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R. de la Bretèche & G. Tenenbaum

Abstract. We evaluate friable averages of arithmetic functions whose Dirichlet series is
analytically close to some complex power of the Riemann zeta function. We obtain asymptotic
expansions resembling those provided by the Selberg-Delange method in the non-friable case.
Some application are provided to the friable distribution of the additive function counting the
total number of prime factors.
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1. Introduction and statement of results

Let P+(n) denote the largest prime factor of a natural integer n > 1 and let us agree that
P+(1) = 1. We designate by S(x, y) the set of y-friable integers not exceeding x, i.e.

S(x, y) := {n 6 x : P+(n) 6 y}.

We aim here at evaluating friable sums

Ψ(x, y; f) :=
∑

n∈S(x,y)

f(n)

for some complex arithmetical functions f .
To describe the set of relevant functions f , we introduce parameters β > 0, c ∈]0, 1[, δ > 0,

z ∈ C∗, and assume that β + δ < 3/5. We then consider the class Ez(β, c, δ) of those Dirichlet
series F(s) converging for σ = <e s > 1 and represented in this half-plane as

(1·1) F(s) = ζ(s)zB(s)

where the series B(s) :=
∑
n>1 b(n)/ns may be holomorphically continued in the domain

(1·2) D(β, c, δ) :=
{
s ∈ C : σ > 1− c/{1 + log+ |τ |}(1−δ−β)/(β+δ)

}
,

with log+ t := max(0, log t) (t > 0), and satisfies

B(s)� {1 + |τ |}1−δ
(
s ∈ D(β, c, δ)

)
,(1·3)

B(s, y) :=
∑

P+(n)6y

b(n)

ns
= B(s) +O

( 1

Lβ+δ(y)

) ( y > 2, σ > 1− c/(log y)β+δ,

|τ | 6 Lβ+δ(y)

)
.(1·4)

Here and in the sequel we write

(1·5) Lc(y) := e(log y)c (c > 0, y > 1).

We then consider, for κ > |z|, the subclass H(z, κ;β, c, δ) comprising those functions f whose
associated Dirichlet series belongs to Ez(β, c, δ) and possesses a majorant series

F†(s) :=
∑
n>1

f†(n)/ns ∈ Eκ(β, c, δ).

We next write

(1·6)
εz := sgn(<e z), m := εz d<e ze , ϑ := εzm−<e z ∈ [0, 1[,

mz := d<e ze = εzm, ϑz := ϑ− i=mz,

and note that z = mz − ϑz.
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Our results involve some solutions of delay differential equations which we now describe.
First define gz : R→ C as the solution to the delay differential system vg′z(v) + zgz(v − 1) = 0 (v > 1)

gz(v) := 0 (v < 0),
gz(v) := 1 (0 6 v 6 1).

Thus g1 coincides with Dickman’s function %, whose Laplace transform satisfies

(1·7) %̂(s) :=

∫
R
%(v)e−vs dv = eγ+I(−s),

where γ designates Euler’s constant and where we have put I(w) :=
∫ w

0
(ev − 1) dv/v. From

the general theory displayed in [8] we have

ĝz(s) :=

∫
R
g(v)e−sv dv = sz−1%̂(s)z (s ∈ Cr R−),(1·8)

gz(v) =
∑

06j6J

cj
vz+jΓ(1− z − j)

+O
( 1

vz+J+1

)
(v > 0, J > 0),(1·9)

where {cj}∞j=0 is the sequence of Taylor coefficients of %̂(s)z at the origin.
When <e z > 0, the expression %̂(s)z is the Laplace transform of a function %z solution to

the delay differential system

(1·10)

{
v%′z(v) + (1− z)%z(v) + z%z(v − 1) = 0 (v > 1),

%z(v) = vz−1/Γ(z) (0 < v 6 1).

Thus, continued by 0 on ]−∞, 0], the function %z is the order z fractional convolution power
of Dickman’s function % = %1.

From the definition, we see that %z is C∞ on R r N and is Cj−1 on ]j − m,∞[ provided
j > m. When z = m ∈ N∗, the discontinuities of %z on N∗ are of the first kind. We may then
continue %z by right-continuity. We put

(1·11) δz,h,j = %(j)
z (h)− %(j)

z (h− 0) (z = m ∈ N∗, 1 6 h 6 j + 1−m).

Let ζ0(w) denote the solution with smallest non-negative imaginary part of the equation
eζ = 1+wζ. Note in particular that ζ0(w) ∈ R whenever w ∈ R+; in this case one traditionally
notes ξ(w) := ζ0(w). By convention ξ(w) 6= 0 for w > 0, w 6= 1, and ξ(1) = 0. From
[13; (III.5.48)] and [8; (2.14)], writing t := arg(z) ∈]− π, π], and ξz := ξ(v/|z|), we have,

(1·12)

ξz = log
( v
|z|

log v
)

+O
( log2 v

log v

)
,

ζ0(v/z) = ξz +
t2

2ξ2
z

− iξzt

ξz − 1
+O

( 1

ξ3
z

) (v > 3 + |z|).

The asymptotic behaviour of %z(v) as v →∞ has been determined in [8] in terms of ζ0(v/z).
We have

(1·13) %z(v) =
{1 +O(1/v)}eγz−vζ0(v/z)+zI(ζ0(v/z))√

2πv{1− 1/ζ0(v/z)}
(v →∞).

We next define ϕz as the solution to the delay differential system

(1·14)


vϕ′z(v) + ϑzϕz(v) + zϕz(v − 1) = 0 (v > 1),

ϕz(v) = v−ϑz/Γ(1− ϑz) (0 < v 6 1),

ϕz(v) = 0 (v 6 0).

By Lemma 3.2 infra, with notation (1·6), we have ϕz = %
(m−1)
z whenever <e z > 0. When

z ∈ Z, we have ϑz = 0, hence the discontinuities of ϕz on N∗ are of the first kind and we may
continue ϕz by right continuity. With this convention, we extend definition (1·11) to z ∈ Z−
by substituting ϕz to %z in this case and setting the range for h to 1 6 h 6 j.
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In Lemma 3.2, it is shown that, in full generality,

ϕ̂z(s) = smz−1%̂(s)z (<e s > 0).

Put

M(x; f) := Ψ(x, x; f) =
∑
n6x

f(n),(1·15)

λy,f (u) :=

∫
R
gz(u− v) d

(M(yv; f)

yv

)
, Λf (x, y) := xλy,f (u),(1·16)

Rz(v) :=
1√
v

exp
{
−<

∫ u

r

ζ0(t/z) dt
}
,(1·17)

and let us note incidentally that if, following [8], we let {Fk(v; a, b)}∞k=0 denote the sequence
of fundamental solutions to the general delay differential equation

vf′(v) + af(v) + bf(v − 1) = 0,

then we actually have Rz(v) � F0(v;−1− z, z) (v > 1).

Our first theorem states that, if f ∈ H(z, κ;β, c, δ), then Λf (x, y) is a good approximation
to Ψ(x, y; f) in the range

(Gβ) x > 3, exp{(log x)1−β} 6 y 6 x.

Here and throughout we write u := (log x)/ log y and systematically employ the notation

(1·18)
σ := <e s, τ := =ms (s ∈ C),

H+ := R+∗ + iR, H− := R− + iR.

Theorem 1.1. Let β > 0, c > 0, δ > 0, z ∈ C∗, κ > 0, β + δ < 3/5. Then, uniformly for
f ∈ H(z, κ;β, c, δ) and (x, y) ∈ Gβ , we have

(1·19) Ψ(x, y; f) = Λf (x, y) +O

(
xRz(u)

Lβ+δ/2(y)

)
.

Next, it is necessary to evaluate Λf (x, y). The statement of our results addressing this
question necessitates a number of further definitions.

We denote by dµy,f the real measure with Laplace transform

µ̂y,f (s) :=

∫
R

e−vs dµy,f (v) = F
(

1 +
s

log y

) s1−ϑz

s+ log y
(σ > 0).

We prove in Lemma 3.4 infra that dµy,f (v) is absolutely continuous whenever <e z ∈ R r Z
and that, in this case,

(1·20) dµy,f (v) = Zy,f (v) dv, with Zy,f (v) :=
1

2πi

∫
1+iR

µ̂y,f (s)evs ds (yv ∈ Rr N).

The function Ze,f is made explicit in Lemma 3.4 and we note that

Zy,f (v) = (log y)1−ϑzZe,f (v log y).

From definition (1·20) we have

Ẑy,f (s) =
F(1 + s/ log y)s1−ϑz

s+ log y
=
Ẑe,f (s/ log y)

(log y)ϑz
(<e s > 0).

Thus

(1·21)

λ̂y,f (s) = ĝz(s)

∫ ∞
0

e−vs d
(M(yv; f)

yv

)
= ĝz(s)

sF(1 + s/ log y)

s+ log y
= µ̂y,f (s)sϑz ĝz(s),

whence

(1·22) λ̂y,f (s) = µ̂y,f (s)smz−1%̂(s)z = µ̂y,f (s)ϕ̂z(s).
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Let the sequence {aj(f)}∞j=0 be defined by the Taylor expansion converging in a neighbour-
hood of the origin

(1·23)
szF(s+ 1)

s+ 1
=
∑
j>0

aj(f)sj (|s| < c)

and let us make the convention that aj(f) = 0 if j ∈ Z−. We then define

(1·24) dνy,f (v) := dµy,f (v)− (log y)z−1
∑

16j<mz

am−1−j(f)vj−1 dv

(j − 1)!(log y)m−1−j (v > 0),

so that dνy,f (v) = dµy,f (v) provided <e z < 0, and, in complete generality,

(1·25)

∫ ∞
0

e−sv dνy,f (v) = (log y)−ϑz
∑

j>mz−1

aj(f)
( s

log y

)j+1−mz
(|s| < c log y).

Writing

(1·26) Wj(t, y; f) :=

∫ ∞
t

(v − t)j dνy,f (v) (t > 0, j > 0, y > 1),

it follows by partial integration from the case j = 0 of (3·20) infra that

(1·27) Wj(t, y; f)� 1

(log y)j+κz−ϑzLb(yt)
·

For integer J > 0, real y > 3, we put ey := (log2 y)1/β/ log y and consider the sets

VJ(y) :=
{
u > 1 : min

16j6min(u,J+1)
(u− j) > ey

}
.

Defining

(1·28) ψz :=

{
ϕ

(m+1)
z if <e z 6 0,

%z if <e z > 0,

we may state our main result below in a unified setting.

Theorem 1.2. Let

β > 0, c > 0, δ > 0, β + δ < 3/5, κ > 0, z ∈ C∗,
J > mz, Jz := J + 1−mz.

Then, uniformly for f ∈ H(z, κ;β, c, δ), (x, y) ∈ Gβ , u = (log x)/ log y ∈ VJz (y), we have

(1·29) Ψ(x, y; f) = x(log y)z−1
∑

06j6J

aj(f)ψ
(j)
z (u)

(log y)j
+O

(
xRz(u)(log 2u)J+1

(log y)J+2−z

)
.

When u 6∈ VJz (y) and z ∈ Z, the above formula persists provided the quantity xUJ(x, y; f) is
added to the main term, with

(1·30) UJ(x, y; f) :=
∑

`6j6Jz

(−1)j+1δz,`,j
j!

Wj(u− `, y; f) (` < u 6 `+ 1).

If u 6∈ VJz (y), ` < u 6 ` + 1, ` 6 Jz + 1, and z ∈ C∗ r Z, formula (1·29) must be modified
by restricting the summation to the (possibly empty) range 0 6 j < `+mz and replacing the
error term by x/(log y)`.

Remarks. (i) If z = m ∈ N∗, m > 2, then δz,`,j = 0 whenever ` > j −m+ 2.
(ii) An inspection of the proofs shows that, given any ε > 0, our estimates are uniform

for z running in any bounded subset of H+ r {|z| < ε}. This is important for the applications
described in § 2. For z ∈ H−, Corollaries 1.3(i) and 1.4 will suffice.
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The next corollary is obtained by selecting J := max(0,mz) in the previous statement. It
extends [3; cor. 1.3] to z ∈ H− and [5; (1.24)] to z ∈ H+. We let 〈t〉 denote the fractional part
of a real number t.

Corollary 1.3. (i) Let z ∈ H−. Then, uniformly for f ∈ H(z, κ;β, c, δ), (x, y) ∈ Gβ ,
u = (log x)/ log y ∈ Vm+1(y), we have

(1·31) Ψ(x, y; f) = x(log y)z−1

{
a0(f)ψz(u) +O

(
xRz(u) log 2u

log y

)}
.

Moreover, if y` < x 6 y`+1 for some integer ` ∈ [1,m+ 1] and 〈u〉 6 ey, we have

(1·32) Ψ(x, y; f)� x

(log y)min(1−<e z,`) ·

(ii) Let z ∈ H+. Then, uniformly for f ∈ H(z, κ;β, c, δ), (x, y) ∈ Gβ , we have

(1·33) Ψ(x, y; f) = x(log y)z−1

{
a0(f)ψz(u) +O

(
Rz(u) log 2u

log y
+

1[1,1+ey ](u)

(log y)<e z

)}
.

Combined with some estimates from the literature, our results open the way to upper
bounds that are uniform for x > y > 2. The following corollary generalises [3; cor. 1.4]. It
is proved in §6. We denote by H∗(z, r;β, c, δ) the subclass of H(z, r;β, c, δ) subject to the
further condition that, for a suitable constant C, we have

(1·34) B(s, y)� ζ(2αr, y)C , 1/ζ(2αr, y)C � B†(s, y)� ζ(2αr, y)C (<e s > αr),

where αr = αr(x, y) is defined as the saddle-point associated to ζ(s, y)r.

Corollary 1.4. Let β > 0, c > 0, δ > 0, β + δ < 3/5, 1 < b < 3/2, z ∈ H−, with |z| = r.
There exists a constant c0 such that, uniformly for f ∈ H∗(z, r;β, c, δ), we have

(1·35) Ψ(x, y; f)� Ψ(x, y; f†)
{e−c0u/(log 2u)2

(log y)r+d−1
+

1

Lb(y)

}
(x > y > 2),

where d := min(buc , 1−<e z). This bound is locally uniform for z ∈ H− r {0}.

2. Some applications

Our results apply in a natural way to the distribution of additive functions over S(x, y). By
way of illustration we state three corollaries, proved in section 7, relevant to the function

ω(n) :=
∑
p|n

1 (n > 1).

For r > 0, we define

(2·1)

µr = µr(x, y) := r log2 y + rI
(
ξ(u/r)

)
,

σ2
r = σr(x, y)2 := µr − u2ξ′(u/r)/r = µr −

ru2ξ(u/r)

r + ξ(u/r)(u− r)
,

and note that, by (3·7) and (7·6) infra, we have, for bounded r,

σ2
r = r log2 y +

ru

ξ(u)2
+O

( u

ξ(u)3

)
(u > r + 2).

When r = 1, we simply write µ := µ1, σ := σ1.
We start with an Erdős-Kac type theorem for friable integers. We use the traditional notation

Φ(v) :=
1√
2π

∫ v

−∞
e−t

2/2 dt (v ∈ R)

for the distribution function of the normalised Gaussian law.
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Corollary 2.1. Let K > 1, 0 < β < 3/5. Uniformly for v ∈ R, (x, y) ∈ Gβ , we have

(2·2)
1

Ψ(x, y)

∑
n∈S(x,y)
ω(n)−µ6vσ

1 = Φ(v) +O

(
u

uK + σ
+

1

σ

)
.

Remarks. (i) This application only uses first term approximations of our estimates in
Theorem 1.2. More sophisticated results could be devised using the full expansions.

(ii) When u = 1, i.e. y = x, the above result recovers the classical Erdős-Kac theorem with
optimal accuracy—see, e.g. [13; § III.4.4].

(iii) Writing w(x) := (log3 x)2 log2 x, γ(K) := 1/(2K + 2), the remainder term of (2·2) is

�



log u√
u

if e(log x)1−β 6 y 6 x1/w(x),

log u

uK
+

1√
log2 y

if x1/w(x) < y 6 x1/w(x)γ(K)

,

u√
log2 y

if x1/w(x)γ(K)

< y 6 x .

(iv) This problem has been considered before. Hildebrand [7] established Gaussian conver-
gence with explicit remainder in the range log x > (log y)21, which does not intersect Gβ .
Alladi [1] tackled the case of larger values of y, namely exp

{
(log2 x)1/β

}
6 y 6 x, by the

method of moments. He showed that (2·2) holds with a remainder o(1), without providing an
effective bound.(1) Hensley [6] considered the closely related function Ω(n) :=

∑
pν‖n ν and, in

the range (log x)2 6 y 6 exp{(log x)1/4}, obtained uniform estimates for the local laws that
yield normal convergence. Finally, Mehdizadeh [9], relying on local behaviour properties of
Ψ(x, y), obtained a similar estimate for the range xc(x)/ log2 x 6 y 6 x, provided c(x)→∞.

(v) All our results in this section could be adapted to handle the function Ω(n) with
straightforward modifications. We leave this to the reader.

Next, we consider the local laws of the friable distribution of ω(n), i.e. we aim at evaluating

(2·3) ψk(x, y) :=
1

Ψ(x, y)

∑
n∈S(x,y)
ω(n)=k

1.

Our next statement splits into two parts.
In the first part, we provide a formula that is uniform for k > 1 but only yields an asymptotic

formula when |k − µ| 6 σ
√
c log σ with c < 2.

The second part furnishes an asymptotic formula provided r can be selected in such a way
that µr = k. Formula (3·7) below furnishes an acceptable range for k, which is made explicit
in the statement. When this condition is met, we write

(2·4)

L := log2 y + I
(
ξ(u/r)

)
� µ,

Kr(u) :=
∏
p

(
1− 1

p

)r−1(
1 +

r − 1

p

)%r(u)e(1−r)I(ξ(u/r))√µr
%(u)σr

·

Corollary 2.2. Let K > 0, 0 < β < 3/5.
(a) Uniformly for (x, y) ∈ Gβ , k > 1, we have

(2·5) ψk(x, y) =
e−

1
2 (µ−k)2/σ2

√
2πσ

+O

(
u

σ2 + uKσ
+

1

σ2

)
.

(b) Let c1, c2, c3 denote arbitrary positive constants. Uniformly for

(2·6) (x, y) ∈ Gβ , c1σ
2 − c2u/(log 2u)2 6 k − I

(
ξ(u)

)
6 c3σ

2,

and if r is given by the equation µr = k, we have, with notation (2·4),

(2·7) ψk(x, y) = Kr(u)
e−LLk

k!

{
1 +O

( u

σ + uK
+

1

σ

)}
.

1. Alladi’s estimate is stated with different expressions for the mean and variance. However, it can be
shown that they differ from ours by an amount � log2 3u, which ensures compatibility between the
two statements.
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Remarks. (i) In the intersection of their respective validity ranges, the remainder term of (2·5),
which is � 1/σcx,y for any c < 2, is roughly the square of that stated in [6; th. 2(b)].

(ii) By suitable summation over k, formula (2·5) plainly provides an Erdős-Kac type theorem.
However this turns out to be slightly less precise than (2·2), for which we hence gave a separate
proof.

(iii) The range for k covered by Corollary 2.2 includes values as large as powers of log y.

Finally, we propose an estimate for large deviations.

Corollary 2.3. Let 0 < β < 3/5. Uniformly for (x, y) ∈ Gβ , v > 0, and suitable absolute
constant c > 0, we have

(2·8)
1

Ψ(x, y)

∑
n∈S(x,y)
|ω(n)−µ|>vσ

1� e−v
2/3 + e−cσ

2/(log σ)4 .

Moreover, if v � min
(
σ/u1/3, σ1/3

)
the upper bound may be replaced by � e−v

2/2.

In the intersection of the respective ranges of validity of the two formulae, the bound (2·8)
is significantly more precise than that given in [6; th. 2(a)].

3. Lemmas

3·1. Bounds for Laplace transforms

For z = reit ∈ C∗, t ∈]− π, π], and v > 0, let us put

ζz = ζz(v) := ζ0(v/z) = ξ0(v/z) + iη0(v/z),(3·1)

ξz = ξz(v) := ξ(v/r).(3·2)

Lemma 3.1. For v > 1, s = −ζz(v) + iτ , τ ∈ R, we have

(3·3)
∣∣sz %̂(s)z

∣∣� ∣∣ζz(v)z %̂(−ζz(v))z
∣∣.

Proof. Recall (1·7) and (1·12). The upper bound (3·3) is equivalent to

(3·4) <e
{
zI(−s) + z log s− zI(ζz)− z log ξ0(v/z)

}
6 O(1).

Since, by [13; lemma III.5.9],

(3·5) I(−s) + log s = −γ − J(s), with J(s) :=

∫ ∞
0

e−s−t

s+ t
dt,

we may assume that v is arbitrarily large. Indeed, if v is bounded and |τ | is large, it follows
from (3·5) that I(−s)+ log s is bounded and estimates (1·12) imply that I(ζz) and log ξ0(v/z)
are also bounded.

Writing T (s) := 1 + 1/s+ 2/s2, we have by [8; lemma 2] that

(3·6) I(s) =
es

s
T (s) +O

( eσ

σ4

)
(σ > 1),

whence

(3·7) I(ζz) =
v

z
T (ζz) +O

( v
ξ3
z

)
(v > 2r).

By [13; lemma III.5.12], we have |s%̂(s)| � 1 when |τ | > C{1 + vξ(v)} with a sufficiently large
constant C. It hence follows from (3·7) that (3·4) holds in this range. In the complementary
circumstance, the term log s in (3·4) is � log v. However, by formulae (1·12) we have

|zes| 6 |z|eξz
{

1 +O
( 1

ξ2
z

)}
6 vξz +O

( v
ξz

)
.

As a consequence, in view of (3·6) and (3·7), we see that (3·4) is satisfied if |τ | is sufficiently
large. We may therefore assume in the sequel that τ is bounded.
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Thus, it is enough to establish (3·4) for large v and τ � 1. Now

(3·8)

I(ζz − iτ) =
eζz−iτ

ζz

ζz
ζz − iτ

T (ζz − iτ) +O
( v
ξ3
z

)
=

e−iτv

z

ζz
ζz − iτ

T (ζz − iτ) +O
( v
ξ3
z

)
=

e−iτv

z

(
1 +

1 + iτ

ζz
+

2 + 2iτ − τ2

ζ2
z

)
+O

( v
ξ3
z

)
,

hence

(3·9)

zI(ζz − iτ)− zI(ζz)

= v
{

e−iτ − 1 +
e−iτ (1 + iτ)− 1

ζz
+

e−iτ (2 + 2iτ − τ2)− 2

ζ2
z

+O
( 1

ξ3
z

)}
.

Gathering estimates (3·6), (3·7) and (3·8), we infer that

(3·10)

zI(ζz − iτ)− zI(ζz) = v
{

e−iτ
(

1 +
1 + iτ

ζz
+

2 + 2iτ − τ2

ζ2
z

)
− T (ζz) +O

( 1

ξ3
z

)}
= v
{

e−iτ − 1 +
e−iτ (1 + iτ)− 1

ζz
+

e−iτ (2 + 2iτ − τ2)− 2

ζ2
z

+O
( 1

ξ3
z

)}
.

By (1·12), we may replace ζz by ξ0(v/z)− itξz/(ξz − 1) and then by ξz − it. Indeed,

1

ζz
=

1

ξz − it
+O

( 1

ξ3
z

)
=

1

ξz
+
it

ξ2
z

+O
( 1

ξ3
z

)
.

The quantity inside curly brackets in the right-hand side of (3·10) is

e−iτ − 1 +
e−iτ (1 + iτ)− 1

ξz
+

e−iτ (2 + 2iτ − τ2)− 2 + it(e−iτ (1 + iτ)− 1)

ξ2
z

+O
( 1

ξ3
z

)
.

We now show that

D(τ, v) := v

{
cos(τ)− 1 +

A(τ)

ξz
+
B(τ)

ξ2
z

+O
( 1

ξ3
z

)}
6 O(1)

with A(τ) := cos(τ)− 1 + τ sin(τ), and

B(τ) := <e
(
e−iτ (2 + 2iτ − τ2)− 2 + it(e−iτ (1 + iτ)− 1)

)
= (2− τ2) cos τ + 2τ sin τ − 2 + t sin τ − tτ cos τ

= −2(1− cos τ)− τ2 cos τ + 2τ sin τ + t sin τ − tτ cos τ.

Write τ = 2πn+h, where n ∈ Z, |h| 6 π and, since τ is bounded, n� 1. If |h| > c0/
√
ξ(v),

for a suitable absolute constant c0 > 0, we have D(τ, v) 6 −2h2/π2 +O(1/ξz) 6 0. Otherwise
we have

D(τ, v)

v
= −h

2

2
+
−h2/2 + (2πn+ h)h

ξz
+O

(
h4 +

|h|
ξz

+
1

ξ2
z

)
.

If π/ξz < |h| 6 c0/
√
ξ(v), then again D(τ, v) 6 0. We may hence write h = w/ξz with |w| 6 π.

We get
D(τ, v) = vE(w)/ξ2

z +O
(
v/ξ3

z

)
with

E(w) := − 1
2w

2 − 2πnw + (−2πn+ t)2πn = − 1
2 (w + 2πn)2 − 2πn(πn+ t).

Thus, E(w) 6 −π2/2 as soon as n 6= 0 and (3·4) follows under this assumption.
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We are hence left with the case n = 0 and |h| � 1/ξz. For |s− ζz| � 1/ξz, we have

I(ζz − iτ)− I(ζz) = −iτv/z − τ2

∫ 1

0

I ′′(ζz − itτ)(1− t) dt.

Observing that I ′′(ζz − itτ) = v/z +O(v/ξz) for 0 6 t 6 1, we infer that

<e
(
z(I(ζz − iτ)− I(ζz))

)
= −τ2v

(
1 +O(1/ξz)

)
6 0

provided v is sufficiently large. Since log |s| − log ξ0(vz) � τ2/ξ2
z + 1, we see that (3·4) still

holds in this last case. ut

3·2. Solutions to delay differential equations

Recall definition (1·14) for ϕz.

Lemma 3.2. We have

(3·11) ϕ̂z(s) = smz−1%̂(s)z = sϑz−1e−zJ(s) (<e s > 0).

Proof. Plainly,

ϕ̂z(s) =

∫ ∞
0

ϕz(v)e−vs dv =
1

s

∫ ∞
0

ϕz

(v
s

)
e−v dv,

whence

d{sϕ̂z(s)}
ds

= −
∫ ∞

0

v

s2
ϕ′z

(v
s

)
e−v dv =

ϑz
s

∫ ∞
0

ϕz

(v
s

)
e−v dv +

z

s

∫ ∞
0

ϕz

(v
s
− 1
)

e−v dv

=
{
ϑz + ze−s

}
ϕ̂z(s).

Solving this ordinary differential equation, we get, for some constant K,

sϕ̂z(s) = Ksϑze−zJ(s).

As s→ +∞, we have

ϕ̂z(s) ∼
K

s1−ϑz
, ϕ̂z(s) ∼

1

sΓ(1− ϑz)

∫ s

0

(v
s

)−ϑz
e−v dv ∼ 1

s1−ϑz
,

therefore K = 1. ut
Recall the definition of Rz(v) in (1·17). By [8; (2.16)], we have, with notation (3·1),

(3·12) Rz(u) � %̂(−ζz)ze−uζz√
u

(u > 1).

Under condition <e z > 0, we readily deduce from (1·10) by real induction that, given any
constant C > 0, we have %z(v)� e−Cv (v > 1). By [8; th. 2], it follows that

%(j)
z (v)� Rz(v)(log 2v)j (v > 1, j > 0),(3·13)

%(j)
z (v − w)� Rz(v)(log 2v)jewξz (v > 1, 0 6 w 6 v − 1

2 , 0 6 j < m),(3·14)

%(m)
z (v − w)� Rz(v)(log 2v)mewξz (v > 1, 0 6 w 6 v − 3

2 ).(3·15)

Recall (1·14). When <e z 6 0, the function ϕ
(m)
z satisfies the functional equation

vf′(v)− zf(v) + zf(v − 1) = 0
(
v ∈ Rr {0, 1, . . . ,m}

)
.

Since the exceptional solution (as defined in [8]) of this equation is the constant function equal
to 1, we deduce from [8; th. 2] that, as v →∞,

(3·16) ϕ(m+j)
z (v) = δ0je

γz +O
(
Rz(v)(log 2v)j−1

)
( j > 0, v > m+ j + 1),

with Kronecker’s notation. It is useful to recall here that ψz := ϕ
(m+1)
z .

3·3. Estimates for friable Dirichlet series

For notational concision, we set

(3·17) sy := (s− 1) log y (s ∈ C, y > 1), Lτ := log(2 + |τ |) (τ ∈ R).

The next statement follows from [13; lemma III.5.16]. We define

(3·18) {(s− 1)ζ(s)}z := ezh(s)

where h(s) designates, in any connected zero free region of the Riemann zeta function
containing the halfplane σ > 1, the branch of the complex logarithm of (s − 1)ζ(s) that
is real when s is real and > 1.
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Lemma 3.3. Let z ∈ C and ε > 0. The formula

(3·19) ζ(s, y)z = {(s− 1)ζ(s)}z(log y)z %̂(sy)z
{

1 +O
( 1

L3/5−ε(y)
+ y−1/L2/3+ε

τ

)}
holds uniformly in the domain

y > y0(ε), σ > 1− 1

(log y)2/5+ε + L
2/3+ε
τ

, |τ | 6 L3/2−3ε(y).

3·4. Measures

In (1·20), we asserted that, provided <e z is not an integer, dµy,f (v) is absolutely continuous
with derivative some function Zy,f (v). We now substantiate this claim.

Lemma 3.4. Assume <e z 6∈ Z. Then the function defined almost everywhere by

Ze,f (v) =
−e−v

Γ(ϑz)

∑
n6ev

f(n)

∫ v−logn

0

ew dw

w1−ϑz
+

1

Γ(ϑz)

∑
n6ev

f(n)

n(v − log n)1−ϑz

satisfies Ze,f (v) dv = dµe,f (v).

Remark. It follows from this statement that Zy,f is locally integrable under the indicated
assumption.

Proof. For <e z 6∈ Z, we have ϑ = <e ϑz > 0. From the formulae∫ ∞
0

e−ws d
(M(ew; f)

ew

)
=

F(s+ 1)

s+ 1
,

1

Γ(t)

∫ ∞
0

e−wswt−1 dw = s−t
(<e (s) > 0, <e (t) > 0),

we deduce, selecting t = ϑz, that s−ϑzF(s+ 1)/(s+ 1) is the Laplace transform of

v 7→ 1

Γ(ϑz)

∫ v

0

M(ew; f)

(v − w)1−ϑzew
dw =

e−v

Γ(ϑz)

∑
n6ev

f(n)

∫ v−logn

0

ew

w1−ϑz
dw,

whose derivative coincides with Ze,f (v). The required conclusion then follows from the classical
formula relating the Laplace transform of a function and that of its derivative. ut

In the following statement and throughout the sequel of this paper, we denote by ‖t‖ the
distance from a real number t to the set of integers.

Lemma 3.5. Let β > 0, c > 0, δ > 0, κ > 0, z ∈ C∗, β + δ < 3/5, f ∈ H(z, κ;β, c, δ). For
any fixed integer j > 0, and uniformly for y > 2, v > 0, we have

(3·20)

∫ ∞
v

tj dνy,f (t)� 1

(log y)j+ϑLβ+2δ/3(yv)2
·

Under the additional assumption that ‖yv‖ � 1, <e z 6∈ Z−, 0 6 h 6 1
2 , we have

(3·21)

∫ v

v−h
dνy,f (t)�


hϑ

Lβ+2δ/3(yv/h log y)
if <e z 6∈ Z,

h if <e z ∈ N∗.

Remark. The discontinuity in the expression of the majorant is only apparent: the exponent ϑ
appearing in (3·21) actually arises as 1 − 〈<e z〉, which coincides with ϑ when <e z 6∈ Z, but
is equal to 1 if <e z ∈ Z.

Proof. The stated result may be derived by following the proofs of [5; lemmas 3.4 & 3.5] when
<e z > 0 and of [3; lemma 5.2] when <e z 6 0. We omit the details. ut
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4. Proof of Theorem 1.1

With notation (3·1), let us put

(4·1) αz := 1− ξ0(u/z)/ log y.

The parameters β and δ being chosen as indicated in the statement, let us put b := β + δ/2,
T := u2uLb(y)2. Writing F(s, y) := B(s, y)ζ(s, y)z, Perron’s formula (see, e.g., [13; th. II.2.3])
yields

(4·2) Ψ(x, y; f) =
1

2πi

∫ αz+iT 2

αz−iT 2

F(s, y)xs

s
ds+ R,

with

(4·3) R�
∑

P (n)6y

xαzf†(n)

nαz (1 + T 2| log(x/n)|)
� xαzζ(αz, y)κ

T
+

∑
|n−x|6x/T

f†(n).

By (1·12), we have

ξ0

(u
z

)
= ξz +

t2

2ξ2
z

+O
( 1

ξ3
z

)
.

Lemma 3.3, Lemma 3.1 with τ = η0(v/z), and estimate (3·12) then furnish

(4·4) xαzζ(αz, y)κ � x(log y)κe−uξ0(u/z)%̂(−ξ0(u/z))κ � x(log y)κRz(u)eO(u).

Morever, since T � x1−ε, we have, by Shiu’s theorem [10],

(4·5)
∑

|n−x|6x/T

f†(n)� x
(log x)κ−1

T
·

Carrying these bounds back into (4·3), we get

R� xRz(u)/Lb(y).

The integrand in (4·2) may be estimated appealing to Lemma 3.3, choosing β + δ < 3
5 − ε.

Taking hypothesis (1·4) into account, we get, with notations (3·17),

1

2πi

∫ αz+iT 2

αz−iT 2

F(s, y)
xs

s
ds =

(log y)z

2πi

∫ αz+iT 2

αz−iT 2

F(s)(s− 1)z %̂(sy)z
xs

s
ds+R1 +R2,

where F(s)(s− 1)z is defined by means of (3·18) and where the error terms may be estimated
appealing to Lemma 3.1 and to estimate (3·12).

Since <e ζz = −ξ0(u/z) = (αz − 1) log y, we thus get

R1 �
xαz (log T )κ

Lβ+δ(y)
sup
<e s=αz

|szy%̂(sy)z| � xαz (log T )κ

Lβ+δ(y)

∣∣ζz(u)z %̂(−ζz(u))z
∣∣

� x
√
uRz(u)(log T )κ

Lβ+δ(y)
� xRz(u)

Lb(y)
,

and
R2 � xαz (log T )κ sup

s=αz+iτ
|τ |6T 2

(
|szy%̂(sy)z|y−1/L2/3+ε

τ

)
.

To establish these bounds, we made use of the fact that, in a connected zero-free region of
ζ(s) containing the half-plane σ > 1 and excluding the half-line ]−∞, 1], we have

|{(s− 1)ζ(s)}z| = |ζ(s)z||(s− 1)z|,

where the left-hand side is defined by (3·18) and the right-hand side is defined by means of a
holomorphic branch of log ζ(s) and the principal determination of (s− 1)z.



12 R. de la Bretèche & G. Tenenbaum

In order to estimate the stated upper bound for R2 we use (3·3) when |τ | 6 y and the bound

|szy%̂(sy)z| � 1�
∣∣ζz(u)z %̂(−ζz(u))z

∣∣e−u/2
when |τ | > y. For a suitable choice of ε > 0, we get

R2 � xRz(u)

(
1

Lb(y)
+ e−u/2y−1/L

2/3+ε

T2

)
� xRz(u)

Lb(y)
·

At this stage we have hence established the estimate

(4·6) Ψ(x, y; f) =
(log y)z

2πi

∫ αz+iT 2

αz−iT 2

F(s)(s− 1)z %̂(sy)z
xs

s
ds+O

(
xRz(u)

Lb(y)

)
.

The residue theorem allows us to move the integration segment until abscissa σx := 1+1/ log x
at the cost of a satisfactory error term. Indeed, the contribution of the horizontal segments
with ordinates ±T 2 is

� x/T 2/3 � xRz(u)/Lb(y).

Next, we extend the integration segment to the whole vertical line <e s = σx taking account
of the estimate

(4·7) s%̂(s) = 1 +O
( u

1 + u|τ |

)
(<e s = 1/u)

and of the bound |F(s)| � (log x)κ (<e s = σx). The contribution of the error term in (4·7) is
then

� x(log x)κ/T � xRz(u)/Lb(y).

It remains to bound
1

2πi

∫
σ=σx
|τ |>T 2

F(s)
xs

s

using the effective Perron formula as stated, for instance, in [13; th. 2.3]. One checks that this
quantity may be absorbed by the previous error term. We have thus proved that

(4·8) Ψ(x, y; f) =
(log y)z

2πi

∫ σx+i∞

σx−i∞
F(s)(s− 1)z %̂(sy)z

xs

s
ds+O

(
xRz(u)

Lb(y)

)
.

Since it follows from (1·8) and (1·21) that

(log y)zF(s)(s− 1)z %̂(sy)zxs

s
= xeusy

syF(1 + sy/ log y)sz−1
y %̂(sy)z

1 + sy/ log y
= xeusy λ̂y,f (sy),

we conclude by the convolution theorem and Laplace inversion that the main term in (4·8)
coincides with Λf (x, y). ut

5. Proof of Theorem 1.2

5·1. Preparation

In view of Theorem 1.1, it is sufficient to evaluate Λf (x, y). First observe that it follows
from (1·22) that

(5·1) Λf (x, y) = x

∫
R
ϕz(u− v) dµy,f (v).

Recall the definition of the sequence {aj(f)}∞j=0 in (1·23). From (1·25), we infer that, still
with the convention that ah(f) = 0 for h < 0,

(5·2)
aj+mz−1(f)

(log y)j+ϑz
=

(−1)j

j!

∫ ∞
0

vj dνy,f (v) (j > 0).

Finally, we may assume in all the sequel that u > 1 since the Selberg–Delange method as
displayed in [13; ch. II.5] provides the required estimates when u = 1, i.e. x = y.
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5·2. The case z ∈ H+

Observe at the outset that we may assume ‖x‖ = 1
2 .

Apply (5·1) with <e z > 0 and ϕz = %
(m−1)
z . Writing

bj(u) :=

∫ u

0

vj%(m−1)
z (u− v) dv = j!%(m−j−2)

z (u) (0 6 j < m− 1),

we deduce from (1·24) that

(5·3)
Λf (x, y)

x(log y)z−1
=

∑
16j<m

am−j−1(f)bj−1(u)

(j − 1)!(log y)m−j−1
+ J =

∑
06j<m−1

aj(f)%
(j)
z (u)

(log y)j
+ J,

with

(5·4) J :=

∫ u

0−

%
(m−1)
z (u− v)

(log y)z−1
dνy,f (v) = J1 + J2 + J3,

where the J` correspond to the respective integration ranges [0−, 1
2ey[, [ 1

2ey, u−
1
2 [, [u− 1

2 , u].

Since %
(m−1)
z (w) is bounded for w > 1

2 , the integrals J1 and J2 are trivially convergent.
Moreover, since <e z = m− ϑ, 0 6 ϑ < 1, this is also true for J3.

We handle J2 and J3 as error terms. Retain the notation b := β + δ/2.
Let us first consider J2. Recall that %m−1

z and that ϕz is C0 on ]0,∞[, and C1 on ]1,∞[. Let
w := max(ey, u− 1). Partial integration furnishes J2 = (J20 + J21)/(log y)z−1, with

J20 :=

∫ w

ey/2

ϕz(u− v) dνy,f (v) = −
∫ w

ey/2

∫ ∞
u−v

ϕ′z(t) dtdνy,f (v),(5·5)

J21 :=

∫ u−1/2

w

dνy,f (v)

Γ(1− ϑz)(u− v)ϑz
·(5·6)

Inverting the order of integration in (5·5) yields

J20 = −
∫ ∞

1

ϕ′z(t)

∫ max(u−1,ey/2)

max(u−t,ey/2)

dνy,f (v) dt� 1

Lb(yey/2)
� Rz(u)

(log y)J+2−z ,

by (3·14) with j = m− 1 and (3·20) with j = 0.
To evaluate J21, we apply directly (3·20) with j = 0 if ϑz = 0. Otherwise we write

J21 =

∫ u−1/2

w

{
1 + ϑz

∫ 1

u−v

dt

t1+ϑz

}
dνy,f (v)

Γ(1− ϑz)

=

∫ u−1/2

w

dνy,f (v)

Γ(1− ϑz)
+ ϑz

∫ 1

1/2

dt

t1+ϑz

∫ u−1/2

max(u−t,u−1,ey/2)

dνy,f (v)

Γ(1− ϑz)

� 1

Lb(yey/2)
� Rz(u)

(log y)J+2−z ,

still by (3·20) with j = 0
We may thus state that we have in all circumstances

(5·7) J2 �
Rz(u)

(log y)J+1
·

Let us then turn our attention to J3. Assume first that ϑ > 0. Partial integration then yields
(5·8)

J3 =
1

Γ(1− ϑz)(log y)z−1

∫ u

u−1/2

dνy,f (v)

(u− v)ϑz

=
1

Γ(1− ϑz)(log y)z−1

{[
−
∫ u

v

dνy,f (t)

(u− v)ϑz

]u
u−1/2

+

∫ u

u−1/2

∫ u

v

(ϑz + 1) dνy,f (t)

(u− v)1+ϑz
dv

}
.
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The last integral is estimated using (3·21). It is

�
∫ 1/2

0

dh

hLb(x/h log y)
� Rz(u)

(log y)J+1−z ·

When ϑ = 0, we obtain the required bound from (3·20) in the case z = m ∈ N∗ since then

%
(m−1)
z is constant in ]0, 1]. In the case z /∈ N∗, we reach the same conclusion by appealing to

the second bound in (3·21), splitting the integral in (5·8) at u− 1/Lb(y).
To evaluate J1, we consider two cases according to whether the condition u ∈ VJz (y) is met.

If it holds, the function %z belongs to the class CJ+1 on [u− 1
2ey, u+ 0]. For 0 6 v 6 1

2ey, the
Taylor-Lagrange formula may be written as

(5·9) %(m−1)
z (u− v) =

∑
m−16j6J

(−1)j−m+1

(j −m+ 1)!
%(j)
z (u)vj−m+1 + R0,

with

R0 :=
(−1)J−m

(J −m+ 1)!

∫ v

0

(v − w)J−m+1%(J+1)
z (u− w) dw,

while representation (5·2) and estimate (3·20) imply, for j > m,

(5·10)

(−1)j−m+1

(j −m+ 1)!

∫ ey/2

0−
vj−m+1 dνy,f (v) =

aj(f)

(log y)j−m+1+ϑz
+O

( 1

Lb(yey/2)

)
=

aj(f)

(log y)j+1−z +O
( 1

(log y)J+1

)
.

Carrying back (5·9) into J1 taking (5·10) and (3·14) into account, we get

J1 =
∑

m−16j6J

aj(f)%
(j)
z (u)

(log y)j
+O

(
Rz(u)

{
log(u+ 1)

log y

}J+1)
.

It remains to consider the case u 6∈ VJz (y).
If z = m ∈ N∗, u > 1, we have ` < u 6 ` + 1 for a suitable integer ` ∈ [1, Jz]. The Taylor-

Lagrange formula may then be extended by taking account of the first kind discontinuities of

%
(m)
z and its derivatives. This means adding

R1 :=
∑

m6j6J+1

(−1)j+1

j!

∑
16h6j

u−v<h<u

δz,h,j(v + h− u)j

to the remainder R0 of (5·9). The quantity

J
†
1 :=

1

(log y)z−1

∑
m6j6J+1

(−1)j+1

j!

∑
16h6j

u−ey/2<h<u

δm,h,j

∫ ey/2

u−h
(v + h− u)j dνy,f (v)

must hence be added to J1. The inner sum is actually reduced to the sole term of index h = `,
and estimate (3·20) allows the integration range to be extended to the half-line [u− `,∞[ at
the cost of an error term compatible with that of (1·29). It follows that

(log y)z−1J
†
1 =

∑
m6j6J+1

(−1)j+1

j!

∑
16h6j

u−ey/2<h<u

δm,h,jWj(u− h, y; f) +O
( 1

(log y)J+1

)
.

In view of the previous estimates for J2 and J3, this completes the proof of (1·29) in the case
under consideration.
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Let us now turn our attention the case z ∈ H+ rN∗, u 6∈ VJz (y). Let then ` ∈ [1, Jz] satisfy

` < u 6 `+ 1. Since %
(m+`−1)
z is integrable on ]`, `+ 1], we may write the Taylor expansion

(5·11) %(m−1)
z (u− v) =

∑
m−16j<m+`−1

(−v)j−m+1%
(j)
z (u)

(j −m+ 1)!
+ R†0 (0 6 v 6 1

2ey),

with

R†0 :=
(−1)`

(`− 1)!

∫ v

0

(v − t)`−1%(m+`−1)
z (u− t) dt.

Taking (1·25) and (3·20) into account, we see that the contribution of the sum of (5·11) to the
integral J1 of (5·4) is well approximated by

∑
m−16j<m+`−1

aj(f)%
(j)
z (u)

(log y)j
,

the involved error term being compatible with that of (1·29). The contribution of R†0 to J1 is
then

(5·12) � 1

(log y)z−1

∫ ey/2

0

%(m+`−1)
z (u− t)

∫ ey/2

t

(v − t)`−1 dνy,f (v) dt

We may bound the inner integral by appealing to (3·20). When ` > 1, we have∫ ey/2

t

(v − t)`−2 dνy,f (v) = (1− `)
∫ ey/2

t

(v − t)`−2

∫ ey/2

v

dνy,f (w) dv

�
∫ ey/2

t

(v − t)`−2 dv

(log y)ϑLβ+2δ/3(yv)2
� 1

(log y)`−1+ϑLb(yt)2
·

This estimate also holds for ` = 1. The contribution to the right-hand side of (5·12) from the
interval 0 6 t 6 〈u〉 is hence

� 1

(log y)z−1

∫ 〈u〉
0

(〈u〉 − t)−ϑ dt

(log y)`−1+ϑLb(yt)
� 1

(log y)z+`−1
.

Indeed, we have

(5·13)

∫ 〈u〉
0

(〈u〉 − t)−ϑ

Lb(yt)
dt

� min

{∫ 〈u〉
0

dt

(〈u〉 − t)ϑ
,

∫ 〈u〉/2
0

dt

〈u〉ϑ Lb(yt)
+
〈u〉1−ϑ

Lb(y〈u〉/2)

}
� min

{
〈u〉1−ϑ , 1

〈u〉ϑ log y
+

1

(log y)1−ϑ

}
� 1

(log y)1−ϑ ·

The bound %
(m+`)
z (u−t)� 1 may then be employed to estimate he contribution of the interval

〈u〉 6 t 6 1
2ey. It is

� 1

(log y)z−1

∫ ey/2

〈u〉

dt

(log y)`−1+ϑLb(yt)2
� 1

(log y)z+`−1+ϑLb(y〈u〉)
·

5·3. The case z ∈ H−

The computations being modelled on those of the previous section, we limit the exposition
to brief indications.

Note right away that we may assume z 6∈ R−, in view of the results of [3]. Moreover we may
assume as before that ‖x‖ = 1

2 .
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In what follows, we restrict to the case ϑ > 0. The case ϑ = 0, ϑz 6= 0, may be handled
similarly, replacing dµy,f (v) by

∫∞
v

dµy,f (t) dv, which has Laplace transform µ̂y,f (s)/s and
substituting ϕ′z to ϕz.

Apply (5·1) with <e z 6 0 and split

J∗ :=

∫ u

0

ϕz(u− v) dµy,f (v) = (log y)z−1
(
J∗1 + J∗2 + J∗3

)
,

where the J∗` correspond to the respective integration ranges [0−, 1
2ey], ] 1

2ey, u−
1
2 [, [u− 1

2 , u].
The integrals J∗2 et J∗3 admit upper bounds identical to those leading to (5·7) and (5·8),

substituting ϕz to %
(m−1)
z .

To evaluate J∗1, we first consider the case u ∈ VJz (y). We may then write Taylor’s formula

ϕz(u− v) =
∑

06j6Jz

(−v)jϕ
(j)
z (u)

j!
+ R∗0,

with

R∗0 :=
(−1)Jz+1

Jz!

∫ v

0

(v − t)Jzϕ(Jz+1)
z (u− t) dt.

Appealing to (3·16), (3·20), (5·2), and arguing as in the case z ∈ H+, we get

J∗1 =
∑

06j6J+m+1

aj−m−1(f)ϕ
(j)
z (u)

(log y)j+ϑ+z−1
+O

(
Rz(u)(log 2u)J+1

(log y)J+1

)

=
∑

06j6J

aj(f)ψ
(j)
z (u)

(log y)j
+O

(
Rz(u)(log 2u)J+1

(log y)J+1

)
.

In the complementary case u /∈ VJz (y), there exists ` ∈ [1, Jz] such that ` < u 6 ` + 1.
Taylor’s formula at order ` may then be written as

ϕz(u− v) =
∑

06j<`

(−v)jϕ
(j)
z (u)

j!
+

(−1)`

(`− 1)!

∫ v

0

(v − t)`−1ϕ(`)
z (u− t) dt.

In view of (3·16), (3·20), (5·2), we see that the contribution of the above sum to J∗1 is well
approximated by ∑

06j6`−m−1

aj(f)ψ
(j)
z (u)

(log y)j
,

the summation being empty if ` < m + 1, that is to say u 6 m + 2. The contribution of the
integral is

R∗1 :=
(−1)`

(`− 1)!

∫ ey/2

0

ϕ(`)
z (u− t)

∫ ey/2

t

(v − t)`−1 dνy,f (v)

(log y)z−1
dt.

This quantity may be majorised by appealing to the estimate (3·20) and noting that

ϕ(`)
z (u− t)�

{
(〈u〉 − t)−ϑ if 0 6 t 6 〈u〉,
1 if 〈u〉 < t 6 1

2ey.

Indeed we have∫ ey/2

t

(v − t)`−1 dνy,f (v)�
∫ ey/2

t

(v − t)`−2 dv

(log y)ϑLβ+2δ/3(yv)

�
∫ ey/2

t

(v − t)`−2 dv

(log y)ϑLβ+δ/2(yt)Lβ+δ/2(yv−t)

� 1

Lβ+δ/2(yt)(log y)`−1+ϑ
·

By (5·13), it follows that

R∗1 �
1

(log y)`−1+ϑ+z−1

{∫ 〈u〉
0

(〈u〉 − t)−ϑ

Lb(yt)
dt+

∫ ey/2

〈u〉

1

Lβ+δ/2(yt)
dt

}
� 1

(log y)`+z−1
·

This completes the proof of Theorem 1.2.
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6. Proof of Corollary 1.4

Throughout this section we denote by cj (j = 1, 2, . . .) positive constants depending at most
on the parameters β, c, δ, b, z, and are locally uniform in r = |z|.

Let us first assume (x, y) ∈ Gβ . By [‘TW03’; th. 2.1] and our assumption (1·34), we then have

Ψ(x, y; f†) � x%r(u)(log y)r−1,

since B†(ακ) � 1 in this range. Moreover, by (1·13) and (1·12), we have, with t = arg z,

Rz(u)

%r(u)
� e−(rt2/2+o(1))u/(log 2u)2 .

The required bound (1·35) hence follows from (1·31) and (3·16) if u > m+ 2, and from (1·32)
if u < m+ 2.

Next we turn our attention to the case u > (log y)β/(1−β). We then redefine αr = αr(x, y)
as the saddle point associated to the Perron integral for Ψ(x, y; τr), thereby involving ζ(s, y)r.
A standard application of the saddle-point method as in [4] then furnishes, taking (1·34) into
account,

(6·1) Ψ(x, y; f†)� xαrζ(αr, y)r√
u log yζ(2αr, y)C

� e−c1
√
uxαrF†(αr, y)

log y
,

with the traditional notation u := min(u, y/ log y).
Let b1 := 1

2 (b+ 3
2 ). Evaluating Ψ(x, y; f), as in (4·2), by Perron’s formula with T := Lb1(y)2,

we get

(6·2) Ψ(x, y; f) =
1

2πi

∫ αr+iT 2

αr−iT 2

F(s, y)xs

s
ds+ R,

with

R� xαrF†(αr, y)

T
+ Ψ

(
x+

x

T
, y; f†

)
−Ψ

(
x− x

T
, y; f†

)
.

The first term may be bounded from (6·1). To deal with the second, we use the method of
[12; lemma 2] resting on the use of a Fejér kernel. We get, for a suitable constant c2 > 0,

R� Ψ(x, y; f†)

Lb(y)
+ x%r(u)e−c2u.

Recall that F(s, y) := B(s, y)ζ(s, y)z. In order to bound the integral of (6·2), we need to
estimate F(s, y)/ζ(αr, y)r with z = reit. Since log ζ(2αr, y) �

√
u, hypothesis (1·34) yields

(6·3)
∣∣∣F(αr + iτ, y)

ζ(αr, y)r

∣∣∣� ec3
√
u−rW (τ,y), with W (τ, y) :=

∑
p6y

1− cos(t− τ log p)

pαr
·

The sum W (τ, y) may then be estimated as in [12; lemma 1]. For |τ | log y 6 1
2 |t|, we have

W (τ, y)� 1− cos(t/2)

log y

∑
p6y

log p

pαr
� u.

For the range |t|/(2 log y) < |τ | 6 Lb1(y), we appeal to a variant of [13; lemma III.5.16] proved
by contour integration using the Korobov-Vinogradov zero-free region for the Riemann zeta
function. We get

W (τ, y) >
∑
p6y

{1− cos(t− τ log p)} log p

pαr log y
� uτ2

(1− αr)2 + τ2
� u

(log u)2
·

Carrying back into (6·3), we obtain∣∣∣F(αr + iτ, y)

ζ(αr, y)r

∣∣∣� e−c4u/(log u)2 .

The proof is now completed by inserting these bounds into the main term of Perron’s
formula (6·2), taking the lower bound (6·1) into account. The assertion regarding local
uniformity follows from the fact that all bounds used in this proof are uniform in any compact
subset of H− r {0}.
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7. Proofs of Corollaries 2.1, 2.2, and 2.3

Recall the definitions of σr := σr(x, y) and µr := µx,y in (2·1).

7·1. Preliminary estimates

Let r be a positive, bounded parameter and z := reit (t ∈ R). Put

ut := u/z = e−itu/r, wt := ζ0(ut), Fr(t) := uwt − reitI(wt),

so that, by (1·13) and (1·17),

%z(u) =
{1 +O(1/u)}eγz−Fr(t)√

2πI ′′(wt)
= %r(u)eFr(0)−Fr(t)

{
1 +O

(
|t|+ 1

u

)}
,(7·1)

Rz(u) � e−Fr(t)

√
u
·(7·2)

For the sake of further reference, we note that

(7·3) I(wt) = ut

{
1 +

1

wt
+

2

w2
t

+O
( 1

ξ(u)3

)}
, I ′(wt) = ut, I ′′(wt) = ut − (ut − 1)/wt,

where the first estimate follows from (3·7).
Applying Corollary 1.3 to fz(n) := zω(n) (n > 1), we get, for |t| < π/2,

(7·4)

Ψ(x, y; fz) = a0(fz)x%z(u)(log y)z−1 +O

(
xRz(u) log 2u

(log y)2−z +
x1[1,1+ey ](u)

log y

)
= a0(fz)x%z(u)(log y)z−1 +O

(
xRz(u) log 2u

log y

)
,

with

a0(fz) = B(z) :=
∏
p

(
1− 1

p

)z(
1 +

z

p− 1

)
.

Extra precision will be needed in (7·1). Extending the proof of [11; th. 1], relevant to real z,
to the case <e z > 0, we get, for any fixed J > 1,

%z(u) =
eγz−Fr(t)√
2πI ′′(wt)

{
1 +

∑
16j6J

λj(wt)

I ′′(wt)j
+O

( 1

uJ+1

)}
where the λj (1 6 j 6 J) are analytic functions bounded in a neighbourhood of R+

containing wt. Bearing in mind that w0 = ξ(u/r), it follows that

(7·5)

%z(u) =
{1 +O(t)}eγr−Fr(t)√

2πI ′′(w0)

{
1 +

∑
16j6J

λj(w0)

I ′′(w0)j
+O

( |t|
u

+
1

uJ+1

)}
= %r(u)eFr(0)−Fr(t)

{
1 +O

(
|t|+ 1

uJ+1

)}
.

Next, let us perform the Taylor expansion of Fr(t) + reit log2 y to the second order at the
origin. By [8; lemma 1] we have

(7·6) ζ ′0(v) =
ζ0(v)

v{ζ0(v)− 1}

{
1 +O

( 1

vξ(v)

)}
,

from which we derive

(7·7)

w′t = −iutζ ′0(ut) =
−iwt
wt − 1

{
1 +O

( 1

uξ(u)

)}
,

w′′t = −utζ ′0(ut)− u2
t ζ
′′
0 (ut) =

1

w2
t

+O
( 1

ξ(u)3

)
,

where the second estimate is derived by differentiating [8; (4.2)] or by differentiating the
definition ewt = 1 + utwt and using the first formula.
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Now, by (7·3) and (7·7), we have, for large u,

F ′r(t) = −ireitI(wt) = −iu
{

1 +
1

wt
+

2

w2
t

+O
( 1

ξ(u)3

)}
,(7·8)

F ′′r (t) = reitI(wt)− iuw′t = reitI(wt)− uutζ ′0(ut)

= u
{

1 +
1

wt
+

2

w2
t

+O
( 1

ξ(u)3

)}
− uwt
wt − 1

{
1 +O

( 1

uw0

)}
(7·9)

=
u

w2
t

{
1 +O

( 1

w0

)}
,

F ′′′r (t) = ireitI(wt) + reitw′tI
′(wt)− iuw′′t =

iu

w2
t

{
1 +O

( 1

w0

)}
− iuw′′t �

u

w3
0

·(7·10)

It follows that

(7·11)

Hr(t) := r(eit − 1) log2 y + Fr(0)− Fr(t)
= r(eit − 1) log2 y − tF ′r(0)− 1

2 t
2F ′′r (0) +O

(
σ2t3

)
= itµr − 1

2 t
2σ2
r +O

(
t3σ2

)
.

Next, we need to estimate %z(u)− %r(u) for small t.
As a start, we observe that it follows from the first equation in (7·7) that

dI(wt)

dt
� u,

whence Rz(u)� %r(u) for tu� 1 and u > 1.
Now, under the assumption that <e z > 0, we also have

%z(u) =
1

2πi

∫
1+iR

eγz+zI(−s)+us ds,

d%z(u)

dz
=

1

2πi

∫
1+iR

{
γ + I(−s)

}
eγz+zI(−s)+us ds

= γ%z(u) +
1

2πi

∫
1+iR

eγz+zI(−s)+us
∫ 1

0

e−hs − 1

h
dhds

= γ%z(u) +
1

2πi

∫ 1

0

dh

h

∫
1+iR

(e−hs − 1)eγz+zI(−s)+us ds

= γ%z(u) +

∫ 1

0

%z(u− h)− %z(u)

h
dh�

∫ 1

0

%z(u)ξ(u)ehξ(u/r) dh� u%r(u).

We therefore obtain

(7·12) %z(u)− %r(u)� tu%r(u) (z = reit, tu� 1).

7·2. Proof of Corollary 2.1

It follows from (7·4) and (7·5) with r = 1 that

(7·13) Ψ(x, y; fz) =
{

1 +O
(
|t|+ 1

uJ+1

)}
Ψ(x, y)e−H1(t) +O

(Ψ(x, y) log 2u

log y

)
and hence, for |t| 6 σ2/3,

(7·14)

hx,y(t) :=
1

Ψ(x, y)

∑
n∈S(x,y)

eit{ω(n)−µ}/σ

=
{

1 +O
( 1

uJ+1
+
|t|(1 + t2)

σ

)}
e−t

2/2 +O
( log 2u

log y

)
.
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This will be of use for intermediate values of t. For large values of |t|, we deduce from the
above that, with a suitable constant c > 0, we have

(7·15) hx,y(t)� e−t
2/3 (|t| 6 cσ).

For small values of t, we appeal to the estimate

1

Ψ(x, y)

∑
n∈S(x,y)

{ω(n)− µ}2 � µ

resulting from theorem 1.1, lemma 9.1, and formula (9.4) of [2]. This implies

(7·16) hx,y(t) = 1 +O

(
|t|√µ
σ

+
t2µ

σ2

)
= e−t

2/2 +O

(
|t|√µ
σ

+
t2µ

σ2

) (
t� 1

)
.

By the Berry-Esseen inequality (see, e.g., [13; th. II.7.16]), we therefore obtain

(7·17)
1

Ψ(x, y)

∑
n∈S(x,y)
ω(n)−µ6vσ

1 = Φ(v) +O(R) (v ∈ R),

with

R :=
1

T
+

∫ T

−T

∣∣hx,y(t)− e−t
2/2
∣∣ dt

t
·

Selecting T := min(σ2, uJ+1), we hence get

(7·18)
R�

∫ 1/T 2

0

(√µ
σ

+
tµ

σ2

)
dt+

∫ T 2/3

1/T 2

( 1

tuJ+1
+

1 + t2

σ

) dt

et2/2
+

∫ cT

T 2/3

dt

tet2/3
+

1

T

�
√
µ

T 2σ
+

log T

uJ+1
+

1

σ
+

1

T
� log 2u

uJ+1
+

1

σ
,

since
√
µ/σ � log 2u and σ2 6 u⇒ µ� σ2.

At this stage we haven’t utilised (7·12). For tu � σ and t3 � σ, we derive from this
approximation and (7·4) that, with now z := eit/σ,∑

n∈S(x,y)

eit{ω(n)−µ}/σ

= x%(u)
{

1 +O
( tu
σ

)}
eit(log2 y−µ)/σ−t2(log2 y)/2σ2+O(t3/σ) +O

(
Rz(u) log 2u

log y

)
= Ψ(x, y)

{
1 +O

( log 2u

log y
+
|t|u
σ

)}
e−t

2/2
{

1 +O
( |t|u
σ

+
t2u

(σ log 2u)2
+
|t|3

σ

)}
,

and hence

hx,y(t) = e−t
2/2

{
1 +O

( log 2u

log y
+
|t|u
σ

+
t2u

(σ log 2u)2
+
|t|3

σ

)}
.

We thus have ∫ σ

1/σ

∣∣∣hx,y(t)− e−t
2/2
∣∣∣ dt

t
� (log σ) log 2u

log y
+
u

σ
� u

σ
·

Appealing to (7·16) in order to bound the corresponding integral over the range 0 6 t 6 1/σ,
we see that the remainder R arising in (7·17) satisfies

(7·19) R� u

σ
·

Gathering our two bounds for R, we derive (2·2).
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7·3. Proof of Corollary 2.2

Let r > 0, z := reit, fz(n) := zω(n), and

jx,y(z) :=
Ψ(x, y; fz)

rkΨ(x, y)

so that, with notation (2·3), we have

ψk(x, y) =
1

2π

∫ π

−π
jx,y(reit)e−ikt dt.

Recall (7·4). Carrying (7·11) back into (7·5) and (7·4), we get, for |t| 6 σ
−2/3
r ,

(7·20) jx,y(reit)e−itk = Au,y(r, k)

({
1 +O

(
Eu,y(t)

)}
eit(µr−k)− 1

2 t
2σ2
r +O

( log 2u

log y

))
,

with

Au,y(r, k) :=
B(r)%r(u)(log y)r−1

rk%(u)
, Eu,y(t) :=

1

uJ+1
+ |t|+ |t|3σ2.

At this stage, we implement two distinct strategies according to whether we aim at proving
statement (a) or (b).

To establish (a), we select r = 1 and integrate over t ∈ [−σ−2/3, σ−2/3]. We get

1

2π

∫ 1/σ2/3

−1/σ2/3

jx,y(eit)e−ikt dt =
e−

1
2 (k−µ)2/σ2

√
2πσ

+ R1

with

(7·21) R1 �
1

uJ+1σ
+

1

σ2
·

To improve precision in the case of small values of u, we employ (7·12). When tu � 1, the
main term of (7·4) is, writing β(t) := it(log2 y − k)− 1

2 t
2 log2 y,

x%(u)
{

1 +O
(
tu
)}

eβ(t)+O(t3 log2 y) = Ψ(x, y)
{

1 +O
( log 2u

log y
+ |t|u

)}
eβ(t)

{
1 +O

(
t3σ2

)}
.

Since µ− log2 y � u, σ2 − log2 y � u, we have β(t) = iµt− 1
2 t

2σ2 +O(|t|u+ t2u), and so we
get

jx,y(eit)e−ikt = eit(µ−k)− 1
2 t

2σ2

{
1 +O

(
log 2u

log y
+ |t|u+ t2u+ |t|3σ2

)}
.

Under the extra assumption u 6 σ2/3, we therefore obtain∫ 1/σ2/3

−1/σ2/3

jx,y(eit)e−ikt dt =
e−

1
2 (k−µ)2

√
2πσ

+O(R1),

with

(7·22) R1 �
u

σ2
·

Gathering (7·21) and (7·22), we obtain

R1 �
u

σ2 + uJ+2σ
+

1

σ2
·

In order to complete the proof of (2·5), we need to estimate

E :=

∫
1/σ2/3<|t|6π

jx,y(eit)e−ikt dt.

We shall obtain the required result from an upper bound for Ψ(x, y; fz)/Ψ(x, y).
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Let c ∈]0, 1
2π[. If 1

2π − c < |t| 6 π, we have <e z 6 sin c. Taking account of the estimates
(3·12) and (3·16), the upper bound derived from Corollary 1.3 provides

Ψ(x, y; fz)/Ψ(x, y)� 1/(log y)1−sin c

which is more than sufficient.
When 1/σ1/3 < |t| 6 1

2π − c, we have

Ψ(x, y; fz)

Ψ(x, y)
� e−H(t)

and the estimate (7·9) for F ′′(t) implies

<eH(t) = −(1− cos t) log2 y −
∫ t

0

<e F ′′(v)(t− v) dv

6 −2t2

π2

(
log2 y +

2u

ξ(u)2

)
+O(1) 6 −2t2σ2

π2
+O(1).

We therefore infer in turn
Ψ(x, y; fz)

Ψ(x, y)
� e−2t2σ2/π2

, E � 1

σ2
·

This finishes the proof of (2·5).

Let us now embark on the proof of statement (b) and so select r in (7·20) such that µr = k,
i.e. r = k/L with notation (2·4). By (3·7), this is plainly possible with bounded r under
condition (2·6). We infer that

1

2π

∫ 1/σ2/3
r

−1/σ
2/3
r

jx,y(reit) dt =
Au,y(r, k)√

2πσr

{
1 +O(R2)

}
(v ∈ R),

with

(7·23) R2 �
1

uJ+1
+

1

σ
·

Moreover, for this choice of r, we have, by Stirling’s formula,

Au,y(r, k)√
2πσr

=
B(r)%r(u)Lkeke−rI(ξ(u/r))

√
µr

σr%(u)kk(log y)
√

2πk
= Kr(u)

e−LLk

k!

{
1 +O

( 1

µ

)}
To improve precision in the case of small values of u, we again appeal to (7·12). When

tu� 1, the main term of (7·4) is, writing βr(t) := it(r log2 y − k)− 1
2 t

2 log2 y,

xAu,y(r, k)%(u)
{

1 +O
(
tu
)}

eβr(t)+O(t3 log2 y)

= Ψ(x, y)Au,y(r, k)
{

1 +O
( log 2u

log y
+ |t|u

)}
eβ(t)

{
1 +O

(
t3σ2

)}
.

Since µr − log2 y � u, σ2
r − log2 y � u, we have βr(t) = itµr − 1

2 t
2σ2
r +O

(
|t|u+ t2u

)
, and so

we get

jx,y(reit)e−ikt = Au,y(r, k)e−
1
2 t

2σ2
r

{
1 +O

(
log 2u

log y
+ |t|u+ t2u+ |t|3σ2

)}
.

Under the extra assumption u 6 σ
2/3
r , we therefore obtain, still with µr = k,∫ 1/σ2/3

r

−1/σ
2/3
r

jx,y(reit)e−ikt dt =
Au,y(r, k)√

2πσr

{
1 +O(R2)

}
,

with

(7·24) R2 �
u

σ
·

Gathering (7·23) and (7·24), we obtain

R2 �
u

σ + uJ+2
+

1

σ
·

As previously, we complete the proof of (2·7) by bounding

Er :=

∫
1/σ

2/3
r <|t|6π

jx,y(reit)e−ikt dt.

The required estimate follows from the upper bounds for Ψ(x, y; fz)/Ψ(x, y) derived from
Corollary 1.3 in much the same manner than in the proof of (2·5) and we omit the details.
This finishes the proof of (2·7).
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7·4. Proof of Corollary 2.3

Let r ∈ [ 1
2 , 2]. It follows from (1·13) that log

{
%r(u)/%(u)

}
= G(r) +O(1) with

G(r) := uξ(u)− uξ(u/r) + rI(ξ(u/r))− I(ξ(u)),

so that

G(1) = 0, G′(r) = I(ξ(u/r)), G′′(r) = −ξ′(u/r)u2/r3, G′′′(r)� u.

For |h| 6 1
2 , we therefore have

G(1 + h) = hI(ξ(u))− 1
2ξ
′(u)u2h2 +O

(
uh3

)
.

Now, for 1
2 6 r 6 1, v > 0, we have

1

Ψ(x, y)

∑
n∈S(x,y)
ω(n)6µ−vσ

1 6
r−µ+vσ

Ψ(x, y)

∑
n∈S(x,y)

rω(n) � r−µ+vσ(log y)r−1eG(r).

Writing r = 1− h, 0 6 h 6 1
2 , we derive that

(vσ − µ) log r − h log2 y +G(r)

= h{µ− vσ − log2 y − I(ξ)} − 1
2h

2{vσ − µ+ u2ξ′(u)}+O
(
h3u

)
= −hvσ − 1

2h
2(vσ − σ2) +O(h3u)

Selecting h = v/σ, we get

1

Ψ(x, y)

∑
n∈S(x,y)
ω(n)6µ−vσ

1� e−
1
2 v

2+O(v3u/σ3) (v > 0).

This bound is certainly non-trivial if v 6 c1σ/(log 2u)2 with suitable absolute c1 > 0.
Arguing similarly with r = 1 + h > 1, we get

1

Ψ(x, y)

∑
n∈S(x,y)
ω(n)>µ+vσ

1� e−
1
2 v

2+O(uv3/σ3+v3/σ) (v > 0).

The two previous estimates imply (2·8): for sufficiently small c1 and v = v0 := c1σ/(log 2u)2,

the bounds are � e−
1
3 c

2
1σ

2/(log 2u)4 . For v 6 v0, they are � e−v
2/3. If, furthermore, we have

v � min{σ/u1/3, σ1/3}, they are � e−v
2/2.
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[13] G. Tenenbaum, Introduction to analytic and probabilistic number theory, 3rd ed., Graduate
Studies in Mathematics 163, Amer. Math. Soc. (2015).

[14] G. Tenenbaum & J. Wu, Moyennes de certaines fonctions multiplicatives sur les entiers friables,
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