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1. Introduction

For integer n > 1 and real u, put

∆(n, u) := |{d : d | n, eu < d 6 eu+1}|, ∆(n) := max
u∈R

∆(n, u).

Introduced by Erdős [5] (see also [6]) and studied by Hooley [11], the ∆-function and specifically
its (possibly weighted) mean-value proved very useful in several branches of number theory — see,
e.g., [16], [10], and [2] for further references. If τ(n) denotes the total number of divisors of n, then
∆(n)/τ(n) coincides with the concentration of the numbers log d, d|n.

Asymptotic estimates for

S(x) :=
∑
n6x

∆(n)

have a rather long history since Hooley’s pioneer work [11]: see [3] for references. Recent progress
regarding this mean-value is due to Koukoulopoulos and Tao [12], Ford, Koukoulopoulos and
Tao [8], and the authors [3]. The current best estimates are

x(log2 x)1+η+o(1) � S(x)� x(log2 x)5/2,

where η ≈ 0.353327, the lower and upper bounds being respectively proved in [8] and [3]. Here and
in the sequel we let logk denote the k-fold iterated logarithm.

In [4], we applied the latter upper bound to Waring type problems, showing that, for certain
integer vectors (2, `1, . . . , `t) ∈ N∗(t+1) satisfying 1/2 +

∑
16j6t 1/`j = 1, the number of integers n

not exceeding x and representable by the form m2
0 +

∑
16j6tm

`j
j is � x/(log2 x)5/2.

Given z > 0, we let Mz denote the class of those non-negative multiplicative functions % that are
bounded on the set of prime powers and satisfy, for suitable c = c(%) > 0,

(1·1)
∑
p6y

%(p) log p = zy +O
( y

(log y)c

)
(y > 2).

We then have ∑
P+(n)<x

µ(n)2%(n)

n
=
∏
p<x

(
1 +

%(p)

p

)
� (log x)z (x > 2).

Here and throughout, µ denotes the Möbius function, the letter p denotes a prime number. A
standard instance of an element of Mz is the function defined by %(n) := zω(n).

In this work, we investigate upper bounds for the weighted moments

(1·2) St,%(x) :=
∑
n6x

%(n)∆(n)t (t > 1, % ∈Mz, x > 1).

Here and in the sequel, t and z are fixed parameters, % ∈Mz, and implicit constants may depend
upon t and %. Estimates for St,%(x) are potentially useful for determining dominant values of
%(n)∆(n) in certain averages. In [17], this was used with t = 1 + ε, for arbitrary small ε.
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Writing β = β(t, z) := 2tz − t, zt := t/(2t − 1), we have, for real t > 1,

(1·3) x(log x)max{β,z}−1 � St,%(x)� x(log x)max{β,z}−1e{κ+o(1)}
√

(log2 x) log3 x,

with

κ :=

{
2t if z > zt,

2
√

1− log(1/z)/ log2 2 if z < zt.

The upper bound is proved in [9](1) while the lower bound follows from the inequality (see, e.g.,
[10; th. 60])

(1·4) ∆(n) > max
{

1,
τ(n)

1 + log n

}
(n > 1).

Our approach to bounding St,%(x) is primarily based on an iterative procedure restricting the
parameter t to integer values. While the induction step is based on the method developed in [12],
the initialization turns out to be non trivial and necessitates new ideas—see Propositions 4.1
and 6.1 infra. The extension to real values of the exponent is derived secondarily by exploiting the
flexibility offered by the parameter z.

We obtain the following results. Here and in the sequel, we let δ = δ(t, z) := 1β=z = 1z=zt .

Theorem 1.1. Let t > 1, z > 0, and % ∈Mz.
(i) For z > zt and all large x, we have

(1·5) St,%(x)� x(log x)β−1(log2 x)t+1+δ.

(ii) For 0 < z < zt and all large x, we have

(1·6) St,%(x)� x(log x)z−1(log2 x)t+2t/s,

where s > t is defined by zs = z.

Remarks. (i) As shown in [3], the upper bound (1·5) can be improved to x(log2 x)5/2 in the case
z = t = 1.

(ii) As will be clear from the proofs, all our estimates are locally uniform in z and t in the
complement of the line β = z. In any admissible compact domain in (z, t), they only depend on
the constants involved in (1·1).

Inserting (1·5) into the proof of [13; cor. 4] readily yields the following statement, where [3; th. 1.1]
has been taken into account for the case t = 1.

Corollary 1.2. Let F ∈ Z[X] be irreducible with no fixed prime divisor. Then, for any t > 1
and ε > 0, we have ∑

x<n6x+y

∆
(
|F (n)|

)t � y(log x)β(t,1)−1(log2 x)t+1+δ(t,1)/2

provided xε 6 y 6 x.

For exponents at least equal to 2 and sufficiently large z, we obtain the true order of magnitude.

Theorem 1.3. Let t > 2, z > z+
t := t/(2t − 2t/2) = zt(1 + 2−t/2), % ∈Mz. We have

(1·7) St,%(x) � x(log x)β−1 (x > 2).

We have z+
2 = 1. This motivates the next statement.

Theorem 1.4. Let % ∈M1. We have

(1·8) S2,%(x) =
∑
n6x

%(n)∆(n)2 � x(log x)(log2 x)
√

log3 x (x > 16).

This last estimate improves by a factor essentially log2 x the current upper bound for the
quadratic mean-value of the Delta-function: see [3; th. 1.2] where an argument from [10] is made
explicit.

From (1·8) and [13; th. 1], we derive the following corollary, which seems out of reach by standard
techniques.

Corollary 1.5. Let ε ∈]0, 1[. Uniformly for N > 1, x > 3, xε 6 y 6 x, we have∑
N<m,n62N

(⌊
x+ y

[m,n]

⌋
−
⌊

x

[m,n]

⌋)
� y(log x)(log2 x)

√
log3 x.

1. The proof of [9] is written for %(n) := zω(n) but it readily extends to % ∈ Mz .
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2. Notation

Put
E := {n > 1 : µ(n)2 = 1}, ny :=

∏
p|n, p<y

p (n > 1, y > 1),

Given t > 0 and T > 2, put

b = bt,z :=
1

2tz log 2− 1
,(2·1)

fT (y) := cmin

(
log(T log 3y),

(log2 3y − bt,z log T )2

log T

)
(y > 1),(2·2)

where c is a strictly positive constant to be chosen sufficiently small in the sequel.
Define

(2·3)
Et,zT :=

{
n ∈ E : τ(ny) 6 e−fT (y)T log 3y (y > 1)

}
,

ET :=
{
n ∈ E : τ(ny) 6 T log 3y (y > 1)

}
.

It is useful to bear in mind that n ∈ Et,zT implies that d ∈ Et,zT for any divisor d of n.
Let P+(n)—resp. P−(n)—denote the largest—resp. the smallest—prime factor of n > 1 with

the convention that P+(1) := 1, P−(1) =∞. Given x > 2, we consider the probability Px,% defined
on E by

Px,%({n}) :=
%(n)

n

∏
26p<x

(
1 +

%(p)

p

)−1

� %(n)

n(log x)z
(
P+(n) < x

)
,

and let Ex,% denote the corresponding expectation.
Throughout this article, the symbol

∑x
indicates a summation over squarefree integers whose

prime factors are restricted to the interval [2, x[. For the sake of future reference, we note that,
if % ∈Mz, then

(2·4)

x∑
n>1

µ(n)2%(n)

n
� (log x)z (x > 2).

3. Basic lemmas

Lemma 3.1. Let t > 1, z > 0 and % ∈Mz. We have

(3·1) St,%(x) � x(log 3x)z−1 Ex,%(∆t) (x > 1).

Proof. This is a trivial extension of [10; th. 61]. We omit the details. ut
As in [12], the first step to the proof of Theorem 1.1 consists in defining a set of integers with

useful multiplicative constraints.
The next lemma is analogous to [12; prop. 4.1]. The essential feature consists in bounding

Px,%(ErEt,zT ) by a multiple of 1/T t. The fact that the resulting estimate is trivial for small T will
have no consequence.

Recall notation zt := t/(2t − 1), so that z = zt if, and only if, β = z.

Lemma 3.2. Let t > 1, z > zt. We have

(3·2) Px,%
(
E r ET

)
6 Px,%

(
E r Et,zT

)
� (log x)β−z

T t
(x > 3, T > 3).

Proof. We may assume T t > (log 3x)β−z since the stated estimate is otherwise trivial. Put

κy,z :=
1

log 2

(
1 +

log T − fT (y)

log2 3y

)
,

and note right away that, since fT (y) 6 c log T + c log2 3y, we have

(3·3) κy,z >
t+ (1− c)(β − z)− ct

t log 2
=

(1− c)(2t − 1)z

t log 2
=

(2t − 1)z

t log 2
−O(c) > z,

provided 1 6 y 6 x and c is chosen sufficiently small.
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We have

Et,zT,x := Et,zT ∩ {n > 1 : P+(n) < x} = {n ∈ E : P+(n) < x, sup
16y6x

(ω(ny)/ log2 3y) 6 κy,z}.

If n ∈ E r Et,zT,x, then ω(n) > κy,z log2 3y − c for some absolute constant c and all y in a suitable

interval [y0, y
2
0 ] with y0 6 x. Therefore,

1ErEt,z
T,x

(n)�
∫ y20

y0

∑
k>κy,z log2 3y−c

1ω(ny)=k
dy

y log 3y
,

Px,%(E r Et,zT )� 1

(log 3x)z

∫ x2

1

∑
k>κy log2 3y−c

1

k!

(∑
p6y

%(p)

p

)k y,x∑
n>1

%(n)

n

dy

y log 3y

�
∫ x2

1

dy

y(log 3y)1+zQ(κy,z/z)
√

log2 3y
,

where Q(v) := v log v−v+1 (v > 0). Here the sum over k has been estimated by a standard bound
for partial sums of the exponential series such as [14; lemma 4.7], taking (3·3) into account. Now
observe that

Q(2t) = 2t log 2t − 2t + 1, Q′(2t) = log 2t, Q′′(v)� 1

for some v = ϑ2t + (1 − ϑ)κy,z/z with 0 6 ϑ 6 1. Therefore, there is a constant c0 = c0(z, t) > 0
such that

1 + zQ(κy,z/z) > 1 + zQ(2t) + (κy,z − 2tz)Q′(2t) + c0
(
κy,z − 2tz

)2
= 1 + z − 2tz + κy,zt log 2 + c0(κy,z − 2tz)2

= 1 + z − β +
t(log T − fT (y))

log2 3y
+ c0(κy,z − 2tz)2,

whence

(log 3y)1+zQ(κy,z/z) > T t(log 3y)1+z−βe−fT (y)+c0(κy,z−2tz)2 log2 3y.

However, writing D := b log T − log2 3y with notation (2·1), we have

(κy,z − 2tz) log2 3y =
D

bt log 2
− fT (y)

log 2
·

If D � log T , and so log2 3y � log T hence fT (y)� cD2/ log T � cD, the above quantity is� D,
which implies

(3·4) c0(κy,z − 2tz)2 log2 3y > (t+ 1)fT (y)

for a suitable choice of c. Now, if log T 6 c1D for a small constant c1, we must have log T � log2 3y,
and so fT (y) � cD2/ log2 3y, which again implies (3·4) provided c is chosen sufficiently small.
Therefore,

Px,%(E r Et,zT )� 1

T t

∫ x2

1

(log y)β−z−1e−fT (y)

y
√

log2 3y
dy � (log 3x)β−z

T t
.

The last upper bound is clear if β < z. In the case β = z, it follows by splitting the integral at
expT b/2 and expT 2b, say. ut

Remark. The factor e−fT (y) appearing in the definition (2·3) of the set Et,zT will only be useful in
the case β = z, i.e. z = zt. However, this will turn out to be crucial in the proof of part (ii) of
Theorem 1.1.
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4. Moments of quadratic moments

In all the sequel, we write δ = δ(t, z) := 1β=z = 1z=zt .

Proposition 4.1. Let z > 0 and % ∈Mz.
(i) If t ∈ R+∗, z > zt, we have

(4·1) Ex,%
(
M t

2/τ
t
)
� (log x)β−z (x > 3).

(ii) If t ∈ N∗, z > zt, we have

Ex,%
(
M t

2/τ
t
)
� (log x)β−z(log2 x)δ (x > 3),(4·2)

Ex,%
(
1Et,z

T
M t+1

2 /τ t+1
)
� T (log x)β−z (T > 3, x > 3).(4·3)

If moreover z > zt, then

(4·4) Ex,%
(
1ETM

t+1
2 /τ t+1

)
� T (log x)β−z (T > 3, x > 3).

Proof. (i) Put τ(n, ϑ) :=
∑
d|n d

iϑ (n > 1, ϑ ∈ R). By Parseval’s formula (see [10; (6.23)]) we have

(4·5)
M2(n)

τ(n)
�
∫ 1

0

|τ(n, ϑ)|2

τ(n)
dϑ.

Estimate (4·1) follows from the observation that, for x > 3, µ(n)2 = 1, P+(n) < x, we have

|τ(n, ϑ)|2

τ(n)
=
∏
p|n

{1 + cos(ϑ log p)} > τ(n)
∏
p|n

(
1− log p)2

4(log x)2

) (
0 6 ϑ 6 1/ log x

)
.

Indeed, we infer from this and (4·5) that

Ex,%
(
M t

2

τ t

)
� 1

(log x)z+t

x∑
n∈E

%(n)τ(n)t

n

∏
p|n

(
1− (log p)2

4(log x)2

)t
� 1

(log x)z+t
exp

{∑
p6x

%(p)2t

p

(
1− (log p)2

4(log x)2

)t}
� (log x)β−z,

where we used (1·1) to estimate the last sum over p.
(ii) First apply (4·5) to get

(4·6)

Ex,%
(M t

2

τ t

)
� 1

(log x)z

∫
ϑ∈[0,1]t

x∑
n>1

%(n)

n

∏
16j6t

|τ(n;ϑj)|2

τ(n)
dϑ

� 1

(log x)z

∫
ϑ∈[0,1]t

exp

{∑
p6x

%(p)

p

∏
16j6t

|τ(p;ϑj)|2

2

}
dϑ.

At this stage some notation is necessary. We use those of [1]. Given an integer s > 1, we
designate by {ej : 1 6 j 6 s} the canonical basis of Rs and by Ws the set of linear forms
w ∈ L∗(Rs) := L(Rs,R) such that w(ej) ∈ {−1, 0, 1} for all j. Note that 0L∗(Rs) ∈Ws. We define
the length of w ∈Ws by

(4·7) |w| :=
∑

16j6s

|w(ej)|.

Given a prime number p and ϑ ∈ Rt, we have

∏
16j6t

|τ(p;ϑj)|2

τ(p)
=
∏

16j6t

(
1 + 1

2 (piϑj + p−iϑj )
)

=
∑
w∈Wt

cos
(
w(ϑ) log p

)
2|w|

.

In view of the estimate

(4·8)
∑
p6y

%(p) cos(ψ log p)

p
= z log

( log y

1 + ψ log y

)
+O(1) (y > 2, 0 6 ψ 6 1),
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that follows from (1·1) by partial summation, we derive that

∑
p6x

%(p)

p

∏
16j6t

|τ(p;ϑj)|2

2
=
∑
w∈Wt

1

2|w|

∑
p6x

%(p) cos
(
w(ϑ) log p

)
p

=
∑
w∈Wt

z

2|w|
log
(

1 +
log x

1 + |w(ϑ)| log x

)
+O(1).

Defining

(4·9) It,z(X) :=

∫
[0,X]t

∏
w∈Wt

(
1 +

X

1 + |w(ϑ)|

)z/2|w|
dϑ,

we get, after homothetical change of variables,

Ex,%
(M t

2

τ t

)
� It,z(log x)

(log x)t
·

It hence remains to evaluate It,z(X), bearing in mind that

(4·10)
∑
w∈Wt

1

2|w|
=
∑

06j6t

1

2j

∑
w∈Wt

|w|=j

1 =
∑

06j6t

(
t

j

)
= 2t.

We claim that

(4·11) It,z(X) � X2tz

∫
[0,X]t

∏
w∈Wt

( 1

1 + |w(ϑ)|

)z/2|w|
dϑ � X2tz(logX)δ,

which plainly implies (4·2).

Let us first establish the lower bound included in (4·11). Since we plainly have w(ϑ)� ϑt if

0 < 1
2ϑt/4

t−j 6 ϑj 6 ϑt/4
t−j (1 6 j 6 t)

and since the subsum of (4·10) corresponding to non-zero forms equals 2t − 1, the integral is

�
∫ X

1

dϑt

ϑ
(2t−1)z−(t−1)
t

·

This yields the lower bound included in (4·11).

We now prove the upper bound included in (4·11). We may assume zt 6 z < zt−1 since the
integrand is a non-increasing function of z. The first step consists in associating to each ϑ ∈]0,+∞[t

a basis Bϑ of L(Rt,R)∩Wt constructed in the following way : w1 is the non-zero linear form of Wt

minimising |w(ϑ)|, w2 minimises |w(ϑ)| on WtrVect(w1), and for each index k ∈ [1, t], the form wk
minimises |w(ϑ)| on Wt r Vect(w1, w2, . . . , wk−1).

The set B := {B ∈Wt
t : ∃ϑ ∈]0,∞[t: B = Bϑ} is finite. Let us assume temporarily that, for any

basis B = (w1, w2, . . . , wt) in B, we have

(4·12) ck = ck(B) :=
∑

w∈Wt∩Vect(w1,w2,...,wk)
w 6=0

1

2|w|
6 2k − 1 (1 6 k 6 t).

This is shown in Lemma 4.2 below.
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Given a basis B in B, consider the domain

(4·13) D(B) := {ϑ ∈ [0, X]t : Bϑ = B}.

We have ∏
w∈Wt

( 1

1 + |w(ϑ)|

)z/2|w|
�

∏
16j6t

( 1

1 + |wj(ϑ)|

)z(cj−cj−1) (
ϑ ∈ D(B)

)
,

where cj := cj(B) (1 6 j 6 t) and, by convention, c0 = 0. Performing the change of variables
ϕ = (w1(ϑ), . . . , wt(ϑ)), and noting that the associated Jacobian is constant, we get

(4·14)

∫
D(B)

∏
w∈Wt

( 1

1 + |w(ϑ)|

)z/2|w|
dϑ�

∫
|ϕ1|6...6|ϕt|6tX

∏
16j6t

( 1

1 + |ϕj |

)z(cj−cj−1)

dϕ.

Integrate successively according to variables ϕ1, ϕ2, etc. As z(2j − 1) < j for all j 6 t − 1, we
obtain at step k, a term

(4·15) �
∏

k+1<j6t

( 1

1 + |ϕj |

)z(cj−cj−1) 1

1 + |ϕk+1|zck+1−k
·

At the last stage, we get that the right-hand side of (4·14) is

�
∫ tX

0

dϕt

1 + ϕ
z(2t−1)−(t−1)
t

� (logX)δ.

This implies (4·11), as required.
It remains to establish (4·3) and (4·4). To this end, we adapt the approach of [3; prop. 2.1]. We

focus on (4·3) for z = zt, and leave the proof of (4·4) for z > zt to the reader, noting that this
implies (4·3) for z > zt. We have

(4·16) Ex,%
(
1Et,z

T

M t+1
2

τ t+1

)
� 1

(log x)z

∫
ϑ∈[0,1]t+1

x∑
n∈Et,z

T

%(n)

n

∏
16j6t+1

|τ(n;ϑj)|2

τ(n)
dϑ.

Consider the map described earlier associating to each ϑ ∈]0, 1[t+1 a basis Bϑ of L(Rt+1,R)
and recall that the set B := {B ∈ Wt+1

t+1 : ∃ϑ ∈]0,∞[t+1: Bϑ = B} is finite. Given B ∈ B,
define the domain D(B) := {ϑ ∈ [0, 1]t+1 : Bϑ = B} and let I(D(B)) designate the restriction
to D(B) of the integral in (4·16). In this subintegral, we may perform the change of variables
ϕ = (w1(ϑ), . . . , wt+1(ϑ)), where, as previously, the wj are the linear forms furnishing the
successive minima of the lengthes |w(ϑ)| as w runs through L(Rt+1,R). Parallel to computations
performed in [3], and, here and throughout, writing yt := exp(1/|ϕt|) for notational simplicity, we
then consider the set of integers

Dh,`(ϕt, ϕt+1;T ) :=

n ∈ Et,zT :

1

2h+1
<
|ϕt|τ(nyt)

T e−fT (yt)
6

1

2h

1

2`+1
<
|ϕt+1|τ(nyt+1

)

T e−fT (yt+1)
6

1

2`

 (h, ` > 0).

Let Ih,`(D(B)) denote the contribution to I(D(B)) of the subsum corresponding to those n
ranging in Dh,`(ϕt, ϕt+1;T ). Each integer n appearing in the summation satisfies ω(n; yt+1) =
r`(ϕt+1) for a suitable integer r`(ϕt+1). Multiplying the general term by

T e−fT (yt)/2−fT (yt+1)/2

2(h+`)/2
√
τ(nyt)τ(nyt+1

)|ϕtϕt+1|

does not change the order of magnitude. Therefore

Ih,`
(
D(B)

)
� T

2(h+`)/2

∫
ϑ∈D(B)

x∑
n>1

n∈Dh,`(ϕt,ϕt+1;T )
ω(n;yt+1)=r`(ϕt+1)

%(n)e−fT (yt+1)/2√
τ(nyt)τ(nyt+1)

√
|ϕtϕt+1|

∏
16j6t+1

|τ(n;ϑj)|2

τ(n)
dϑ

� T

2(h+`)/2

∫
ϑ∈D(B)

exp

{∑
p6x

%(p)
∏

16j6t+1
1
2 |τ(p;ϑj)|2

p
√
τ(pyt)τ(pyt+1)

}
e−fT (yt+1)/2√

|ϕtϕt+1| log(1/|ϕt+1|)
dϑ.
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Denote the last integral by I(D(B)). By (4·8) and (4·10), we have, uniformly for ϑ ∈ D(B),

exp

{∑
p6x

%(p)

p
√
τ(pyt)τ(pyt+1)

∏
16j6t+1

1
2 |τ(p;ϑj)|2

}

� exp

{ ∑
w∈Wt+1

1

2|w|

∑
p6x

%(p) cos
(
w(ϑ) log p

)
p

− z2t log(1/|ϕt+1|)− zat log(|ϕt/ϕt+1|)

}

�
∏

16j6t+1

(
1 +

log x

1 + |wj(ϑ)| log x

)z(cj−cj−1)

|ϕt+1|z2
t
( |ϕt|
|ϕt+1|

)zat
,

where we have put at := {2t+1 − (ct+1 − ct)}/
√

2 = (1 + ct)/
√

2, by (4·10) with t + 1 in place
of t. Exploiting the change of variables ϕ =

(
w1(ϑ), . . . , wt+1(ϑ)

)
and recalling definition (4·12)

for cj = cj(B), keeping in mind that here B has dimension t+ 1, we obtain

I(D(B))

(log x)z2t−t
�
∫
H

∏
16j6t+1

( 1

1 + |ϕj |

)z(cj−cj−1)

ϕz2
t−1

t+1

( ϕt
ϕt+1

)zat−1/2 e−fT (yt+1)/2√
log(1/ϕt+1)

dϕ,

where H := {ϕ ∈ Rt+1 : 0 6 ϕ1 6 . . . 6 ϕt+1}. Parallel to (4·15), we integrate successively
according to variables ϕ1, ϕ2, etc. By Lemma 4.2, we have zcj 6 z(2j − 1) < j for all j 6 t − 1
since z = zt. Thus, at step k 6 t− 1, we obtain a term

�
∏

k+1<j6t+1

( 1

1 + ϕj

)z(cj−cj−1)ϕz2
t−1

t+1 (ϕt/ϕt+1)zat−1/2e−fT (yt+1)/2

1 + ϕ
zck+1−k
k+1

√
log(1/ϕt+1)

·

At step t− 1 the above product is empty. By (4·10), we have ct+1 = 2t+1 − 1, and also z2t − t = z
as z = zt. We get

I
(
D(B)

)
� (log x)z

∫ ∫
06ϕt6ϕt+1

ϕz2
t−1

t+1 (ϕt/ϕt+1)zat−1/2e−fT (yt+1)/2

(1 + ϕt)zct−t+1(1 + ϕ
z(2t+1−1−ct)
t+1 )

√
log(1/ϕt+1)

dϕt+1

� (log x)z
∫ ∞

0

e−fT (yt+1)/2

(1 + ϕt+1)
√

log(1/ϕt+1)
dϕt+1 � (log x)z,

where the inequality zat − 1/2− (zct − t) > 0 has been taken into account in order to justify the
integration according to ϕt.

Summing T Ih,`(D(B))/{2(h+`)/2(log x)z} over h, `, and B yields (4·3). ut

Lemma 4.2. Let t ∈ N∗. For any basis B in B, we have

(4·17) ck(B) 6 2k − 1 (1 6 k 6 t).

Proof. Let us first observe that Wt ∩ Vect(w1) = {0,±w1}, hence c1(B) 6 1, with equality
if |w1| = 1, i.e. if w1 belongs to the canonical dual basis {e∗j}tj=1 of Rt. Inequality (4·17) hence
holds for k = 1.

When k = t, we have Wt ∩ Vect(w1, w2, . . . , wt) = Wt. Inequality (4·17) is then an immediate
consequence of (4·10), bearing in mind that the zero form is not counted by the left-hand side
of (4·17).

Next, note that inequality (4·17) is actually an equality if Vect(w1, w2, . . . , wk) = Vect(e∗j ; j ∈ J)
with |J | = k. Indeed, we then have

(4·18) Wt ∩Vect(w1, w2, . . . , wk) = Wt ∩Vect(e∗j ; j ∈ J) =
{∑
j∈J

αje
∗
j ;αj ∈ {−1, 0, 1} (∀j ∈ J)

}
,

whence ∑
w∈Wt∩Vect(e∗j ;j∈J)

w 6=0

1

2|w|
=

∑
16h6k

1

2h

∑
w∈Wt∩Vect(e∗j ;j∈J)

|w|=h

1 =
∑

16h6k

(
k

h

)
= 2k − 1.
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We prove inequality (4·17) by double induction on k and t. Integers k and t being fixed such
that 1 6 k 6 t, denote by Hk(t) the hypothesis that any base B in Wt satisfies ck(B) 6 2k − 1.

By our first remark, H1(t) holds for all t > 1. Let then t > 2 and k ∈ [2, t]. Assume that H`(s) is
satisfied for all ` ∈ [1, s] if s < t and for all ` in [1, k− 1] if s = t. We then have to verify Hk(t). To
this end, consider a basis B = {wj}tj=1 in Wt and put Vk := Wt ∩ Vect(w1, . . . , wk). Let u1 ∈ Vk
be a non-zero vector of minimal length.(2) Define

V ′k := {v ∈ Vk : ∀j 6 t (u1(ej) 6= 0)⇒ (v(ej) = 0)}.

The set V ′k is the intersection of Wt with a linear space. It always contains the zero form.

If rankV ′k = k − 1, let (v2, . . . , vk) be a subset of independent vectors in V ′k chosen in such a
way that any form v in Vk is uniquely representable as a sum v = α1u1 + w with α1 ∈ {−1, 0, 1},
w ∈ Vect(v2, . . . , vk), and |v| = |α1||u1|+ |w|. It follows that

ck(B) 6
1

2|u1|−1
+

∑
α1∈{−1,0,1}

w∈Wt∩Vect(v2,...,vk)
w 6=0

1

2|α1||u1|+|w|

6
1

2|u1|−1
+
(

1 +
1

2|u1|−1

) ∑
w∈Wt∩Vect(v2,...,vk)

w 6=0

1

2|w|

6
1

2|u1|−1
+
(

1 +
1

2|u1|−1

)
(2k−1 − 1) = 2k−1

(
1 +

1

2|u1|−1

)
− 1 6 2k − 1,

where the induction hypothesis has been used for bounding the last sum upon w, and where
the trivial lower bound |u1| > 1 has been taken into account. Note that the inequality is strict
if |u1| > 2.

If rankV ′k < k − 1, let h be an index such that w1(eh) 6= 0. Each linear form wj is uniquely
representable as wj = αje

∗
h+vj with αj ∈ {−1, 0, 1} and vj(eh) = 0 for all 1 6 j 6 t. The forms vj

may be considered as elements of L∗(Rt−1).

Note that rank(v1, . . . , vk) ∈ {k− 1, k} since rank(v1, . . . , vk, e
∗
h) > k. If rank(v1, . . . , vk) = k− 1,

then v1 ∈ Vect(v2, . . . , vk) hence e∗h ∈ Vect(w1, . . . , wk). We may then apply the conclusion of the
case rankV ′k = k − 1 by selecting u1 = e∗h.

Since Ht(t) always holds, we may assume k < t. If rank(v1, . . . , vk) = k, this family satisfies
Hk(t− 1), whence ∑

v∈Wt∩Vect(v1,...,vk)
v 6=0

1

2|v|
6 2k − 1.

The elements w of Vk may hence be written as w = αe∗h+v with v ∈ Vect(v2, . . . , vk), α ∈ {−1, 0, 1},
and |v| = |α|+ |v|. We write w =

∑
16j6k xjwj = αe∗h + v with

v =
∑

16j6k

xjvj , α =
∑

16j6k

xjαj ∈ {−1, 0, 1}.

By the hypothesis rank(v1, . . . , vk) = k, the xj are completely determined by v, hence also the w
and α. In particular, v = 0 if, and only if, w = 0. We therefore have

∑
w∈Wt∩Vect(w1,...,wk)

w 6=0

1

2|w|
=

∑
v∈Wt∩Vect(v1,...,vk)

v 6=0
α∈{−1,0,1}

1

2|v|+|α|
6

∑
v∈Wt∩Vect(v1,...,vk)

v 6=0

1

2|v|
6 2k − 1.

This furnishes the required inequality at rank k and so completes the proof of Hk(t). Note that in
this case the inequality is strict because at least one w is such that α 6= 0. ut

2. This minimality is not stricto sensu necessary but it helps fixing ideas.
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5. A functional inequality

Denote by P the set of all prime numbers. Consider a non-negative arithmetic function f
supported on the set of squarefree integers. Assume furthermore that f(1) = 1 and that, for a
suitable function w : N∗ × P→ R+ vanishing if the first variable is not squarefree, we have

(5·1) f(mp) 6 f(m) + w(m, p)
(
m > 1, p - m

)
.

The following lemma furnishes a useful bound for

F(x) :=

x∑
n>1

%(n)f(n)

n
·

It has been established in [12] for % = 1, and hence z = 1—see also [3].

Lemma 5.1. Let z > 0 and % ∈Mz. For f, w satisfying (5·1), we have

(5·2)
F(x)

(log x)z
� 1 +

∫ x2

1

y∑
m>1

%(m)

m

∑
√
y6p<y

%(p)w(m, p)

p

dy

y(log 3y)1+z
·

We shall show that (5·2) holds for f = 1SM
r
q /τ

r with 1 6 r 6 t and q > 3, where S is some set
of integers such that (mp ∈ S)⇒ (m ∈ S).

Proof. Writing n = mp with P+(m) < p, we get

F(x) 6 1 +
∑
p<x

p∑
m>1

%(p)%(m)f(pm)

pm
·

Applying (5·1) when µ(pm)2 = 1 yields

F(x) 6 1 +
∑
p<x

p∑
m>1

%(p)%(m)(f(m) + w(m, p))

pm
=
∑
p<x

%(p)F(p)

p
+ V (x),

with

V (x) := 1 +
∑
p<x

%(p)

p

p∑
m

%(m)w(m, p)

m
·

Iterating this as in [12] and taking (2·4) into account, we get

F(x) 6 V (x) +
∑

26P (n)<x

µ2(n)%(n)V (P−(n))

n
� V (x) +

∑
p<x

%(p)V (p)

p

(
log x

log p

)z
,

whence

(5·3)
F(x)

(log x)z
� V (x)

(log x)z
+
∑
p<x

%(p)V (p)

p(log p)z
·

Indeed, at the first step we obtain∑
p<x

%(p)F(p)

p
6
∑
p1<x

%(p1)

p1

{ ∑
p2<p1

%(p2)F(p2)

p2
+ V (p1)

}
,

then ∑
p<x

%(p)F(p)

p
6
∑
p1<x

1

p1

(
%(p1)V (p1) +

∑
p2<p1

%(p1p2)

p2

{ ∑
p3<p2

%(p3)F(p3)

p3
+ V (p2)

})
6
∑
p1<x

%(p1)V (p1)

p1
+

∑
p2<p1<x

%(p1p2)V (p2)

p1p2
+

∑
p3<p2<p1<x

%(p1p2p3)F(p3)

p1p2p3
,

and so on.
Since ny = np when P+(n) < p < y 6 p2, we may write, still following [12],

V (x)� 1 +
∑
p<x

p∑
m

%(p)%(m)w(m, p)

pm

∫ p2

p

dy

y log 3y

= 1 +

∫ x2

1

y∑
m

%(m)

m

∑
√
y6p<y

%(p)w(m, p)

p

dy

y log 3y
·
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Inverting summation and integration in (5·3) and appealing to the uniform bound∑
√
y6p<x

%(p)

p(log p)z
� 1

(log y)z
,

stemming from (1·1), we obtain (5·2) as stated. ut

6. Bounding integral moments for bounded q

Define

(6·1) Mq(n) :=

∫
R

∆(n, u)q du (n > 1, q > 1).

In section 8 below, we generalize the method displayed in [12], which is based on bound-
ing Ex,1(1SMq/τ) for sets S of decreasing size and applying Markov’s inequality to estimate
Px,1(Mq/τ > T ). The approach may easily be adapted in order to include a weight %. However,
the initialisation step requires a bound for Px,%(Mq/τ > T ) decreasing as 1/T t. This is provided
by estimating Ex,%(1SM t

q/τ
t). The generality introduced in Lemma 5.1 then enables an iteration

of the process.
This section is devoted to establishing this initialization step in the case of integral t. In the next

section, the result is extended to real t.
We now describe the sets S needed in further estimates for conditional expectations.
Let γ ∈ {0, 1} and {ϑγj,T }∞j=0 ∈ (R+)N denote a sequence such that ϑγ0,T = ϑγ1,T = 1. Define

further

Hq
T,γ :=

{
n ∈ ET : Mj(n) 6 τ(n)ϑj,T (1 6 j 6 q)

}
,(6·2)

Ht,z,q
T,γ :=

{
n ∈ Et,zT : Mj(n) 6 τ(n)ϑj,T (1 6 j 6 q)

}
,(6·3)

Ht,z,q
T := Ht,z,q

T,δ ,(6·4)

so that H0
T,γ = H1

T,γ = ET .

Note that, by (6·12) infra, Mj(n)/τ(n) is multiplicatively increasing, so if n ∈ Ht,z,q
T then any

divisor of n also lies in Ht,z,q
T .

The quantities ϑj,T will be formally defined later—see (9·1). For now, we only specify that

(6·5) ϑ0,T = ϑ1,T = 1, ϑ2,T � T (log T )γ , ϑj,T �j T
j−1(log T )γ(j−1) (j > 3).

When conditioning over Hq
T,γ , we shall need estimates with γ = 1 when δ = 1.

Recall notation
∑x

and put

(6·6) Tt,z(x; q) := Px,%
(
Ht,z,q−1
T

)
Ex,%

(Mq

τ

∣∣∣Ht,z,q−1
T

)
=
∏
p<x

( 1

1 + %(p)/p

) x∑
n∈Ht,z,q−1

T

%(n)Mq(n)

nτ(n)
·

Proposition 8.1 below furnishes a recursive bound for Tt,z(x; q). The initialisation step described
above requires a more general estimate that will only be used for bounded values of q.

We thus consider the quantities

Sγ
r,z(x; q) := Px,%

(
Hq−1
T,γ

)
Ex,%

(
Mr
q

τ r

∣∣∣Hq−1
T,γ

)
=
∏
p<x

( 1

1 + %(p)/p

) x∑
n∈Hq−1

T,γ

%(n)Mq(n)r

nτ(n)r
·(6·7)

Note that the conditioning is over Hq−1
T,γ : we shall exploit the fact that this does not depend on t

nor z.

Proposition 6.1. Let t ∈ N∗, r ∈ N∗ ∩ [1, t], z ∈ R+, % ∈Mz, q > 3, γ ∈ {0, 1}, and assume

(6·8)

{
z > zt if γ = 1,
z > zt if γ = 0.

The sets Hj
T,γ being defined by (6·3) with ϑj,T satisfying (6·5), we have, uniformly for T > 2,

x > 2,

(6·9) Sγ
r,z(x; q)� T r(q−2)(log T )γr(q−1)(log x)β−z.
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Proof. Put

Nj,q(n, v) :=

∫
R

∆(n, u)j∆(n, u− log v)q−j du (n > 1, v > 1, 1 6 j 6 q)(6·10)

Wq(n, v) :=
∑

16j6q/2

(
q

j

)
Nj,q(n, v) 6 2q−1Mq(n) (n > 1, v > 1).(6·11)

From [15; (17)], we have

(6·12) 2Mq(n) 6Mq(np) 6 2Mq(n) + 2Wq(n, p) 6 2qMq(n) (p - n),

and so

(6·13)
Mq(n)

τ(n)
6
Mq(np)

τ(np)
6
Mq(n)

τ(n)
+
Wq(n, p)

τ(n)
6 2q−1Mq(n)

τ(n)
(p - n).

For q > 2 and any v > 1, we also have

(6·14) Wq(n, v) 6 2q−1

∫
R

∆(n, u)∆(n, u− log v)
{

∆(n, u− log v)q−2 + ∆(n, u)q−2
}

du.

Define f := 1Hq−1
T,γ

Mr
q /τ

r. By (6·13) and the inequality (a + b)r 6 ar + O(bar−1) valid for b � a,

we have, for a suitable constant Cq,r,

f(np) 6 f(n) + Cq,r
Wq(n, p)

τ(n)
1Hq−1

T,γ
(n)

Mq(n)r−1

τ(n)r−1
·

Lemma 5.1 is applicable to % ∈Mz and w defined by

w(m, p) = Wq,r(m, p) := Cq,r
Wq(m, p)

τ(m)
1Hq−1

T,γ
(m)

Mq(m)r−1

τ(m)r−1
·

Moreover, appealing to (6·10) and (6·14), we get, for all m > 1,

(6·15)

∫
R
Wq,r(m, e

v) dv � Mq−1(m)Mq(m)r−1

τ(m)r−1
·

It follows that

Sγ
r,z(x; q)� 1 +

∫ x2

1

y∑
m∈Hq−1

T,γ

%(m)

m

∑
√
y6p<y

Wq,r(m, p)

p

dy

y(log 3y)1+z
,

whence, by partial integration—see (8·4) infra—,

(6·16) Sγ
r,z(x; q)� 1 +

∫ x2

1

Zγr,z(y; q)

y(log 3y)2+z
dy,

where we have set

(6·17) Zγr,z(y; q) :=

y∑
m∈Hq−1

T,γ

%(m)

m

∫
R
Wq,r(m, e

v) dv �
y∑

m∈Hq−1
T,γ

%(m)Mq−1(m)Mq(m)r−1

mτ(m)r−1
·

We now set out to proving (6·9) by induction on r > 1.
First fix γ = 0 and assume z > zt.
The initialisation step, corresponding to r = 1, is established by induction on q > 3. By (4·2),

(6·4), and (6·5), we have

Z0
1,z(y; 3)�

y∑
m∈HT

%(m)M2(m)

m
� T log y

y∑
m∈HT

%(m)M2(m)

τ(m)m
� T (log y)β+1.

Carrying back into (6·16) yields (6·9) since β > z. This establishes (6·9) for r = 1, t > 1, q = 3,
z > zt.
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Next, under the assumption that (6·9) holds for q− 1 > 3, r = 1, t > 1, we apply the hypothesis
τ(m) 6 T log y (m ∈ ET ) to derive from (6·17) that

Z0
1,z(y; q)� T (log 3y)z+1S0

1,z(x; q − 1)� T q−2(log 3y)β+1.

This furnishes the required estimate at rank q and thereby establishes (6·9) for r = 1, t > 1, q > 3,
z > zt.

Consider now r > 2 and assume that (6·9) holds for r − 1, q > 3, t > r, z > zt. We need an
upper bound for Z0

t,z(y; q, r). By (6·4) and (6·5), we have Mq−1(n) 6 ϑq−1,T τ(n), which yields

Z0
r,z(y; q)� T q−2

y∑
m∈Hq−1

T,0

%(m)τ(m)Mq(m)r−1

mτ(m)r−1
� T q−2(log 3y)2zS0

r−1,2z(x; q).

Since 2zt > zt−1 for t > 1 and β(2z, t−1) = β+ 1, the induction hypothesis is applicable to bound
the last quantity. We obtain

(6·18) Z0
r,z(y; q)� T r(q−2)(log y)β+1.

Carrying back into (6·16) provides the required bound (6·9).
Let us now fix γ = 1 and assume z > zt. To establish initialisation step, corresponding to r = 1,

we again proceed by induction on q > 3. If q = 3, we consider three cases: (i) z > zt, (ii) z = zt
and t > 2, (iii) z = z1 = 1 and t = 1.

In case (i), i.e. z > zt, we deduce from (4·2), (6·2) and (6·5) that

Z1
1,z(y; 3)�

y∑
m∈HT

%(m)M2(m)

m
� T log y

y∑
m∈HT

%(m)M2(m)

τ(m)m
� T (log y)β+1.

Carrying back into (6·16), we get (6·9).
In case (ii), i.e. z = zt, t > 2, we have

Z1
1,zt(y; 3)� T

y∑
m>1

%(m)τ(m)

m
� T (log 3y)2zt .

Since zt < 1 for t > 2, the integral in (6·16) is bounded and (6·9) holds.
In the last case (iii), i.e. t = z = z1 = r = 1, we have

Z1
1,1(y; 3)� T

y∑
m>1

%(m) min
(
τ(m),

√
Tτ(m) log 3y

)
m

� T 3/2(log 3y)2

√
T + (log 3y)3/2−

√
2
·

This implies that the integral in (6·16) is � log T by splitting it at (log 3y)3/2−
√

2 =
√
T .

This completes the proof of (6·9) in the case q = 3, r = 1, t > 1, z > zt.
Now, assuming that (6·9) holds for q− 1 > 3, r = 1, t > 1, z > zt, the hypothesis τ(m) 6 T log y

(m ∈ ET ) enables us to deduce from (6·17) that

Z1
1,z(y; q)� T (log 3y)z+1S1

t,z(x; q − 1, 1)� T q−2(log T )q−2(log 3y)β+1.

If z > zt, this furnishes the required estimate at rank q. If z = zt, we apply (6·5) in the form

Z1
1,z(y; q)� ϑq−1,T

y∑
m>1

%(m) min
(
τ(m),

√
Tτ(m) log 3y

)
m

� T q−3/2(log T )q−2(log 3y)2z

√
T + (log 3y)(2−

√
2)z−1/2

·

Carrying back into (6·16) furnishes (6·9) at rank q. This completes the induction on q and thus
initialises the induction by providing (6·9) for r = 1, q > 3, t > 1, z > zt.

Next, consider r > 2 and assume that (6·9) holds for r − 1, q > 3, t > r, z > zt. We need an
upper bound for Z1

r,z(y; q). By (6·4) and (6·5), we have Mq−1(n) 6 ϑq−1,T τ(n), which yields

Z1
r,z(y; q)� T q−2(log T )q−2

y∑
m∈Hq−1

T,1

%(m)τ(m)Mq(m)r−1

mτ(m)r−1

� T q−2(log T )q−2(log 3y)2zS1
t−1,2z(x; q, r − 1).
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Since 2zt > zt−1 for t > 1 and β(2z, t−1) = β+ 1, the induction hypothesis is applicable to bound
the last quantity. We obtain

(6·19) Z1
r,z(y; q)� T r(q−2)(log T )(q−1)r−1(log y)β+1.

Carrying back into (6·16) provides the required bound (6·9) in the case z > zt. If z = zt, (6·19) is
insufficient since it would involve an extra factor log2 x. We circumvent the difficulty by writing

Zr,z(y; q)� ϑq−1,T

y∑
m∈Hq−1

T,1

%1(m)2btω(m)Mq(m)r−1

mτ(m)r−1

� ϑq−1,T (T log 3y)bt
y∑

m∈Hq−1
T,1

%1(m)Mq(m)r−1

mτ(m)r−1
,

with %1(m) := %(m)(zt−1/zt)
ω(m), so that %1 ∈ Mzt−1

, and bt := {log(2zt/zt−1)}/ log 2. Applying
the induction hypothesis with (zt−1, t− 1) in place of (z, t) and noting that β(t− 1, zt−1) = zt−1,
we get

(6·20) Z1
r,z(y; q)� T r(q−2)+bt(log T )(q−1)r−1(log 3y)zt−1+bt .

Observe that zt−1 + bt < zt + 1. Split then the integral in (6·16) at log 3y = Tλ with
λ := bt/(1 + zt − zt−1 − bt), applying (6·20) to the upper range and (6·19) to the lower range.
This yields

S1
r,z(x; q)� T r(q−2)(log T )(q−1)r(log x)β−z.

This completes the proof of Proposition 6.1 . ut

7. Bounding real moments for bounded q

Recall definition (6·7). When the parameter t is integral, Proposition 6.1 enables initialising the
induction conducted in the proof of Proposition 8.1 below by providing the upper bound (6·9) for
St,z(x; q). The next statement extends this to real values of t provided

z > Zt := 2dte−t dte /(2dte − 1).

Note that Zt = zt if t ∈ N∗.
Lemma 7.1. Let z > 0, t > 0, % ∈Mz.

(i) Let q > 3, γ ∈ {0, 1}. Assume z > Zt if γ = 1, and z > Zt if γ = 0. Then we have

(7·1) Sγ
t,z(x; q)� T t(q−2)(log T )γt(q−1)(log x)β−z (x > 2, T > 3).

(ii) Under condition z > Zt, we have furthermore

(7·2) Sγ
t,z(x; 2)� (log x)β−z (x > 2, T > 3).

(iii) If z > Zt, the bound (4·3) holds. If z > Zt the bound (4·4) is satisfied, and, more accurately,
with ct := dte − t,

(7·3) Ex,%
(
1Et,z

T
M t+1

2 /τ t+1
)
� T (log x)β−ze−ctfT (x)/(dte+1) (x > 3).

Remark. When t is not integral, the assumption z > Zt implies z > zt.

Proof. (i) As noticed above, when t ∈ N∗, estimate (7·1) follows from (6·9).
Assume then t ∈ R∗ r N, and put k := dte > t. Let u, v be positive real numbers such that

uv = z. By Hölder’s inequality and (6·9) with r = t, we have, provided uk/t > Zk = k/(2k − 1),

Sγ
t,z(x; q) 6 Ex,%

(
Mk
q u

kω/t

τkzω
1Hq−1

T

)t/k
Ex,%

(vkω/(k−t)
zω

)1−t/k
� T t(q−2)(log x)B−z (log T )γt(q−1)

with

B :=
(

2kuk/t − k
) t
k

+ vk/(t−k)
(

1− t

k

)
.

Select u := 2−t(1−t/k)zt/k so that B = z2t − t = β. Observe that uk/t = 2t−kz. Hence condition
uk/t > Zk amounts to z > 2k−tk/(2k − 1) = Zt, and uk/t > Zk amounts to z > Zt. This furnishes
(7·1) under the stated hypotheses.
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(ii) Similarly, (7·2) follows from (4·2) on selecting the same value for u.
(iii) Consider first the validity of (4·3) under the more general hypothesis z > Zt. Introducing

as previously parameters u, v such that z = uv. Writing u1 := u(k+1)/(t+1), v1 := v(k+1)/(k−t) for
legibility, we have, appealing to the bound 2ω(n) 6 T log 3x (n ∈ ET , P+(n) < x) and using (4·3)
for exponent k + 1,

Ex,%
(
1Et,z

T

M t+1
2

τ t+1

)
6 Ex,%

(
1Et,z

T

Mk+1
2 uω1

τk+1zω

)(t+1)/(k+1)

Ex,%
(vω1
zω

)(k−t)/(k+1)

6 Ex,%
(
1Et,z

T

Mk+1
2 uω1

τk+1zω

)(t+1)/(k+1)

(T log x)(k−t)/(k+1)Ex,%
( vω1

(2z)ω

)(k−t)/(k+1)

Selecting u := 2−(k−t)(t+1)/(k+1)z(t+1)/(k+1) and checking that 2ku1 = 2tz so that Et,zT = Ek+1,u1

T ,
we may conclude as previously. The proof that (4·4) is valid under the extended hypothesis z > Zt
is similar. Estimate (7·3) is derived by exploiting the condition 2ω(n) 6 e−fT (x)T log 3x, valid for
n ∈ Et,zT , P+(n) < x. ut

Lemma 7.2. Let z > 0, t > 1, % ∈Mz.
(i) Let q > 3, γ ∈ {0, 1}. Assume z > zt if γ = 1, and z > zt if γ = 0. Assume furthermore that

(6·8) holds. Then (7·1) persists.
(ii) If z > zt the bounds (4·3) and (4·4) are satisfied. Moreover, if z > zt, we have

(7·4) Ex,%
(
1Et,z

T
M t+1

2 /τ t+1
)
� T (log T )δ/2(log x)β−z.

Proof. (i) We may plainly assume that t is not an integer and hence that t > 1. Arguing as for
(6·16), we get

(7·5) Sγ
t,z(x; q)� 1 +

∫ x2

1

Zγt,z(y;T )

y(log 3y)2+z
dy.

Appealing to the inequality Mq−1(m) 6 ϑq−1,T τ(m) taking (6·5) into account, we infer that

(7·6) Zγt,z(y; q)� T q−2(log T )γ(q−2)(log 3y)2zSγ
t−1,2z(y).

Now, observe that 2zt > Zt−1 since t > dt− 1e.(3) We may hence deduce from (7·1) that

(7·7) Sγ
t−1,2z(y; q)� T (q−2)(t−1)(log T )(t−1)(q−1)γ(log 3y)β+1−2z,

since β(t− 1, 2z) = β(t, z) + 1 = β + 1. Indeed, since 2z > zt−1, the bound for St−1,2z is available
whenever γ ∈ {0, 1}. Carrying back into (7·6), we obtain

Zγt,z(y; q)� T t(q−2)(log T )(t−1)(q−1)γ(log y)β+1,

which yields the required estimate (7·1) by (7·5) provided δ = 0, and so β + 1 − (z + 2) < −1. If
δ = 1, i.e. z = zt (hence γ = 1), this is insufficient to get the expected bound. We get round the
difficulty by introducing a parameter Z∗t−1 ∈

]
Zt−1, 2Zt−1

]
and writing

Z1
t,z(y; q)� ϑq−1,T

y∑
m∈Hq−1

T,1

%2(m)2λtω(m)Mq(m)t−1

mτ(m)t−1

� ϑq−1,T

{
T (log 3y)

}λt y∑
m∈Hq−1

T,1

%2(m)Mq(m)t−1

mτ(m)t−1

with %2(m) := %(m)(Z∗t−1/zt)
ω(m) and λt := {log(2zt/Z

∗
t−1)}/ log 2. Taking (6·5) into account, the

bound (7·1) yields

(7·8) Z1
t,z(y; q)� T t(q−2)+λt(log T )t(q−1)γ−γ(log 3y)µt

with
µt := β(t− 1,Z∗t−1) + λt < zt + 1,

provided Z∗t−1 is chosen sufficiently close to Zt−1. To see the latter inequality, observe that
µt − zt − 1 = ϕ(a, b) := (a − b) − {log(a/b)}/ log 2 with a = f(dt− 1e), b = f(t), and
f(s) := s/(1− 1/2s) > 1/ log 2. Since ϕ(a, b) is a non-increasing function of a and a > b > 1/ log 2,
the inequality follows.

3. This follows from the fact that s 7→ s2s/(2s − 1) is increasing.
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Now split the integral in (7·5) at log 3y = T ν with ν := λt/(1 + zt − µt), applying (7·8) to the
upper range and (7·7) to the lower range. This yields (7·1) as required.

(ii) Let us focus on proving (4·3) for real t > 1, z > zt, and leave the proof of (4·4) for z > zt to
the reader. We may plainly assume t /∈ N∗. Arguing as in the proof of (6·16), we get

Ex,%

(
1Et,z

T
M t+1

2

τ t+1

)
� 1 +

∫ x2

1

Zt,z(y;T )

y(log 3y)2+z
dy,

with now

Zt,z(y;T ) :=

y∑
m∈Et,z

T

%(m)τ(m)M2(m)t

mτ(m)t
·

Since 2zt > Zt−1, we may apply (7·3) with (2z, t− 1) in place of (z, t) to get

Zt,z(y;T )� T (log y)1+βe−(dte−t)fT (y)/(dte+1).

This implies
Ex,%

(
1Et,z

T
M t+1

2 /τ t+1
)
� T (log T )δ/2(log x)β−z. ut

8. Bounding moments inductively

We are now in a position to obtain a bound for Tt,z(x; q), as defined in (6·6), that is uniform in
x, T and q. Note that Tt,z(x; q) is a subsum of Sγ

t,z(x; q) if γ = δ. The initialisation step being
granted by Proposition 6.1 and Lemma 7.2, we can adapt the proof of [3; prop. 2.2], itself resting
upon [12; prop. 6.2]. The following result is actually valid whether or not the parameter t is an
integer.

Proposition 8.1. Let t > 0, z > zt, % ∈Mz, and let C0 be a sufficiently large absolute constant.
Assume ϑ1,T = 1, and

ϑj,T >
j!

j2
Cj−1

0 T j−1(log T )δ(j−1) (j > 2),(8·1) ∑
16j6q/2

(
q

j

)
ϑj,Tϑq−j,T 6

ϑq,T
C0T (log T )δ/2

(q > 3)·(8·2)

Then

(8·3) Tt,z(x; q) 6
C0ϑq,T (log x)β−z

q2T t
(
q > max(t, 3), x > 2, T > 3

)
.

Proof. We argue by induction on q > max(t, 3). Albeit, in Lemmas 7.1 and 7.2, γ may take two
values independently, we fix here γ = δ. By Lemma 7.2 with γ = δ and (8·1), the required bound
holds for t 6 q 6 2t, which initialises the induction.

We now assume q > max(2t, 3).
By (6·12), the function 1Ht,z,q−1

T
Mq/τ satisfies (5·1) with w(n, p) = 1Ht,z,q−1

T
(n)Wq(n, p)/τ(n).

By partial integration and appeal to the Brun-Titchmarsh inequality as in [12; (6.9)], we get

(8·4)
∑

√
y6p<y

%(p)Wq(m, p)

p
�
(

1 + 2j
log 3y

y1/4

) ∑
16j6q/2

(
q

j

)
Mq−j(m)Mj(m)

log y
·

Applying Lemma 5.1, we therefore obtain

(8·5) Tt,z(x; q)� 1 +
∑

16j6q/2

(
q

j

)∫ x2

1

y∑
m∈Ht,z,q−1

T

(
1 + 2j

log 3y

y1/4

)%(m)Mq−j(m)Mj(m)

mτ(m)y(log 3y)2+z
dy.

The contribution of the term involving y−1/4 may be handled as in [12], invoking the inequality∫ ∞
1

(log 3y)q
dy

y5/4
� 4qq!
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and using the trivial bound

Mq−j(m)Mj(m) 6Mq−1(m)M1(m) 6 τ(m)q 6 T q−2(log y)q−2τ(m)2,

valid whenever m ∈ ET and P+(m) < y. This provides an overall term at most Cqq!T q−2 where C
is a suitable absolute constant. By (8·1) we may choose C0 such that

Cqq!T q−2 � C(C/C0)q−1q2ϑq−1,T � ϑq−1,T /2
q.

Therefore, since β − z > 0,

Tt,z(x; q)� ϑq−1,T (log x)β−z

2q
+

∑
16j6q/2

(
q

j

)∫ x2

1

Zq,j(y, T )

y(log 3y)2+z
dy,

with

Zq,j(y, T ) :=

y∑
m∈Ht,z,q−1

T

%(m)Mq−j(m)Mj(m)

mτ(m)
·

We aim at establishing (8·3) by induction on q > max(2t, 3). By (6·4), we have, whenever m is
counted in Zq,j ,

Mj(m) 6 ϑj,TT (log 3y) e−fT (y)
(
m ∈ Ht,z,q−1

T , P+(m) < y, 1 6 j 6 q − 1, y > 1
)
.

Therefore
Zq,j(y, T )� ϑj,TT (log 3y)1+z e−fT (y)Tt,z(y; q − j).

For j 6 q/2, we have q − j > q/2 > t. We may hence bound Tt,z(y; q − j) by the induction
hypothesis. This yields

Zq,j(y, T )� ϑj,Tϑq−j,T
q2T t

T e−fT (y)(log 3y)1+β ,

whence

(8·6)

Tt,z(x; q)�
∑

16j6q/2

(
q

j

)
ϑq−j,Tϑj,T
q2T t−1

∫ x2

1

e−fT (y)(log 3y)β−z−1

y
dy +

ϑq−1,T (log x)β−z

2q

�
∑

16j6q/2

(
q

j

)
ϑq−j,Tϑj,T (log T )δ/2

q2T t−1
(log x)β−z·

Under assumption (8·2), this implies (8·3). ut

9. Proof of Theorem 1.1

Observe that the sequence defined by

(9·1) ϑq,T =
q!

q2

(
2
3π

2C0

)q−1
T q−1(log T )δ(q−1) (q > 1),

satisfies (8·1) and (8·2) with γ = δ. From now on, we consider the sets Hz,t,q
T defined in (6·4).

By (3·2) and (7·4), we derive from using Markov’s inequality that, for z > zt

(9·2) Px,%
(
E rHt,z

T

)
� (log x)β−z

T t
(x > 2, T > 3).

Let us put λ := C1T (log T )δ and set out to establishing that, for fixed t > 1, z > zt, we have

(9·3) Px,%
(

∆(n) > λ log2 x
)
� (log x)β−z

T t
(x > 3, T > 1).

By (9·2), it is sufficient to show that

Px,%
(
n ∈ Ht,z

T , ∆ > λ log2 x
)
� (log x)β−z

T t
·
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However, from (8·3), we have, for q > 3,

Px,%
(
Ht,z,q−1
T rHt,z,q

T

)
6 Px,%

(
Ht,z,q−1
T

)
Ex,%

( Mq

ϑq,T τ

∣∣∣Ht,z,q−1
T

)
� (log x)β−z

q2T t
·

When 3 6 q 6 t, we deduce from Lemma 7.2 that

Px,%
(
Ht,z,q−1
T rHt,z,q

T

)
6 Px,%

(
Ht,z,q−1
T

)
Ex,%

(
M t
q

ϑtq,T τ
t

∣∣∣Ht,z,q−1
T

)
� Sq,t(x)

ϑtq,T
� (log x)β−z

q2T t
,

and so

(9·4) Px,%
(
E r ∩qHt,z,q

T

)
� (log x)β−z

T t
·

Now observe that, if n ∈ ∩qHt,z,q
T and P+(n) 6 x, we have

∆(n) 6 2Mq(n)1/q � τ(n)1/qϑ
1/q
q,T � qT (log T )δ(log x)1/q,

where the first inequality is [10; (5.56)]. Selecting q = blog2 xc we deduce that, for a suitably large
constant C1, we have ∆(n) 6 λ log2 x. Thus (9·3) follows from (9·4).

It remains to estimate Ex,%(∆t). We may assume trivially that 2(log2 x) 6 ∆(n) 6 (log x)z2
t+t.

Indeed, since ∆ 6 τ , the contribution of ∆(n) > (log x)z2
t+t in Ex,%(∆t) is bounded by

6
Ex,%(τ t+1)

(log x)z2t+t
� (log x)z2

t+1−z

(log x)z2t+t
� (log x)β−z.

The contribution of those integers n such that 2j < ∆(n)/(log2 x) 6 2j+1 is plainly

� 2tj(log2 x)t+δ(log x)β−z

2tj
= (log2 x)t+δ(log x)β−z.

Summing over j � log2 x, we finally get

Ex,%(∆t)� (log2 x)1+t+δ(log x)β−z.

Since, by Lemma 3.1, we have

St,%(x) =
∑
n6x

%(n)∆(n)t � x(log x)z−1Ex,%(∆t),

we obtain the upper bound of (1·5) as required.
To establish (1·6), we apply Hölder’s inequality with parameters s/t and s/(s−t) and invoke (1·5)

with t = s, δ = 1, yielding

Ex,%(∆t) 6
{
Ex,%(∆s)

}t/s � (log2 x)t+2t/s.

10. Proof of Theorem 1.3

Write t = 2s with s > 1. By [10; Exercise 47] (see a proof in [3; §4]) we have

(10·1) ∆(n)2 6 4M2(a)M2(b) (ab = n),

and so

∆(n)t 6
∑
ab=n

M2(a)sM2(b)s

2ω(ab)
·

Appealing to (6·9) with %1(n) := %(n)2(s−1)ω(n), we deduce that, provided 2s−1z > zs, we have

Ex,%
(
∆t
)
� 1

(log x)z

{
(log x)2s−1z Ex,%1

(
Ms

2

τs

)}2

� (log x)(2t−1)z−t.

In view of (3·1) and (1·4), this furnishes the true order of magnitude.
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11. Proof of Theorem 1.4

Put χk(n) := 1ω(n)=k (n > 1, k > 0), so that

(11·1) Ex,%(∆2) =
∑
k>0

Ex,%(∆2χk).

The proof of (1·8) relies on the following bound.

Lemma 11.1. Let % ∈M1. Uniformly for x > 3 and integer h > 1, we have

(11·2) Ex,%
(
M2χh/τ

)
� 1.

Proof. By (4·5), we plainly have

Ex,%
(M2χh

τ

)
� 1

h! log x

∫ 1

0

(∑
p6x

%(p){1 + cos(ϑ log p)}
p

)h
dϑ.

In view of (1·1), the contribution to the above integral of the range 0 6 ϑ 6 1/ log x is, for a
suitable, absolute constant C,

� (2 log2 x+ C)h

h!(log x)2
� 1.

The complementary contribution is

� 1

h! log x

∫ 1

1/ log x

(
log2 x+ log 1/ϑ+ C

)h
dϑ =

eC

h!

∫ 2 log2 x+C

log2 x+C

uhe−u du� 1. ut

We are now in a position to complete the proof of Theorem 1.4.
Let ε > 0. For any z > 1, the contribution of k > 4(1 + ε) log2 x to (11·1) is

6 Ex,%
(
zω(n)−4(1+ε) log2 x∆2

)
� S2,%2(x)

(log x)4(1+ε) log z
� (log x)4z−3−4(1+ε) log z(log2 x)3,

with now %2(n) = %(n)zω(n). Selecting z = 1 + ε, we get, for a suitable constant c > 0,∑
k>4(1+ε) log2 x

Ex,%
(
∆2χk

)
� (log x)1−cε2(log2 x)3 � log x,

provided ε = εx :=
√

3 log3 x/c log2 x.
Similarly, bounding Ex,%(∆2) with z = 1 − εx, we see that the contribution to (11·1) of

k 6 4(1− ε) log2 x is � x log x.

Only O
(√

(log2 x) log3 x
)

possible values of k remain. Each squarefree integer n such that
ω(n) = k may be represented as n = ab with ω(a) = bk/2c and ω(b) = dk/2e. However, since
there are � 2ω(n)/

√
log2 x representations of n as a product ab of the above form, we infer that

Ex,%(∆2χk)� (log x)
√

log2 xEx,%
(
M2χbk/2c

τ

)
Ex,%

(
M2χdk/2e

τ

)
� (log x)

√
log2 x,

where the last estimate follows from (11·2). Summing over k, we get (1·8) as required.

References
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