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1. Introduction and statement of results

For integer n > 1 and real u, put

∆(n, u) := |{d : d | n, eu < d 6 eu+1}|, ∆(n) := max
u∈R

∆(n, u).

Introduced by Erdős [3] (see also [4]) and studied by Hooley [13], the ∆-function and
specifically its (possibly weighted) mean-value proved very useful in several branches of number
theory — see, e.g., [15], [12], and [1] for further references. If τ(n) denotes the total number
of divisors of n, then ∆(n)/τ(n) coincides with the concentration of the numbers log d, d|n.

Asymptotic estimates for

S(x) :=
∑
n6x

∆(n)

have a rather long history since Hooley’s pioneer work [13]: see [9], [14], [10], [12], and the
recent papers [1], [11], and [6] for a description of the main steps. While Hooley’s upper bound
was S(x) � x(log x)4/π−1 and following works aimed at reducing the value of the exponent,
the first estimate of the type

(1·1) S(x)� xec
√

log2 x log3 x (x > 16)

appears in Tenenbaum’s paper [14]. Here and in the sequel, we let logk denote the k-fold
iterated logarithm. In [1], we could remove the log3 x from (1·1). Very recently Koukoulopoulos
and Tao made a further breakthrough by showing

S(x)� x(log2 x)11/4 (x > 3).

In this work, we slightly improve this upper bound.
Considering lower bounds, it is shown in [8] that S(x) � x log2 x and this remained

unimproved for over four decades. A very recent work of Ford, Koukoulopoulos and Tao [6]
provides the lower bound

(1·2) S(x)� x(log2 x)1+η+o(1)

where η ≈ 0.353327 is the exponent appearing in the new lower bound for the normal order
of ∆(n) by Ford, Green and Koukoulopoulos [5].
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Theorem 1.1. For all large real x, we have

(1·3) S(x)� x(log2 x)5/2.

Since the work [14], all upper estimates for S(x) rest on properties of moments

Mq(n) :=

∫
R

∆(n, u)q du (n > 1, q > 1).

As we clearly have ∆(np, u) = ∆(n, u) + ∆(n, u− log p) for any integer n > 1 and any prime
number p such that p - n, we may write the inductive inequality

(1·4) 2Mq(n) 6Mq(np) 6 2Mq(n) + 2Wq(n, p) (p - n)

with

(1·5)

Nj,q(n, p) :=

∫
R

∆(n, u)j∆(n, u− log p)q−j du,

Wq(n, p) :=
∑

16j6q/2

(
q

j

)
Nj,q(n, p).

An averaging argument over the largest prime factor of integers enables one to essentially
exploit the above in the form

(1·6) Mq(np) 6 2Mq(n) + C
∑

16j6q/2

(
q

j

)
Mj(n)Mq−j(n) (p - n)

for some absolute constant C. This is the basis of various induction processes, leading to
corresponding upper bounds. However, it turns out that an early appeal to Hölder’s inequality
in the form

Mj(n) 6Mq(n)(j−1)/(q−1)τ(n)(q−j)/(q−1) (n > 1, q > 2, 1 6 j 6 q − 1)

can only lead to upper bounds of the shape (1·1), with or without the triple logarithm. The
decisive progress achieved in [11] consists in finding a framework inside which the full strength
of an inequality like (1·6) can be exploited.

To prove (1·3), we follow the approach of [11] and insert a refinement based on an appeal
to Fourier transforms: see (2·7). As noticed in § 2.2, this also yields an improvement on an
estimate established in [12]—see (2·2) infra.

Since the theory of the ∆-function already provided a number of surprises, it is rather risky
to make a guess regarding the best possible exponent of log2 x in (1·3). Regarding upper
bounds, our approach might lead to the exponent 2, but we haven’t been able to substantiate
this so far.

It is worthwhile mentioning that the upper bound method displayed here (as of course that
of [11]) adapts smoothly to weighted averages of the type∑

n6x

g(n)∆(n)

where g is a non-negative multiplicative function satisfying mild growth assumptions such
as [1; (1.1),(1.2)] and having mean-value 1 over the primes, viz.∑

p6x

g(p) log p = x+O
(
xe−(log x)c

)
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for some fixed c > 0. This is precisely what is needed to handle averages of the ∆-function at
polynomial arguments. Thus we can state that if F ∈ Z[X] is an irreducible polynomial with
integer coefficients, then

(1·7)
∑
n6x

∆
(
|F (n)|

)
�F x(log2 x)5/2 (x > 3).

This is likely to be useful in applications, in particular to Waring’s type problems: see [2].

To conclude this introduction we note that the question of the quadratic mean-value of
the ∆-function has been solved, up to a power of log2 x, in [12; Exercice 72]. We state the
corresponding estimates in the following statement and, for the reader’s convenience, provide
the short proof in section 4.

Theorem 1.2 ([12]). We have

(1·8) x log x�
∑
n6x

∆(n)2 � x(log x)(log2 x)2 (x > 3).

A challenging open question is to determine the true exponent of log2 x in this problem.

2. Proof of Theorem 1.1

2·1. The set ET

As in [11], the first step consists in defining a set of integers with useful multiplicative
constraints.

Given a parameter T > 3, put

b :=
1

log 4− 1
, fT (y) := δmin

(
log(T log 3y),

(log2 3y − b log T )2

log T

)
(δ > 0, y > 1),

E := {n > 1 : µ(n)2 = 1}, ny :=
∏

p|n, p<y

p (n > 1, y > 1),

P+(n) := max
p|n

p (n > 1), P+(1) := 1,

ET :=
{
n ∈ E : τ(ny) 6 T (log 3y)e−fT (y) (y > 1)

}
.

Here and throughout, µ denotes the Möbius function, the letter p denotes a prime number
and δ stands for an absolute, sufficiently small constant. It is useful to bear in mind that
n ∈ ET implies that d ∈ ET for all divisors d of n.

Given x > y > 2, let Py,x denote the probability on E defined by

Py,x({n}) :=
1

n

∏
y6p<x

(
1 +

1

p

)−1

� log y

n log x

(
P−(n) > y, P+(n) < x

)
,

and let Ey,x denote the corresponding expectation. Throughout we let
∑y,x

indicate a
summation over squarefree integers whose prime factors are restricted to the interval [y, x[.
When y = 2, we simply write Px, Ex, and

∑x
.

It is proved in [11; prop. 5.1] that, provided δ is suitably chosen, we have

(2·1) Px(E r ET )� 1

T
(x > 2, T > 3).
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2·2. The set E∗T
It is shown in [11] that one can assume M2(n)/τ(n) 6 T log T (n ∈ ET ) without perturbing

(2·1) and we note that this readily follows from [12; th. 46], stated in terms of the function

T (n, 0) :=
∑
d,d′|n

| log(d′/d)|61

1,

which satisfies M2(n) 6 T (n, 0) 6 4M2(n) for all integers n > 1. From [12; thms. 46 & 47] we
actually have

(2·2)
1

T
√

log T
� Px

(
M2/τ > T

)
� log T

T
(T > 3).

The next statement improves both bounds to 1/T . The upper estimate will be employed as a
property of the set

(2·3) E∗T :=
{
n ∈ ET : M2(n)/τ(n) 6 T

}
.

It is useful to bear in mind that, since M2(n)/τ(n) is multiplicatively increasing,(1) we have
M2(ny)/τ(ny) 6 T for all y > 1 and all n ∈ E∗T .

Proposition 2.1. We have

(2·4) Px(E r E∗T )� 1

T
(x > 2, T > 3).

Moreover

(2·5) Px
(
M2/τ > T

)
� 1

T
·

Since only (2·4) is necessary for the upper bound of (1·3), we restrict below to the proof of
this estimate and postpone the proof of (2·5) to section 3.

Proof of (2·4). By (2·1), it suffices to prove that Px(ET rE∗T )� 1/T . Put τ(n, ϑ) :=
∑
d|n d

iϑ

(n > 1, ϑ ∈ R). In view of [12; (3.2)], Parseval’s formula provides

(2·6) M2(n) =
1

2π

∫
R

( sinϑ/2

ϑ/2

)2

|τ(n, ϑ)|2 dϑ (n > 1),

from which we derive, by applying the Montgomery–Wirsing lemma on mean values of
Dirichlet polynomials (see, e.g., [16; lemma III.4.10]) to intervals k − 1/2 6 ϑ 6 k + 1/2
(k ∈ Z) and taking symmetry into account, that

(2·7)
M2(n)

τ(n)
�
∫ 1

0

|τ(n, ϑ)|2

τ(n)
dϑ (n > 1).

1. This follows from (1·4). See also [12; th. 40] for the variant related to T (n, 0).
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The trivial bound |τ(n, ϑ)| 6 τ(n) immediately yields that the contribution of the range
0 6 ϑ 6 1/ log x has bounded expectation with respect to Px. Fix a large constant K,
and first assume that TK 6 log x. Let then m2(n, T ) denote contribution of the range
1/ log x 6 ϑ 6 1/TK to the above integral, and let M2(n, T ) denote the complementary
contribution. Thus, in view of (2·1), we have, for a suitable absolute constant c > 0,

Px
(
M2/τ > T

)
� 1

T
+ α+ β,

with
α := Px

(
n ∈ ET , m2(n, T ) > cT

)
, β := Px

(
n ∈ ET , M2(n, T ) > cT

)
.

Under conditions n ∈ ET and K > K(δ), we have τ(nexp(1/ϑ)) 6 (T/ϑ)1−δ whenever
ϑ 6 1/TK . Therefore

Ex
(
m2(n, T )

)
6
∫ 1/TK

0

Ex
(

T 1−δ|τ(n, ϑ)|2

τ(n)τ(nexp(1/ϑ))ϑ1−δ

)
dϑ

� T 1−δ

log x

∫ 1/TK

0

x∑
n>1

|τ(n, ϑ)|2

nτ(n)τ(nexp(1/ϑ))ϑ1−δ dϑ� T 1−δ
∫ 1/TK

0

dϑ

ϑ1−δ ,

where the inner sum, written as a product over primes, has been estimated by [12; lemma 30.1]
or [16; lemma III.4.13]. For K > 1/δ, the above bound is � 1, hence α� 1/T .

Consider next

(2·8) V2(x) := Ex
(
M2(n, T )2

)
�
∫ 1

1/TK

∫ 1

1/TK

Fx(ϑ, ϕ) dϑ dϕ,

with

Fx(ϑ, ϕ) :=
1

log x

x∑
n∈ET

|τ(n, ϑ)|2|τ(n, ϕ)|2

nτ(n)2
·

We use distinct upper bounds for this quantity, according to the sizes of τ(nexp(1/ϑ) and
τ(nexp(1/ϕ)). By symmetry, we may assume 0 < ϑ 6 ϕ 6 1. Recall that for n ∈ ET we have

τ(nexp(1/ψ)) 6
T e−fT (exp(1/ψ))

ψ

(
ψ ∈ {ϕ, ϑ}

)
.

For j > 0, we define

Dj(ϕ;T ) :=

{
n ∈ ET :

1

2j+1
<

ϕτ(nexp(1/ϕ))

T e−fT (exp(1/ϕ))
6

1

2j

}
,

let F
(j)
x (ϑ, ϕ) denote the subsum of Fx(ϑ, ϕ) restricted to summands n from Dj(ϕ;T ) and let

V
(j)
2 (x) denote the integral of F

(j)
x (ϑ, ϕ) over [1/TK , 1]2. Writing ψp := ψ log p (ψ > 0), we

have

U1 :=
∑

p6exp(1/ϕ)

1

p
6 log

( 1

ϕ

)
+O(1),(2·9)

U2 :=
∑

exp(1/ϕ)<p6exp(1/ϑ)

1 + cosϕp
p

6 log
(ϕ
ϑ

)
+O(1),(2·10)

U3 :=
∑

exp(1/ϑ)<p6x

(1 + cosϑp)(1 + cosϕp)

p

6 log(1 + ϑ log x) + 1
2 log

( ϕ log x

1 + (ϕ− ϑ) log x

)
+O(1),

(2·11)

where we used the formulae

(2·12)

(1 + cosϑp)(1 + cosϕp)

= 1 + cosϑp + cosϕp + 1
2 cos(ϕp − ϑp) + 1

2 cos(ϕp + ϑp),∑
p6y

cosψp
p

= log
( log y

1 + ψ log y

)
+O(1) (y > 2, 0 6 ψ 6 1).
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Let us now estimate V
(j)
2 (x). We have

F (j)
x (ϑ, ϕ)� TG

(j)
x (ϑ, ϕ)e−fT (exp(1/ϑ))/2−fT (exp(1/ϕ))/2

√
ϑϕ2j/2 log x

,

with

G(j)
x (ϑ, ϕ) :=

x∑
n∈Dj(ϕ;T )

|τ(n, ϑ)|2|τ(n, ϕ)|2

nτ(n)2
√
τ(nexp(1/ϑ))τ(nexp(1/ϕ))

·

Observe that n ∈ Dj(ϕ;T ) implies

ω(nexp(1/ϕ)) = rj(ϕ) :=

⌊
log(T/2jϕ)− fT (exp(1/ϕ))

log 2

⌋
.

Split n = uvw, where u := nexp(1/ϕ) and where the prime factors of v, w, belong respectively

to
]

exp(1/ϕ), exp(1/ϑ)
]
, and

]
exp(1/ϑ), x]. We have

|τ(n, ϑ)|2|τ(n, ϕ)|2

nτ(n)2
√
τ(nexp(1/ϑ))τ(nexp(1/ϕ))

6
τ(u)|τ(v, ϕ)|2|τ(w, ϑ)|2|τ(w,ϕ)|2

uvw
√
τ(v)τ(w)2

·

Now, by (2·9),

∑
u,v,w

ω(u)=rj(ϕ)

τ(u)|τ(v, ϕ)|2|τ(w, ϑ)|2|τ(w,ϕ)|2

uvw
√
τ(v)τ(w)2

� (2U1)
rj(ϕ)

e
√

2U2+U3

rj(ϕ)!

� e2U1+
√

2U2+U3

√
1 + U1

� e
√

2U2+U3

ϕ2
√

log(3/ϕ)
·

Applying (2·10) and (2·11), we infer that

G
(j)
x (ϑ, ϕ)√
ϑϕ log x

� (ϕ/ϑ)
√

2(1 + ϑ log x)

ϑ1/2ϕ5/2
√

log(3/ϕ) log x

√
ϕ log x

1 + (ϕ− ϑ) log x

� ϑ+ 1/ log x

ϕ2−
√

2ϑ
√

2+1/2
√
ϕ− ϑ+ 1/ log x

√
log(3/ϕ)

·

Ignoring the factor e−fT and splitting at ϕ = 2ϑ, we hence obtain that the integral of

ϕ 7→ F
(j)
x (ϑ, ϕ) over ϑ 6 ϕ 6 1 is

� T (ϑ+ 1/ log x)3/2e−fT (exp(1/ϑ))/2

2j/2ϑ5/2
√

log(3/ϑ)
·

Taking into account that ϑ > 1/ log x and integrating over the range 1/TK 6 ϑ 6 1 yields,
exploiting here the factor e−fT (exp(1/ϑ)), that

V
(j)
2 (x)� T/2j/2.

Summing over j > 0, we obtain

V2(x)� T.

Hence β � V2(x)/T 2 � 1/T , as required, provided TK 6 log x. However, if TK > log x, we
have Px(M2/τ > T ) � 1/T + β with now β := Px

(
n ∈ ET , M2(n, (log x)1/K) > cT

)
, and so

the desired conclusion persists in view of the above calculations. ut
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2·3. Bounding moments inductively

This is a simple reappraisal of the argument of [11] which we reproduce with some
simplifications and some improvement arising from the definition of the set E∗T .

Let {ϑj,T }∞j=0 ∈ (R+)N be a sequence such that ϑ0,T = ϑ1,T = 1 and define the subset Eq,T
comprising those integers n ∈ E∗T such that

(Eq,T ) Mj(n) 6 τ(n)ϑj,T (1 6 j 6 q),

with E0,T = E1,T = E∗T . Note that, by (1·4), if n ∈ Eq,T , then any divisor of n also lies
in Eq,T . By Proposition 2.1, provided ϑ2,T > T , we still have

Px
(
E r E2,T

)
� 1/T (x > 2, T > 3).

Recall notation
∑x

and put

Sq(x) := Px
(
Eq−1,T

)
Ex
(Mq

τ

∣∣∣Eq−1,T

)
=
∏
p<x

( 1

1 + 1/p

) x∑
n∈Eq−1,T

Mq(n)

nτ(n)
·

Proposition 2.2. Let C0 be a large absolute constant. Assume ϑ1,T > 1, ϑ2,T > C0T ,
ϑ3,T > 2C2

0T
2 log T , and

(2·13) ϑj,T > j!(C0T )j−1 (j > 2),
∑

16j6q/2

(
q

j

)
ϑj,Tϑq−j,T 6

ϑq,T

C0T
√

log T
(q > 3)·

Then

(2·14) Sq(x) 6
C0ϑq,T
q2T

(q > 3, x > 2, T > 3).

Proof. Put Lx :=
∏
p<x(1 + 1/p). Writing n = mp with P (m) < p, we get

LxSq(x) 6 1 +
∑
p<x

p∑
m∈Eq−1,T

Mq(pm)

pmτ(pm)
·

Using τ(pm) = 2τ(m) and expanding Mq(pm) by (1·4) yields

LxSq(x) 6 1 +
∑
p<x

p∑
m∈Eq−1,T

Mq(m) +Wq(m, p)

pmτ(m)
=
∑
p<x

LpSq(p)

p
+ Vq(x),

with

Vq(x) := 1 +
∑
p<x

p∑
m∈Eq−1,T

Wq(m, p)

pmτ(m)
·

Iterating this as in [11], we get

LxSq(x) 6 Vq(x) +
∑

26P+(n)<x
n∈E

Vq(P
−(n))

n
� Vq(x) +

∑
p<x

Vq(p)

p

log x

log p
,

hence

(2·15) Sq(x)� Vq(x)

log x
+
∑
p<x

Vq(p)

p log p
·
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Indeed, at the first step we obtain

∑
p<x

LpSq(p)

p
6
∑
p1<x

1

p1

{ ∑
p2<p1

Lp2Sq(p2)

p2
+ Vq(p1)

}
,

then ∑
p<x

LpSq(p)

p
6
∑
p1<x

1

p1

(
Vq(p1) +

∑
p2<p1

1

p2

{ ∑
p3<p2

Lp3Sq(p3)

p3
+ Vq(p2)

})
6
∑
p1<x

Vq(p1)

p1
+

∑
p2<p1<x

Vq(p2)

p1p2
+

∑
p3<p2<p1<x

Lp3Sq(p3)

p1p2p3
,

and so on.
Since ny = np when P+(n) < p < y 6 p2, we may write, still following [11],

Vq(x)� 1 +
∑
p<x

p∑
m∈Eq−1,T

Wq(m, p)

pmτ(m)

∫ p2

p

dy

y log 3y

= 1 +
∑

16j6q/2

(
q

j

)∫ x2

1

y∑
m∈Eq−1,T

1

mτ(m)

∑
√
y6p<y

Nj,q(m, p)

p

dy

y log 3y
,

where Nj,q is as defined in (1·5). By the argument leading to [11; (6.9)], we get

Vq(x)� 1 +
∑

16j6q/2

(
q

j

)∫ x2

1

y∑
m∈Eq−1,T

(
1 + 2j

log y

y1/4

)Mq−j(m)Mj(m)

mτ(m)

dy

y(log 3y)2
·

Inverting summation and integration in (2·15) and appealing to the uniform bound∑
√
y6p<x

1

p log p
� 1

log y
,

we obtain

Sq(x)� 1 +
∑

16j6q/2

(
q

j

)∫ x2

1

y∑
m∈Eq−1,T

(
1 + 2j

log y

y1/4

)Mq−j(m)Mj(m)

mτ(m)

dy

y(log 3y)3
·

The contribution of the term involving y−1/4 may be handled as in [11] using the trivial
bound(2)

Mq−j(m)Mj(m) 6 τ(m)q 6 (T log y)q−2τ(m)2,

valid whenever m ∈ ET and P+(m) < y. This provides an overall term at most Cqq!T q−2

where C is a suitable absolute constant. By the first assumption (2·13) we may choose C0

such that
Cqq!T q−2 6 C2(C/C0)q−2qϑq−1,T � ϑq−1,T /2

q.

Therefore

(2·16) Sq(x)� ϑq−1,T

2q
+

∑
16j6q/2

(
q

j

)∫ x2

1

Zq,j(y, T )

y(log 3y)3
dy,

with

Zq,j(y, T ) :=

y∑
m∈Eq−1,T

Mq−j(m)Mj(m)

mτ(m)
·

2. Note that Mj(m) 6 ∆(m)j−1M1(m) 6 τ(m)j for j > 1, m > 1.
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We aim at establishing (2·14) by induction on q > 3. By (Eq,T ) and (2·3) we have, whenever
m is counted in Zq,j(y, T ),

Mj(m)� ϑj,TT (log 3y)e−fT (y) (m ∈ Eq−1,T , P
+(m) < y, 1 6 j 6 q − 1, y > 1).

Therefore

(2·17) Zq,j(y, T )� ϑj,TT (log 3y)2Sq−j(y)e−fT (y).

When q = 3, we infer from (Eq,T ) with q = 2 and the definition of E∗T that

(2·18)

Z3,1(y, T ) =

y∑
m∈E2,T

M2(m)

m
6

y∑
m>1

min
(
Tτ(m), T 3/2

√
τ(m) log y

)
m

� T 3/2(log y)2

√
T + (log y)(3−

√
8)/2
·

Hence (2·16) implies

S3(x)� T log T � ϑ3,T

T
·

This initiates the induction provided C0 is sufficiently large.
If q > 4, then q − j > 2 (except for q = 4 and j = 2), so we can use the induction

hypothesis (2·14). For q = 4 and j = 2, we simply note that Z4,2(y, T ) 6 Z4,1(y, T )
since M2(m)2 6 M3(m)τ(m) for all m > 1. Appealing to (2·14) for bounding Sq−j(y) for
1 6 j 6 q/2, we derive from (2·16) and (2·17)

(2·19)

Sq(x)�
∑

16j6q/2

(
q

j

)
ϑq−j,Tϑj,T

q2T

∫ x2

1

T e−fT (y)

y(log 3y)
dy +

ϑq−1,T

2q

�
∑

16j6q/2

(
q

j

)
ϑq−j,Tϑj,T

q2

√
log T .

Under assumption (2·13), this implies (2·14). ut

2·4. Completion of the argument

Observe that the sequence defined by

ϑq,T :=
q!

q2

(2π2C0

3

)q−1

T q−1(log T )(q−1)/2 (q > 1)

satisfies (2·13).
Now, we put λ := C1T (log T )1/2 and aim at establishing

(2·20) Px
(
∆(n) > λ log2 x

)
� 1

T
·

By (2·4), it is sufficient to show that

Px
(
n ∈ E∗T , ∆(n) > λ log2 x

)
� 1

T
·

However, from (2·14), for q > 3,

Px
(
Eq−1,T r Eq,T

)
6 Px

(
Eq−1,T

)
Ex
( Mq(n)

ϑq,T τ(n)

∣∣∣Eq−1,T

)
=

Sq(x)

ϑq−1,T
� 1

q2T
,

whence

Px(ET r ∩q>3Eq,T )� 1

T
·
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Now observe that if n ∈ ∩q>3Eq,T and P+(n) 6 x, we have

∆(n) 6 2Mq(n)1/q � τ(n)1/qϑ
1/q
q,T � (T log x)1/qqT 1−1/q(log T )1/2,

where the first inequality is [12; (5.56)]. Selecting q = blog2 xc we have ∆(n) 6 λ log2 x for a
suitable large constant C1 and hence (2·20).

It remains to estimate Ex(∆). We may assume trivially that 10C1 log2 x 6 ∆(n) 6 (log x)3.
Indeed,

Ex(∆,∆ > (log x)3) 6
Ex(τ2)

(log x)3
� 1.

The contribution of those integers n such that 2j < ∆(n)/ log2 x 6 2j+1 is plainly

� 2jj1/2 log2 x

2j
= j1/2 log2 x.

Summing over j � log2 x, we finally get

Ex(∆)� (log2 x)5/2.

Since, by [12; th. 61], we have S(x)� xEx(∆), we obtain the upper bound of (1·3) as required.

3. Proof of estimate (2·5)
For integer k, let χk denote the indicator of the set

{
n ∈ E : ω(n) = k

}
. For notational

convenience, we shall also write ξ :=
√

log2 x in the sequel. Recall the definition of the constant
b at the beginning of § 2.1

Lemma 3.1. Let 0 < ε < 1
2 be fixed. For integer h, (log x)ε 6 2h 6 (log x)1−ε, y := exp 2h,

ε log2 x 6 k 6 (log2 x)/ε, we have

(3·1) Ey
(
χk
)
� (h log 2)k

2hk!
·

In particular, for t ∈ h/b + [−ξ, ξ], we have

(3·2) Ey(χh+t) �
1

2tξ
·

Proof. This readily follows from, e.g., [7; lemma III.13], which provides the estimate∑
p1<···<pk6y

1

p1 · · · pk
� (h log 2)k

k!
,

and Stirling’s formula. ut

We may now embark on proving (2·5). In view of (2·1) and (2·4), only the lower bound is
to be established. Given T > 3 and a large integer m, put

ξT :=
√

log T , HT :=
( bξ2

T

log 2
+ [0, ξT ]

)
∩mN, YT := {yh := exp 2h : h ∈ HT }.

Let K > 1 to be chosen later and put EK := {n ∈ E : maxy∈YT
ny/y

K 6 1}. We have

M2(n)

τ(n)
>
M2(ny)

τ(ny)
>

τ(ny)

2K log y
(n ∈ EK , y ∈ YT ).

Let us then put

t :=
log 2T

log 2
, qT (n) := max

y∈YT

χh+t(ny),

so that
M2(n)

τ(n)
>
TqT (n)

2K
(n ∈ EK).
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Consider dT := Ex
(
qT
)
. In view of Lemma 3.1, we first have

Ex
(
χh+t(ny)

)
� 1

TξT
,

hence

dT 6
∑
h∈HT

Ex
(
χh+t

)
� 1

T
·

Now, the inclusion-exclusion principle implies the lower bound

dT >
∑
h∈HT

Ex
(
χh+t

)
−

∑
h,j∈HT

h<j

Ex
(
χh+tχj+t

)
.

When j = h+ `, ` > m, we have

Ex
(
χh+tχj+t

)
� (` log 2)`

TξT 2` `!
� e−β`

TξT
,

with β := log(2/e log 2) ≈ 0.05966. It follows that, for suitable absolute constants c1, c2 > 0,

dT >
c1
mT
− c2
T

∑
`>m

`≡0 (modm)

e−β` >
c1/m− c2/(eβm − 1)

T
·

Selecting m sufficiently large, we get that dT � 1/T .
To conclude the proof it only remains to observe that

Ex
(
1ErEK

qT

)
� 1

eK

∑
h∈HT

Ex
(
χh+t(ny)n1/ log y

y

)
� 1

eK

∑
h∈HT

1

2h(h+ t)!

(∑
p6y

1

p1−1/ log y

)h+t

� 1

eKT
,

and get, with a suitable choice of the constant K,

Px
(
M2(n)/τ(n) > T/2K

)
� 1/T.

Up to substituting 2KT to T , this implies the lower bound in (2·5).

4. Proof of Theorem 1.2

The lower bound readily follows from the pigeon-hole principle in the form

∆(n)� τ(n)/ log 2n (n > 1).

In order to establish the upper bound, we first note that by a standard argument (see, e.g.,
[14; (22)], [12; th. 61]), it is sufficient to show that

(4·1) Ex(∆2)� (log2 x)2 log x.

Now, we observe that, for all integers r > 1, s > 1 and suitable u ∈ R, we have

∆(rs) 6
∑
d|r, t|s

−1/26log dt−u61/2

1 6 2
∑
d|r

∑
t|s

(1− | log dt− u|)+

=
1

π

∫
R

( sinϑ/2

ϑ/2

)2

τ(r, ϑ)τ(s, ϑ)e−iuϑ dϑ.

By (2·6) and the Cauchy-Schwarz inequality, we get as in [12; Exercise 47]

∆(rs)2 6 4M2(r)M2(s) (r > 1, s > 1).
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Therefore

µ(n)2∆(n)2 6 4
∑
rs=n

µ(r)2M2(r)

τ(r)

µ(s)2M2(s)

τ(s)
(n > 1).

It is then sufficient to apply (2·7) and [12; th. 42], which readily implies that M2(n)µ(n)2/τ(n)
has average order � log2 n, to get (4·1), as required.
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[2] R. de la Bretèche & G. Tenenbaum, Mean values of arithmetic functions and application to sums
of powers, Math. Proc. Camb. Phil. Soc., to appear.
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