, log T)?
(2:2) Fr(y) = emin (tog(T1og ), LM ZIETEY ),

where ¢ is a strictly positive constant to be chosen sufficiently small in the sequel.
Define

(2:3) By ={ne€E:7(ny) < e "WTlog3y (y > 1)},
<

Ny
Er = {n € E:71(ny) <Tlog3y (y > 1)}

It is useful to bear in mind that n € EtTZ implies that d € E}Z for any divisor d of n.

Let P (n)—resp. P~ (n)—denote the largest—resp. the smallest—prime factor of n > 1 with
the convention that P (1) := 1, P~(1) = oo. Given z > 2, we consider the probability P, , defined
on E by

Py o({n)) = 9?)2 iy (148 = B () <)

and let E, , denote the corresponding expectation.

Throughout this article, the symbol Y.* indicates a summation over squarefree integers whose
prime factors are restricted to the interval [2,z[. For the sake of future reference, we note that,
if p € M,, then

(2:4) > M = (logz)*  (z>2).

n>1

3. Basic lemmas

Lemma 3.1. Lett > 1, z >0 and p € M,. We have
(3-1) Si o(z) < x(log3z)" ' E, ,(AY) (z >1).

Proof. This is a trivial extension of [10; th.61]. We omit the details. O

As in [12], the first step to the proof of Theorem 1.1 consists in defining a set of integers with
useful multiplicative constraints.

The next lemma is analogous to [12; prop. 4.1]. The essential feature consists in bounding
P, o(E ~ E%?) by a multiple of 1/T*. The fact that the resulting estimate is trivial for small T will
have no consequence.

Recall notation z; := t/(2! — 1), so that z = z; if, and only if, 3 = 2.

Lemma 3.2. Lett > 1, z > z;. We have

(log z)P—=

(3-2) Poo(E~ Br) <P o(E N Eff) < =

(x >3, T >=3).

Proof. We may assume 7% > (log 3x)?~ since the stated estimate is otherwise trivial. Put

1 (1 log T — fT(y))

Fy,z = log 2 log, 3y

and note right away that, since fr(y) < clogT + clog, 3y, we have

t+(1-0B-2)—ct _(1-0@2 -1z (2'-1)

3-3 2 = =
(3:3) "y, tlog2 tlog2 tlog2

—0(c) > z,

provided 1 < y < x and ¢ is chosen sufficiently small.
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We have

E;ZT =B n{n=1:Ptn) <z} ={ncE: P (n) <z sup (w(n,)/log,3y) < ry..}.
1<y<z

Ifne EX EtTZI, then w(n) > ky . logy 3y — ¢ for some absolute constant ¢ and all y in a suitable
interval [yo, y3] with yo < x. Therefore,

e d
Yy
1E\E?.Z (n) < / Z logm)=k—7—5>

log 3
Yo k>nyzlog23y c ylog sy

P, ,(E ~ Ei) < / 3 i(z@)kgw dy
z,0 log3z k! P —n ylog 3y

k>kKy logy 3y—c T p<y

< / i dy
1 y(log3y)1+2QUsw.=/2) | /log, 3y’

where Q(v) :=vlogv—v+1 (v > 0). Here the sum over k has been estimated by a standard bound
for partial sums of the exponential series such as [14; lemma 4.7], taking (3-3) into account. Now
observe that

Q2" =2'1og2" — 2" +1, Q'(2") =1log?2", Q"(v)>1

for some v = 92" + (1 — ¥)k, . /2 with 0 < ¢ < 1. Therefore, there is a constant ¢y = ¢o(z,t) > 0
such that

14 2Q(Ky,2/2) 2 14 2Q(2") + (ky,» — 2°2)Q"(2") + ¢ (ky,» — 2tz)2

=1+4+2—-22+ Ky,zt1082 + ¢o(ky,» — 2! 2)?
t(log T — fr(y))

-1 _
+z—0+ log 3y

+ Co(ﬂyyz — Qtz)z,

whence

(log 3y)1+zQ(my,Z/z) > Tt(log 3y)1+zfﬁeffT(y)+c0(ny,z727‘z)2 log, 3y.

However, writing D := blogT — log, 3y with notation (2-1), we have

D fry)
btlog2 log2

(Ky,» — 2'2)log, 3y =

If D < logT, and so log, 3y < logT hence fr(y) < ¢D?/logT < ¢D, the above quantity is > D,
which implies

(3-4) co(kiy,. —2'2)" logy 3y > (t+ 1) fr(y)

for a suitable choice of ¢. Now, if log 7" < ¢ D for a small constant ¢;, we must have log T < log, 3y,
and so fr(y) < c¢D?/log, 3y, which again implies (3-4) provided ¢ is chosen sufficiently small.
Therefore,

1 /% (logy)B—*—le—fr(v) 1 Bz
P, (E\Etz)<<—/ (logy) ° dy < (log32)77*

Tt y+/logy 3y T

The last upper bound is clear if 8 < z. In the case 8 = z, it follows by splitting the integral at
expT?/? and expT2°, say. O

Remark. The factor e=/7() appearing in the definition (2-3) of the set Eth will only be useful in
the case 8 = z, i.e. z = z. However, this will turn out to be crucial in the proof of part (ii) of
Theorem 1.1.
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4. Moments of quadratic moments

In all the sequel, we write § = §(t,2) := 1g=, = 1,=,.
Proposition 4.1. Let z>0and p e M,.

(i) If t € R™™, 2 > z, we have
(4-1) E,o(ML/7") > (logx)?~* (x> 3).
(ii) If t € N*, z > 2, we have
(4-2) E, o (Mi/7") < (logz)?~*(log, x)° (x = 3),

Eu (g =My /) < T(logz)’™*  (T'23,2>3).
If moreover z > z;, then
(4-4) Euo(1p, Myt /) < T(logz)?~* (T >3, 2> 3).

Proof. (i) Put 7(n, ) := 3y, d” (n > 1,9 € R). By Parseval’s formula (see [10; (6.23)]) we have
1 2
(4:5) Mln) / (90 4
0

Estimate (4-1) follows from the observation that, for = > 3, u(n)? = 1, P*(n) < x, we have

|7(n, 9)[?

7(n)

= log p)?
= g{l +cos(dlogp)} = 7(n) pll_T[L (1 — m) (0<9<1/logx).

Indeed, we infer from this and (4-5) that

WE o(n (logp)?
o < 2) logl‘zﬂz H( 4(log )2 )

pln
> T {ZQ (1= 1325) = s

p<x

where we used (1-1) to estimate the last sum over p.
(ii) First apply (4-5) to get

Mt 9. 2
Ex'“Q( - / ) H ‘T(n) ])‘ d’l9
T loggc 9e[0,1]* >1 7(n)

1<t

1 / o(p 7(p;9;)[?
= exp do.
(logz)* 9e[0,1]t { Z H 2

p<x 1<Kt

(4-6)

At this stage some notation is necessary. We use those of [1]. Given an integer s > 1, we
designate by {e; : 1 < j < s} the canonical basis of R® and by W, the set of linear forms
w e L*(R?) := L(R®,R) such that w(e;) € {—1,0,1} for all j. Note that Og«gs) € W,. We define
the length of w € Wy by

(4-7) jwl =Y (el

1<5<s
Given a prime number p and ¥ € R?, we have
|7(p; 905) 1 _ 1/ i i cos (w(ﬁ) logp)
11 =7 = 1L st = 3, ==
1<5<t 1<5<t weW,

In view of the estimate

o(p) cos(¢logp) logy
(4-8) I;jf—ﬁog (m)+0(1) (y=>2,0<y <1,
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that follows from (1-1) by partial summation, we derive that

7(p; ¥;)|? cos w(P)lo
Z@(p) I I(p2 ) 3 Q\w\z (9)logp)

p<zT p 1<5<t weW, p<x
z log x
=S —}10g(1+—>+0(1).
o=t 20| 1+ |w(9)|logz
Defining
X z/21!
4-9 I (X / 7) ddy,
(49) o] ng I ()]

we get, after homothetical change of variables,

M} I; .(log x)
E 2 = VIO
’9< Tt ) (log x)*t

It hence remains to evaluate I; .(X), bearing in mind that

(4-10) > |w\ Z 2 2 1=2 ()

weWy o<yt TU€|Wt o< <t
w|=]
We claim that
(411) Ii.(X) X2tz/ I (——— )Z/Q‘w‘dﬂ X% (log X)?
. . =< = o s
0,X]" L+ [w(9)] :

which plainly implies (4-2).
Let us first establish the lower bound included in (4-11). Since we plainly have w(d) < 9, if

0< 20,/4"77 <9y <9 /47 (1K<t

and since the subsum of (4-10) corresponding to non-zero forms equals 2¢ — 1, the integral is

S /Xdﬁt
) 19§2f—1)z—(t—1)

This yields the lower bound included in (4-11).

We now prove the upper bound included in (4-11). We may assume z; < z < z;_1 since the
integrand is a non-increasing function of z. The first step consists in associating to each ¥ €]0, +ool*
a basis By of L(R?, R)N'W; constructed in the following way : w; is the non-zero linear form of W;
minimising |w(¥)|, we minimises |w ()| on W, \ Vect(wy ), and for each index k € [1, ], the form wy,
minimises |w(d)| on W, \ Vect(wy, wa, ..., wk_1).

The set B :={B € Wi : 39 €]0,00[": B = By} is finite. Let us assume temporarily that, for any
basis B = (w1, ws,...,w;) in B, we have

N
N

1 X
(4-12) cx = cp(B) = > ST S 2F -1 1<k,
weWNVect (w1 ,wa,...,wk)
w#0

This is shown in Lemma 4.2 below.
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Given a basis B in B, consider the domain

(4-13) D(B) := {9 € [0, X]" : By = B}.
We have
1 >z/2‘w z(cj—cj—1)
I Gow) < I Goown) (9 € D(B)),
weWy 1+ |’LU(’l9)‘ 1<t 1+ |wJ |
where ¢; = ¢; (B) (1 < j < t) and, by convention, ¢y = 0. Performing the change of variables
@ = (w1(F),...,w (1)), and noting that the associated Jacobian is constant, we get

(4 14) / H ( 1 )Z/2|w|d,'9 < / H ( 1 )Z(Cj*C]’_l) q
. _ L ®.
D(B) wew, L+ [w(9)] lpr| < Slee|SEX 1 gy L+ |<'Oj‘

Integrate successively according to variables @1, @9, etc. As 2(27 — 1) < j for all j < t — 1, we
obtain at step k, a term

(4-15) < H (1|)Z(Cjcj—1) 1

k+1<j<t 1+ |S0j 1+ |g0k+1|20k+17k

At the last stage, we get that the right-hand side of (4-14) is

tX

dﬁPt 5

<</ o) < (log X)°.
0 14+

This implies (4-11), as required.

It remains to establish (4-3) and (4-4). To this end, we adapt the approach of [3; prop. 2.1]. We
focus on (4-3) for z = z;, and leave the proof of (4-4) for z > 2, to the reader, noting that this
implies (4-3) for z > z;. We have

Mt 1 . g(n) 7 (n; 9,) 2
. Egp ]- t,z 2 << / - 77](:1"9
(4-16) ( i +> (087 Jocpuins 2 I =

n
nEEL* 1<G<t+1

Consider the map described earlier associating to each ¥ €]0,1['*! a basis By of L(R'F1 R)
and recall that the set B := {B € W] : 39 €]0,00[*!: By = B} is finite. Given B € B,
define the domain D(B) := {J € [0, 1]’5"’1 By = B} and let I(D(B)) designate the restriction
to D(B) of the integral in (4-16). In this subintegral, we may perform the change of variables
¢ = (w1(Y),...,w41(F)), where, as previously, the w; are the linear forms furnishing the
successive minima of the lengthes |w(®)| as w runs through £(R'*! R). Parallel to computations
performed in [3], and, here and throughout, writing y; := exp(1/|¢¢|) for notational simplicity, we
then consider the set of integers

1 ledr(ng,) _ 1
Do sl 7) c gl 27 T Te—fr(w) Son (h,0>0)
h,e\Pt, Pt+13 =3 n : £ = U).
T 1 ‘(pt+1|T(nyt+1) i
20+1 Te—fr(yes1) 9L

Let Jp,,¢0(D(B)) denote the contribution to I(D(B)) of the subsum corresponding to those n
ranging in Dp, ¢(¢r, i41;T). Each integer n appearing in the summation satisfies w(n;yi41) =
re(pe11) for a suitable integer r¢(¢¢41). Multiplying the general term by

Te*fT(yt)/Q*fT(ytJrﬂ/?
2(ht0)/2 \/T(nyt)T(”yt+1)|<Pt<Pt+1|

does not change the order of magnitude. Therefore

T d —fr(ye+1)/2 9.2
31.e(D(B) < g7 |, oln)e [0, 4
9eD(B) n>1 \/T(nyt)T<nyt+1)\/|(pt¢t+l| 1<i<t+1 T(TL)

n€Dp o (et pt+15T)
w(n3ye4+1)=re(Pr41)

T ) 17 (p;95)|2 r(gesn)/2
< gt [ o | S O b I .
2R Sy i pVTR)Tn) ] VipeernllogM/leenl)
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Denote the last integral by I(D(B)). By (4-8) and (4-10), we have, uniformly for ¥ € D(B),

exp{z H 2|7’ p; U }
p<a PVT (y.)T pyt“ 1< <41
o(p) cos ( 19)1 ogp
< exp{ > 2|w‘ > ) o log(1/|ps1]) — zas log(| @t/ @r41])

wEWs 1 P
< H (1 + 10g$ )Z(ijcjfl)ha 1|22t ( |(pt‘ )Zat
T a1 t T )
1+ |w;(9)[logx " [y

1<j<t+1

where we have put a; := {21 — (c;41 — ¢)}/V2 = (1 + ¢;)/v/2, by (4-10) with ¢ + 1 in place
of t. Exploiting the change of variables ¢ = (w1 (9),...,w1(9)) and recalling definition (4-12)
for ¢; = ¢j(B), keeping in mind that here B has dimension ¢ + 1, we obtain

1 z(ej—cj—1) . za;—1/2 o= fr(yes1)/2
B [T () ()
(108;30 K<ttt 1+ [ Pe+1 log(1/ps11)

where H = {p € R : 0 < 1 < ... < @11} Parallel to (4-15), we integrate successively
according to variables ¢1, @2, etc. By Lemma 4.2, we have zc; < 2(20 —1) < jforall j <t—1
since z = z;. Thus, at step k <t — 1, we obtain a term

< H 1 )Z(Cj—cj—1)(pfil_l(gpt/gpt_,'_l)zat—1/26—fT(yt+1)/2.
. zc —k
hpi<j<te LT P L+ V1og(1/or1)

At step t — 1 the above product is empty. By (4-10), we have ¢; 1 = 271 — 1, and also 22! —t = 2
as z = z;. We get

2t—1 zat—l/Q —fr(yt+1)/2

14 ot/ Pr+1)
[(D(B)) < (loga)* // 11 (pe/ e (2+ — dpit1
0<pi<pupr (14 @p)%ee ™ t+1(1+ ) IOg(l/QDt-s-l)

(1 ) / e~ fr(yis1)/2 d (1 )
ogxr i1 < (logz)?,
0 (T4 @ir1)y/log(1/¢it1)

where the inequality za; — 1/2 — (z¢; — t) > 0 has been taken into account in order to justify the
integration according to ;.
Summing T35, ¢(D(B))/{20"*+9/2(log 2)} over h, £, and B yields (4-3). O

Lemma 4.2. Let t € N*. For any basis B in B, we have
(4-17) a(B)<2k—1  (A<k<t).

Proof. Let us first observe that W; N Vect(w;) = {0,%w;}, hence ¢1(B) < 1, with equality
if |wi| = 1, i.e. if wy belongs to the canonical dual basis {e}};_; of R". Inequality (4-17) hence
holds for £ = 1.

When k = t, we have W; N Vect(wy,ws, ..., w;) = W;. Inequality (4-17) is then an immediate
consequence of (4-10), bearing in mind that the zero form is not counted by the left-hand side
of (4-17).

Next, note that inequality (4-17) is actually an equality if Vect(wq, w2, ..., wy) = Vect(e} ;5 € J)
with |J| = k. Indeed, we then have

(4-18) Wy N Vect(wy, wa, ..., w) = Wy N Vect(e] ;5 € J) {Za]e],oz] e {-1,0,1}(Vj € J)}
JjeJ
whence

3 ST = 2ih > 1= > <:>=2’f—1.

wEW,NVect (e} 5j€J) 1<h<k & weWsnVect(el ;j€J) 1<h<k
w#0 lw|=h



On moments of the Erdés—Hooley Delta-function 9

We prove inequality (4-17) by double induction on k and ¢. Integers k and ¢ being fixed such
that 1 < k < t, denote by 3 (¢) the hypothesis that any base B in W, satisfies cx(B) < 2F — 1.

By our first remark, 3(; (¢) holds for all ¢ > 1. Let then t > 2 and k € [2,t]. Assume that Fs(s) is
satisfied for all ¢ € [1,s] if s < ¢ and for all £ in [1,k — 1] if s = ¢. We then have to verify H(t). To
this end, consider a basis B = {wj}z-:l in W; and put Vi := W, N Vect(wy, ..., wg). Let uy € Vi
be a non-zero vector of minimal length.(®) Define

Vii={veV, :Vj<t (ui(ej) #0) = (v(ej) =0)}.

The set V) is the intersection of W, with a linear space. It always contains the zero form.

If rank V] = k — 1, let (vq,...,v;) be a subset of independent vectors in V} chosen in such a
way that any form v in Vj is uniquely representable as a sum v = aqu; + w with ag € {—1,0,1},
w € Vect(va, ..., vg), and |v| = |aq||ur| + |w|. Tt follows that

1 1
< — - -
(B) < g * > Sl T 1w
o €{—1,0,1}
weWNVect(va,...,vk)
w#0
1 1 1
S 9lur|—1 + (1 + 2|u1\—1) Z 9[w|
weWNVect(va,...,vr)
w#0
1 1 k-1 _ ok—1 1 k
g (U g )@ D=2 (1 ) S <2,

where the induction hypothesis has been used for bounding the last sum upon w, and where
the trivial lower bound |us| > 1 has been taken into account. Note that the inequality is strict
If rank V) < k — 1, let h be an index such that wi(ep) # 0. Each linear form w; is uniquely
representable as w; = ajef +v; with a; € {—1,0,1} and vj(ep) = 0 for all 1 < j < ¢. The forms v;
may be considered as elements of £*(R!~1).
Note that rank(vy,...,v;) € {k—1, k} since rank(vy, ..., vk, ) = k. If rank(vq,...,08) =k —1,

then v1 € Vect(va,. .., vx) hence e} € Vect(ws,...,wy). We may then apply the conclusion of the
case rank V) = k — 1 by selecting u; = ej.
Since H;(t) always holds, we may assume k < ¢. If rank(vy,...,vg) = k, this family satisfies

Hi(t — 1), whence

Z 2|1U‘ <2k 1.

veEWNVect(v1,...,vk)

v#0
The elements w of V;, may hence be written as w = aej,+v with v € Vect(ve, ..., vg), o € {—1,0,1},
and [v] = [af + [v]. We write w =3, ;) zjw; = aej, + v with
v = Z xvj, a= Z zja; € {—1,0,1}.
1<5<k 1<5<k

By the hypothesis rank(vy, ..., v;) = k, the z; are completely determined by v, hence also the w
and «. In particular, v = 0 if, and only if, w = 0. We therefore have

1 1 1
Z olw — Z olv[+]e| < Z 2[v] <2 -1

weWNVect(ws,...,wg) veEWNVect(v1,...,vx) veEWNVect(v1,...,v)
w#0 v#0 v#0
ac{-1,0,1}

This furnishes the required inequality at rank k and so completes the proof of 3, (t). Note that in
this case the inequality is strict because at least one w is such that « # 0. a

2. This minimality is not stricto sensu necessary but it helps fixing ideas.
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5. A functional inequality

Denote by P the set of all prime numbers. Consider a non-negative arithmetic function f
supported on the set of squarefree integers. Assume furthermore that f(1) = 1 and that, for a
suitable function w : N* x P — RT vanishing if the first variable is not squarefree, we have

(5-1) flmp) < f(m) +w(m,p)  (m>1,pfm).
The following lemma furnishes a useful bound for
_ 5~ o)
n
n>1

It has been established in [12] for ¢ = 1, and hence z = 1—see also [3].
Lemma 5.1. Let z > 0 and 9 € M,. For f, w satisfying (5-1), we have

o(m o(p 2] dy
(5:2) G <1+ / yem g e

m>1 f<p<y

We shall show that (5-2) holds for f = 15M; /7" with 1 <7 <t and ¢ > 3, where S is some set
of integers such that (mp € S) = (m € 5).

Proof. Writing n = mp with P*(m) < p, we get

<14y elmitn),
p<xmz>=1
Applying (5-1) when p(pm)? = 1 yields

)<1e Yy LRI ) 5 oBT) )

p<rm2>=1 p<x

with

1+Z ZQ

p<z

Iterating this as in [12] and taking (2-4) into account, we get

Fa) < Vi) + Y ”2(”)9(”)”‘/(13_( < V(z +ZQ (ﬁiz) :
2<P(n)<z p<x

whence

F@) o V(@) +ZQ(P)V(P).

(53) (log Q:)Z (log 1’)z p(lng)z

Indeed, at the first step we obtain

F
T Q(p)p (p) < Z

[ 5 T )

p<z p1<z p2<p1
then
o(p <y L < s o(p1p2) { 3 o(p3)F (pa) v })
Y. p2)
p<z P1<$ p2<p1 p3<p2
o(p1)V(p1) DP1p2 o(p1p2p3)F (p3
<3 +z*>+2—< T
p1<z p2<p1<z P1p2 pa<p2<pi<z P1P2Ps3
and so on.

Since n, = n, when P*(n) < p <y < p?, we may write, still following [12],

Vi) <1+3. ) o(p)o(m)w(m, p) /p dy

e pm ylog 3y
22 v
d
. / Zg(m) 3 o(pw(im,p) dy
1 ~om p ylog 3y

VYSP<y
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Inverting summation and integration in (5-3) and appealing to the uniform bound

Z o(p) - < 1

Vicne, Pogp)®  (logy)*”

stemming from (1-1), we obtain (5-2) as stated. O

6. Bounding integral moments for bounded g
Define

(6-1) My(n) == /]R{A(n,u)q du (n=21,¢=21).

In section 8 below, we generalize the method displayed in [12], which is based on bound-
ing E;1(1sM,/7) for sets S of decreasing size and applying Markov’s inequality to estimate
Py1(M,/7 > T). The approach may easily be adapted in order to include a weight o. However,
the initialisation step requires a bound for P, ,(M,/7 > T') decreasing as 1/T". This is provided
by estimating E, ,(1sM./7"). The generality introduced in Lemma 5.1 then enables an iteration
of the process.

This section is devoted to establishing this initialization step in the case of integral ¢. In the next
section, the result is extended to real t.

We now describe the sets S needed in further estimates for conditional expectations.

Let v € {0,1} and {9];}32, € (RT)" denote a sequence such that 9 ;, = 97, = 1. Define
further

(6-2) Hif = {ne€BEr:Mjn)<t(n)d;r (1<j<q},
(6-3) Hél;’q ={ne ER?: Mj(n) <7(n)djr (1<j< q)},
(6-4) Hp™® = Hp3Y,

so that Hy. = Hy_ = Er.

Note that, by (6-12) infra, M;(n)/(n) is multiplicatively increasing, so if n € H%>? then any
divisor of n also lies in Hy*7.

The quantities ¥ 7 will be formally defined later—see (9-1). For now, we only specify that

(65) dor = =1, Bor =< T(logT), V7 <; T TlogT)U=Y (5> 3).

When conditioning over H%A/, we shall need estimates with v =1 when § = 1.
Recall notation " and put

x

12,q—1 n)My(n)
' >:pH(1+91()/p) 2 Q(n)j\({i)('

t,z,q—1
neHy

e M,
(6:6) Tra(w5q) = Pop (Hp™ " )Ea (=2

Proposition 8.1 below furnishes a recursive bound for T; ,(x; ¢). The initialisation step described
above requires a more general estimate that will only be used for bounded values of q.
We thus consider the quantities

67)  &).(xiq) = Pz,g(H%,;)Em,g(

My
7'fH%71> :H(l—l—g /p) e%:_ QnT)()

Note that the conditioning is over H%fyl: we shall exploit the fact that this does not depend on ¢
nor z.

Proposition 6.1. Lett € N*, r e N*N[1,t], z € RT, p e M, ¢ > 3, v € {0,1}, and assume

z2z ify=1,
(6-8) {z>zt if v=0.

The sets H%'ﬁ being defined by (6-3) with ¥, satisfying (6-5), we have, uniformly for T > 2,
T > 2,

(6-9) &7 . (2:9) < T (log 7)Y (log )%
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Proof. Put
(6-10) Njq(n,v) = / Aln,u) Alnyu—logv)?™du (n>1,v>1,1<j<q)
R
(6-11) Woln,v) = 3. (;?)Nj,q(n,u) <27'M,(n) (n=1,v3>1).
1<5<q/2
From [15; (17)], we have
(6:12) 2Mg(n) < My(np) < 2My(n) +2Wy(n,p) < 2°My(n) (pfn),
and so
. M,(n) _ My(np) My(n) Weyln,p) g—1My(n) "
(6-13) 7(n) S 7(np) S 7(n) + 7(n) <2 7(n) (pfmn).

For ¢ > 2 and any v > 1, we also have
(6-14) W,y (n,v) <2771 / A(n, u)A(n,u —logv){A(n,u —logv)?™? + A(n,u)?"?} du.
i

Define f := 1pa- 1MT/T By (6-13) and the inequality (a + b)" < a” + O(ba" ') valid for b < a,
we have, for a sultable constant Cy ,

Wy(n,p)
7(n)

f(np) < f(n) +Cy,r 11—1%—71 (n)

Lemma 5.1 is applicable to o € M, and w defined by

Wq(m,p)

w(m,p) = Wq,r(map) = Cqﬂ’ T(m) i T<m>7-

Moreover, appealing to (6-10) and (6-14), we get, for all m > 1,

M. M r—1

(6-15) /qu(m’ev) dv < 24 1(m) i(f”) .
R 7(m)”
It follows that
z2 Y
W, -(m, d
S) . (z:9) < 1+/ > olm) wr (M) Y T
’ 1 .om p  y(log3y)
meHy, VYSP<y

whence, by partial integration—see (8-4) infra—,

2

T2 .(y5q)
6-16 S (- 1 _TmzA
(616) re(@ ) < +/1 y(log 3y)?+>
where we have set

M r—1
(6-17) Z) (y;q) == /qu (m,e”)dv < Z (m)r:j(m)
mGHq L mEHq L (m)

We now set out to proving (6-9) by induction on r > 1.

First fix v = 0 and assume z > z.

The initialisation step, corresponding to r = 1, is established by induction on ¢ > 3. By (4-2),
(6-4), and (6-5), we have

79 .(y:3) < i W < Tlogy i W < T(logy)? .

Carrying back into (6-16) yields (6-9) since § > z. This establishes (6-9) for r =1,¢t > 1, ¢ = 3,
z > Zt.

meHT meHTr
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Next, under the assumption that (6-9) holds for ¢ —1 > 3, r =1, ¢ > 1, we apply the hypothesis
7(m) < T'logy (m € Er) to derive from (6-17) that

79 (y;q) < T(log3y)* ™' &Y (w59 — 1) < T7 *(log 3y)°+1.

This furnishes the required estimate at rank ¢ and thereby establishes (6-9) forr =1,¢ > 1, ¢ > 3,
z > Zt.

Consider now r > 2 and assume that (6-9) holds for r — 1, ¢ > 3, ¢t > r, 2 > z;. We need an
upper bound for Z{ _(y; ¢,r). By (6-4) and (6-5), we have My_1(n) < Uq_1,77(n), which yields

o( My(m)r—1 .
Z) (y;q) < T2 Z )m(T(in)ffl L ?(log 3y)**&,)_1 2. (7; ).
meHT 1

Since 2z; > 21 for t > 1 and 8(2z,¢t—1) = S+ 1, the induction hypothesis is applicable to bound
the last quantity. We obtain

(6-18) Z2(y;q) < T2 (log y) 1.

Carrying back into (6-16) provides the required bound (6-9).

Let us now fix v = 1 and assume z > z;. To establish initialisation step, corresponding to r =1,
we again proceed by induction on ¢ > 3. If ¢ = 3, we consider three cases: (i) z > z, (ii) z = 2
and t > 2, (ili) z=2 =1and t = 1.

In case (i), i.e. z > z;, we deduce from (4-2), (6-2) and (6-5) that

Z (y:3) < i W < Tlogy Xy: W < T(logy) L.

meHT meHr

Carrying back into (6-16), we get (6-9).
In case (ii), i.e. z =z, t > 2, we have

y
le,z:t (y;3) < T Z W < T(log 3y)?*.

Since z; < 1 for ¢ > 2, the integral in (6-16) is bounded and (6-9) holds.
In the last case (iii), i.e. t = z = z; = r = 1, we have

) min ( ,/T7(m)log3 T3/2(log 3y)?
<<TZ (m), yTr(m)log3y) _ (log 3y)

Z1,(y;3 .
L1 = m VT + (log 3y)3/2—V2

This implies that the integral in (6-16) is < log T by splitting it at (log ?;y)?’/zﬂ/§ =T.

This completes the proof of (6-9) in the case g =3, r=1,t > 1, z > z.

Now, assuming that (6-9) holds for ¢g—1 >3, r =1,t > 1, z > z, the hypothesis 7(m) < T'logy
(m € Er) enables us to deduce from (6-17) that

Z1 (y:q) < T(log3y)* &} ,(:q — 1,1) < T7 2(log T)7 2 (log 3y)***.

If 2 > 2, this furnishes the required estimate at rank ¢. If z = z;, we apply (6-5) in the form

Z1 . (yiq)

) < Z )min (7(m), /T7(m)log3y)  T3/2(log T)?2(log 3y)?*
" 1Tm>1 m VT + (log 3y)2—V2)z—1/2

Carrying back into (6-16) furnishes (6-9) at rank ¢. This completes the induction on ¢ and thus
initialises the induction by providing (6-9) forr=1,¢>3,t > 1, z > 2.

Next, consider r > 2 and assume that (6-9) holds for r — 1, ¢ > 3, t > r, z > 2. We need an
upper bound for Z} _(y; q). By (6-4) and (65), we have My_1(n) < ¥94—1,77(n), which yields

M r—1
Z} (y;q) < T *(log T)"~ Z o(m T(l m)
meHT ! )

< Tqu(log T)q 2(10g Sy) G%—I,QZ (l‘, q,T — 1)



14 R. DE LA BRETECHE & G. TENENBAUM

Since 2z > 21 for t > 1 and 8(2z,¢t—1) = S+ 1, the induction hypothesis is applicable to bound
the last quantity. We obtain

(6-19) Z} (y;q) < T2 (log T)'= 7~ (log y) *F1.

Carrying back into (6-16) provides the required bound (6-9) in the case z > z;. If z = 2, (6-19) is
insufficient since it would involve an extra factor logy, . We circumvent the difficulty by writing

(m)2btw(m) Mq (m)rf 1

Y
Zr,z(y; Q) < ﬁqfl,T Z o1

mr(m)r 1
mqu*1 ( )
Ql m)7 1
<<'(9q 1,T T10g3y Z W7
meHT | .

with o1(m) := o(m)(2z_1/2)%(™), so that o1 € M,,_,, and b; := {log(22¢/2:_1)}/log2. Applying
the induction hypothesis with (z;_1,¢ — 1) in place of (z,¢) and noting that S(t — 1, 2z;—1) = z¢—1,
we get

(6-20) Ziz(y; q) < Tr(a=2)+b: (]Og T)(q—l)r—l(log 3y)21—1+bt-

Observe that z;_1 + by < 2z + 1. Split then the integral in (6:16) at log3y = T with
A= b/(1 + 2 — ze—1 — b), applying (6-20) to the upper range and (6-19) to the lower range.
This yields

&} (z;9) < T" " (log T)' ¢ V" (log )" =

This completes the proof of Proposition 6.1 . a

7. Bounding real moments for bounded ¢

Recall definition (6-7). When the parameter ¢ is integral, Proposition 6.1 enables initialising the
induction conducted in the proof of Proposition 8.1 below by providing the upper bound (6-9) for
S, 2(z; q). The next statement extends this to real values of ¢ provided

2> 3, =2t /2t —1).

Note that 3; = z; if t € N*.

Lemma 7.1. Let 2> 0,1t >0, p € M,.
(i) Let ¢ > 3, v € {0,1}. Assume z > 3; if y =1, and z > 3; if v = 0. Then we have

(7-1) &) (w;q) < T2 (log T)" " V(loga)’*  (222,T >3).
(ii) Under condition z > 3;, we have furthermore
(7-2) &S] . (2;2) < (logz)’~* (x>2,T>3).

(iii) If z > 3y, the bound (4-3) holds. If z > 3; the bound (4-4) is satisfied, and, more accurately,
with ¢; := [t] —t,

(7-3) Em,g(lEtT,zMéﬂ/TH'l) < T(log z)f=#ecefr(@)/(It1+1) (x = 3).

Remark. When t is not integral, the assumption z > 3; implies z > z;.

Proof. (i) As noticed above, when ¢t € N*, estimate (7-1) follows from (6-9).
Assume then t € R* \ N, and put k := [t] > t. Let u, v be positive real numbers such that
uv = z. By Hélder’s inequality and (6-9) with r = ¢, we have, provided u*/* > 3, = k/(2F — 1),

Mécukw/t t/k phw/(k—t)

1—t/k _
. ) < Tta-2) (log x)B—z (log T)vt(q 1)
TR 2%

&7 .(w59) < Ew( pw
with : ;
Bi= (2Rb/ — k) £+ oM R (1 1)
“ RV k
Select u := 27 t(1=t/k) ;t/k 5o that B = 22 —t = 3. Observe that u*/* = 2t=%2. Hence condition
uF/t > 3, amounts to z > 2F7*k /(2% — 1) = 3;, and u*/* > 3} amounts to z > 3;. This furnishes
(7-1) under the stated hypotheses.
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(ii) Similarly, (7-2) follows from (4-2) on selecting the same value for wu.

(iii) Consider first the validity of (4-3) under the more general hypothesis z > 3;. Introducing
as previously parameters u, v such that z = uv. Writing u; := wF+1D/EHD gy = ¢/ (=) for
legibility, we have, appealing to the bound 2¢(") < T'log3xz (n € Ep, P*t(n) < z) and using (4-3)
for exponent k + 1,

® M2t+1 . M2k+1u¢f (t+1)/(k+1)]E v¢\ (k=1)/ (k+1)
vo\ ey i ) SEeo( lpp im0 w,g(ZTJ)

M§+1uj" (t+1)/(k+1) (h—t)/(641) o8\ (k=)/(k+1)
< Ezp (1E?ZT’“+12W (T'log x) Em,@((zz)w)
Selecting u := 2~ (k=D (E+D/ (k1) (t4+1)/(+1) and checking that 2%u; = 2'2 so that EL* = EEThU
we may conclude as previously. The proof that (4-4) is valid under the extended hypothesis z > 3,
is similar. Estimate (7-3) is derived by exploiting the condition 2w(n) e~ IT(®)T1og 3z, valid for
n e By, PT(n) <. 0

Lemma 7.2. Let z >0,t > 1, p € M,.

(i) Let ¢ > 3, v € {0,1}. Assume z > 2z, if y =1, and z > z if v = 0. Assume furthermore that
(6-8) holds. Then (7-1) persists.
(ii) If z > z the bounds (4-3) and (4-4) are satisfied. Moreover, if z > z;, we have

(7-4) Epo(1ge =M /7)) < T(log T)°/?(log z)P 7.

T
Proof. (i) We may plainly assume that ¢ is not an integer and hence that ¢ > 1. Arguing as for
(6-16), we get

2
“Z (g T)
7.5 &) (z; 1 Ttz
( ) t7z(‘r q) < +/1 y(log3y)2+z Yy

Appealing to the inequality M,_1(m) < Yq—1,77(m) taking (6-5) into account, we infer that
(7:6) 7] (y;q) < T *(log T)"'9?) (log 3y)**&]_, 5. (y).

Now, observe that 2z, > 3;_; since t > [t — 1].(3) We may hence deduce from (7-1) that
(77) &)1 (y39) < T2V (log T) D=0 (log 3y)7 122,

since B(t — 1,2z) = B(t,2) + 1 = B+ 1. Indeed, since 2z > z;_1, the bound for &,_; 2, is available
whenever v € {0,1}. Carrying back into (7-6), we obtain

Z] (y;q) < T"972) (log T) ' =D~ (log y) A1,

which yields the required estimate (7-1) by (7-5) provided 6 =0, andso 8+ 1— (2 +2) < —1. If
0 =1, 1ie z =z (hence v = 1), this is insufficient to get the expected bound. We get round the
difficulty by introducing a parameter 37 _; € ]31‘,—1, 23t_1] and writing

Y Arw(m) t—1
02(m)2* M,(m)
Ztl,z(y? q) < Vg-1,1 Z mT(m)tfql
meH;jll
Yy t—1
At Q2(m)M (m)
< Vg-1,7{T(log3y)} Z Wq)t—l
meHL !

with o2(m) := o(m)(3;_1/2:)°(™ and \; := {log(22:/3;_,)}/log 2. Taking (6-5) into account, the
bound (7-1) yields

(7-8) Z} (y; q) < THO2 2 (1og T) 1471777 (log 3y)H
with
Mt = B(t - 1)3:71) + )\t < Zt + 1)

provided 3j_; is chosen sufficiently close to 3:—1. To see the latter inequality, observe that

pe —z — 1 = ¢(a,b) = (a —b) — {log(a/b)}/log2 with a = f([t—1]), b = f(t), and
f(s):==s/(1=1/2%) > 1/log2. Since ¢(a,b) is a non-increasing function of @ and a > b > 1/log 2,
the inequality follows.

3. This follows from the fact that s +— s2°/(2° — 1) is increasing.
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Now split the integral in (7-5) at log3y = T% with v := A\¢/(1 + z: — pt), applying (7-8) to the
upper range and (7-7) to the lower range. This yields (7-1) as required.

(ii) Let us focus on proving (4-3) for real ¢ > 1, z > z;, and leave the proof of (4-4) for z > z to
the reader. We may plainly assume ¢ ¢ N*. Arguing as in the proof of (6-16), we get

t+1 22
g (rEM / Zu::T)_
A 1 y(log3y)2+= "

Zi(y:T) - Z o(m )t( )

meEt z

with now

Since 2z; > 3;—1, we may apply (7-3) with (2z,¢ — 1) in place of (z,t) to get
Zy.(y; T) < T(logy) HFe=(H1=0fr(w)/([11+1)

This implies
Es o (]_E;,z M§+1/7't+1) < T(log T)‘S/Q(log z)P ==,

8. Bounding moments inductively

We are now in a position to obtain a bound for T; .(x; ¢), as defined in (6-6), that is uniform in
x, T and q. Note that T, .(z;q) is a subsum of &} (x;q) if v = §. The initialisation step being
granted by Proposition 6.1 and Lemma 7.2, we can adapt the proof of [3; prop. 2.2], itself resting
upon [12; prop. 6.2]. The following result is actually valid whether or not the parameter ¢ is an
integer.

Proposition 8.1. Lett >0, z > z;, o € M., and let Cy be a sufficiently large absolute constant.
Assume 91,7 =1, and

Y| . R .
(8-1) 00 > j—;cg‘le‘l(logTW‘” (> 2),
q ﬁqT
(82) ( )ﬂ i < 2L (g2 3):
1<§1/2 PR GoT (log T)2
Then

Coﬂq7T(10g x)ﬁ_z

(8:3) Ti,2(7;9) < £T0

(¢ = max(t,3), 2 >2,T > 3).

Proof. We argue by induction on ¢ > max(¢,3). Albeit, in Lemmas 7.1 and 7.2, v may take two
values independently, we fix here v = §. By Lemma 7.2 with v = ¢ and (8:1), the required bound
holds for ¢ < ¢ < 2t, which initialises the induction.

We now assume ¢ > max(2t, 3).

By (6-12), the function lH;z,q—qu/T satisfies (5-1) with w(n,p) = IH;z,q_l(n)Wq(n,p)/T(n).
By partial integration and appeal to the Brun-Titchmarsh inequality as in [12; (6.9)], we get

_ oWo(m.p) 310g3y) q\ Mq—;(m)M;(m)
(84 > <(+207) X (5) T 0y
VISp<y 1<5<q/2
Applying Lemma 5.1, we therefore obtain

log 3 M,_;(m)M;(m
(85)  Talmag) <1+ Y] ()/ Z 1+2] §/4y) 7(71)( )y(1(<>g)3y)2(+z)d

1<7<q/2 meHE!

The contribution of the term involving y~'/* may be handled as in [12], invoking the inequality

[eS) dy
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and using the trivial bound
My—j(m)M;(m) < My—1(m)My(m) < 7(m)? < T72(logy) "7 (m)?,

valid whenever m € Er and PT(m) < y. This provides an overall term at most C9¢!T9~2 where C
is a suitable absolute constant. By (8-1) we may choose Cy such that

C19!TI2 < C(C/Co) T P Vyor.7 < Ig1.7/2%.

Therefore, since 8 — z > 0,

2
9,_1.7(logz)’~* q /I Zqi(y, T)
T R : q s q,) ) d
t, (IE q) < 2(] + : : - 1 y(loggy)Q—i-z Y,

with

y
M,_; M;
Zq7j (y, T) — Z Q(m) q9—J (m) J (m) .
mEH;:Z’(Fl

We aim at establishing (8-3) by induction on ¢ > max(2t,3). By (6-4), we have, whenever m is

counted in Z ;,
M;(m) < 97T (log 3y) e~ (m cHT PP (m) <y, 1<j<q—1,y> 1).
Therefore
Zq3(y,T) < 0;rT(log3y) e ITWT, (y;9 — ).

For j < q/2, we have ¢ — j > ¢/2 > t. We may hence bound T; ,(y;q — j) by the induction
hypothesis. This yields

I
Z4i(y, T) < %Te 1) (log 3y) 1+,

whence

2
Gg_ iV 7 o= (W) (lop 3¢/)B—%—1 91 (1 B—2z
Ti2(759) < E <q> e ]’T/ © (log 3y) dy + 24 1,7 (log )

271 24
Vg r;1(log T)°/?
< Z q =27 ;’Tt(_(ig ) (log )P~
, J q*T
1<i<q/2
Under assumption (8-2), this implies (8-3). O

9. Proof of Theorem 1.1
Observe that the sequence defined by

(9'1) 19q>T = &

! —
2 (GCo)" T log T (g > 1),

satisfies (8-1) and (8-2) with v = §. From now on, we consider the sets H"? defined in (6-4).
By (3-2) and (7-4), we derive from using Markov’s inequality that, for z > z;

(log )P —=

(9-2) Puo(E ~ H:tpz) < Tt

(x>2,T>3).

Let us put A := C;T(log T)° and set out to establishing that, for fixed t > 1, z > z;, we have

(logz)?—*

(9:3) PW(A(n) > Alog, x) <2 (>3, T>1).

By (9-2), it is sufficient to show that

(log z)"—*

Poo(n € HiP, A > Mogyz) < =



18 R. DE LA BRETECHE & G. TENENBAUM

However, from (8-3), we have, for ¢ > 3,

Mq ’Ht,z,qfl (logl,)ﬂiz

ED&@Q(FI;“’Z’(F1 ~ H;_zz,q) < PLQ(H;"’MA)ELQ(% o 10T ) < T eTE

When 3 < g < t, we deduce from Lemma 7.2 that

M} G&,:(r)  (logz)’—*
P, (Htazaq_l \Ht7Z7Q) <P, <Ht’z’q_1)E$ ( q Ht,—%q—l) & q,t < 7
5@ T T 5@ T 5@ 197;7T7_t T ﬁZVT qQTt
and so
. (log )7~
(94) }P’%Q(E ~ ﬁqH; q) < O

Now observe that, if n € N,HY%*? and P*(n) < z, we have
A(n) < 2M,(n)/1 < 7(n)Y99,/% < qT(log T)® (log x) /9,

where the first inequality is [10; (5.56)]. Selecting ¢ = |log, 2] we deduce that, for a suitably large
constant C1, we have A(n) < Alog, z. Thus (9-3) follows from (9-4).

It remains to estimate E, ,(A?). We may assume trivially that 2(log, z) < A(n) < (logz)
Indeed, since A < 7, the contribution of A(n) > (logz)*2 * in B, ,(A") is bounded by

22t+t

Eoo(7*) _ (loga)™® "+

< log z)P~=.
(log z)#2"+t (log 22"+t < (loge)

The contribution of those integers n such that 29 < A(n)/(logy z) < 29+ is plainly

2t1 (log., )t (log )P~ *#
< 27(og, )2tj( gz)

= (logy )"’ (log )%
Summing over j < log, z, we finally get

Eqo(A") < (logy )+ (log )77,
Since, by Lemma 3.1, we have

Sto() = o(n)A(n)" < z(logz)™ 'Eq o(A"),

n<x

we obtain the upper bound of (1-5) as required.
To establish (1-6), we apply Holder’s inequality with parameters s/t and s/(s—t) and invoke (1-5)
with t = s, § = 1, yielding

s\1t/s
E,o(AY) < {E, o(A)}* < (logy )2/,

10. Proof of Theorem 1.3
Write t = 2s with s > 1. By [10; Exercise 47] (see a proof in [3; §4]) we have

(10-1) A(n)? < 4Mjy(a)Ms(b) (ab=n),

and so Ma(a)* Ma(b)
. 2a€ 2 S
A(n)* < ZW

ab=n

Appealing to (6-9) with g1(n) := o(n)2¢5~D«(") we deduce that, provided 2°~'z > z,, we have

1 =1y M3 2 t 1)
]EI7Q(At) < (IOg l’)z {(10g 37)2 ]E%Ql (,7_52) } < (IOg .T)(2 1) t.

In view of (3-1) and (1-4), this furnishes the true order of magnitude.
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11. Proof of Theorem 1.4
Put x1(n) := lym)=k (n =1, k > 0), so that

(11-1) Eao(A%) = Eq o(A%x5).

k>0

The proof of (1-8) relies on the following bound.
Lemma 11.1. Let o € My. Uniformly for x > 3 and integer h > 1, we have

(11-2) Eq,o(Maxn/7) < 1.

Proof. By (4-5), we plainly have

Moy 1 1 0o(p){1 + cos(V¥1ogp)} h
Ew’g( T ><< h!logx/o (pg; P dv.

In view of (1-1), the contribution to the above integral of the range 0 < ¢ < 1/logx is, for a
suitable, absolute constant C,

ot O <1
The complementary contribution is
1 1 N o€ [2logyatC Y
< Mlogz /l/logac (logyz +1log1/9+C)" dY = i /10g2x+c u'e”"du < 1. 0

We are now in a position to complete the proof of Theorem 1.4.
Let £ > 0. For any z > 1, the contribution of k£ > 4(1 + ¢) logy « to (11-1) is

< Em,g (Zw(n)—4(1+e) log, xAZ) = O()gi?ﬁﬂbgz < (log $>4z—3—4(1+e) 10gz(10g2 m)?”

with now go(n) = o(n)z*). Selecting z = 1 + ¢, we get, for a suitable constant ¢ > 0,

Z Eu,o(A%xk) < (log x)l_c‘sz (logy ) < log ,
k>4(1+4-¢) log, x

provided € = g, := y/3logs x/clog, .
Similarly, bounding E, ,(A?) with 2z = 1 — &,, we see that the contribution to (11-1) of
kE<4(1—¢)logyzis < zlogx.

Only O( (logs x) logs ac) possible values of k remain. Each squarefree integer m such that
w(n) = k may be represented as n = ab with w(a) = |k/2] and w(b) = [k/2]. However, since
there are > 2¢(") /. /log, = representations of n as a product ab of the above form, we infer that

M. M.
E. o(A%x:) < (logz)y/log, 2 E, , (QXTM/QJ)EL@ (W) < (log z)+/log, z,

where the last estimate follows from (11-2). Summing over k, we get (1-8) as required.
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