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Abstract. We evaluate friable averages of arithmetic functions whose Dirichlet series is
analytically close to some complex power of the Riemann zeta function. We obtain asymptotic
expansions resembling those provided by the Selberg-Delange method in the non-friable case.
Some application are provided to the friable distribution of the additive function counting the
total number of prime factors.
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1. Introduction and statement of results

Let PT(n) denote the largest prime factor of a natural integer n > 1 and let us agree that
P*(1) = 1. We designate by S(z,y) the set of y-friable integers not exceeding z, i.e.

S(a,y) :=={n<z:P"(n) <y}
We aim here at evaluating friable sums
@y f):= Y. fn
nesS(z,y)

for some complex arithmetical functions f.

To describe the set of relevant functions f, we introduce parameters 5 > 0, ¢ €]0,1[, 6 > 0,
z € C*, and assume that 8+ ¢ < 3/5. We then consider the class &,(5, ¢, d) of those Dirichlet
series F(s) converging for o = Re s > 1 and represented in this half-plane as

(1-1) F(s) = ¢(s)"B(s)

where the series B(s) := > -, b(n)/n® may be holomorphically continued in the domain

(12) DB, ¢,8) = {5 €C:o>1—c¢/{1+logt |T|}<1—5—ﬁ>/<5+5>},

with log™ ¢ := max(0,logt) (¢t > 0), and satisfies
(13)  Bls)<{1+|T}'"° (s €D(B,¢,0)),

n >2 0>1-¢/( B+3,
(14)  Blsy)= ) bf%s)—B(sHO(l)) <|y7| > 1—¢/(logy) )

Pt(n)<y Lo+s(y < Lgys(y)

Here and in the sequel we write
(1:5) Lo(y) = 080 (¢> 0,y > 1).

We then consider, for x > |z|, the subclass H(z, k; 3, ¢,d) comprising those functions f whose
associated Dirichlet series belongs to €,(8,¢,d) and possesses a majorant series

= fim)/n* € en(B,c0).

n>1
We next write
(1-6) e,:=sgn(Rez), m:=c,[Rez|], J:=ec,m—Reze|0,1],
=[Rez] =e,m, 0,:=9—iSmz,

and note that z = m, — ¥,.
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Our results involve some solutions of delay differential equations which we now describe.
First define g, : R — C as the solution to the delay differential system

vg.(v) + 2g:(v — 1) = (v>1)
g9=(v) =0 (v < 0),
g:(v) =1 (0<v<).

Thus g1 coincides with Dickman’s function ¢, whose Laplace transform satisfies
a7) ) 1= [ elv)e " do = 10,
R

where v designates Euler’s constant and where we have put I(w) := [;"(e” — 1) dv/v. From
the general theory displayed in [8] we have

(1-8) g:(s) == / g(v)e ™ dv = s*715(s)* (se CNR7),
R
_ i 1
(1-9) g:0)= Y s s B O(UZ+J+1) (v>0,J>0),
(A
where {c;}22 is the sequence of Taylor coefficients of g(s)* at the origin.

When Re z > 0, the expression g(s)* is the Laplace transform of a function g, solution to
the delay differential system

{w;(v) + (1 =2)0.(v) +z0:(v=1)=0 (v>1),

(1-10) 0.(v) = v*~1/T'(2) (0<wv<1).

Thus, continued by 0 on | — 00, 0], the function g, is the order z fractional convolution power
of Dickman’s function o = 9;.

From the definition, we see that g, is € on R \ N and is €~! on ]j — m, co[ provided
j = m. When z = m € N*| the discontinuities of g, on N* are of the first kind. We may then
continue g, by right-continuity. We put

(1-11) 5.nj =09 (h) — o9 (h —0) (z=meN ,1<h<j+1-—m).

Let (p(w) denote the solution with smallest non-negative imaginary part of the equation
e¢ = 1+w(. Note in particular that (y(w) € R whenever w € RT; in this case one traditionally
notes {(w) := (p(w). By convention £(w) # 0 for w > 0, w # 1, and £(1) = 0. From
[13; (II1.5.48)] and [8; (2.14)], writing t := arg(z) €] — 7, 7|, and &, := {(v/|z|), we have,

¢, =log (ﬂlogv) + O(log2v)7

|z logv
(1-12) 2 it ) (v=3+|z]).
Q(v/2) =&+ 50 — g + 0(5)

The asymptotic behaviour of g,(v) as v — oo has been determined in [8] in terms of (y(v/z).
We have

{1+ O(1/v)}Yer#—vo(v/2)+21(Co(v/2))
N V2ro{1 =1/ (v/2)}

We next define ¢, as the solution to the delay differential system

(1-13) 0:(v)

(v — 0).

vl (V) +V.0.(V) + 2p.(v—1)=0 (v>1),

(1-14) 0. (v) =v7Y /T(1 - 9,) 0<v<l),
p:(v) =0 (v <0).
By Lemma 3.2 infra, with notation (1-6), we have ¢, = ,ng_l) whenever ez > 0. When

z € Z, we have 9, = 0, hence the discontinuities of ¢, on N* are of the first kind and we may
continue ¢, by right continuity. With this convention, we extend definition (1-11) to z € Z~
by substituting ¢, to g, in this case and setting the range for h to 1 < h < j.
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In Lemma 3.2, it is shown that, in full generality,

P2(s) = s™="1p(s)* (Res > 0).

Put
(1-15) M(x; f) = U(z,2; f) = Y f(n),
(1-16) Mgt i= [ getu= o) a(FEED)a e = any (0,
(1-17) R.(v) = \%exp{ - §R/u Glt/2)dt},

and let us note incidentally that if, following [8], we let {F}(v;a,b)}?2, denote the sequence
of fundamental solutions to the general delay differential equation

of (v) + af(v) + bf(v — 1) = 0,

then we actually have R, (v) < Fy(v;—1—2,2) (v > 1).
Our first theorem states that, if f € H(z,x;3,¢,0), then Af(z,y) is a good approximation

to W(x,y; f) in the range

(Gp) z>3, exp{(logz)' "} <y<a

Here and throughout we write u := (logx)/logy and systematically employ the notation
o:=Res, 7:=%ms (se€C),

(1-18) N I
H™ =R™ +::R, H™ =R~ +:R.

Theorem 1.1. Let 8 > 0,¢>0,§ >0, 2z € C*, kK > 0, 8+ 6 < 3/5. Then, uniformly for
f € H(zk;6,¢,0) and (z,y) € Gg, we have

(1-19) (2, y; f) =Af(w,y)+0<xRZ(u)>-

Lgys/2(y)
Next, it is necessary to evaluate Af(x,y). The statement of our results addressing this

question necessitates a number of further definitions.
We denote by dpu,,  the real measure with Laplace transform

s s
i 7(s) = [ eed (14 )
Myyf(s) /Re :U’yyf(v) + logy s+ 10gy

We prove in Lemma 3.4 infra that dyu, s(v) is absolutely continuous whenever fte z € R \ Z
and that, in this case,

1-9.
(0 >0).

1 —
(1-20)  dpy,f(v) = Zy s(v)dv, with Z, f(v) = —— Ly (s)e"ds  (y’ € R N).
21 J1vir
The function Z, y is made explicit in Lemma 3.4 and we note that
Zy.4(v) = (logy)' " Ze s (v1ogy).

From definition (1-20) we have

1 _ T +5/logy)s' "= Z, 4(s/logy)
Zy,f(s) = T Togy = (]lcog - (Res > 0).
Thus
T ~ = s (MY )
Sl =gi(o) [ e a(HEE)
(1-21) 0 4
B A(S)sf}'(l +s/logy) T (5)5% o s)
=J: s+ logy = Hy,f 9z ’
whence

(1-22) Ny £ (5) = iy 7 (s)s™ 1 0(s)* = [ig (5)Pa(s).
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Let the sequence {a;(f)}52, be defined by the Taylor expansion converging in a neighbour-
hood of the origin

s*F(s+1)
1-2
(1:23) ST T (e <o

and let us make the convention that a;(f) = 01if j € Z~. We then define

am—1—j (v’ tdv

1-24 dvy, () := dpy f(v) — (logy)* ! - , v > 0),
( ) yf( ) yf( ) ( ) 1<j2<mz (] _ 1)!(10gy)m,1,] ( )
so that dvy, r(v) = dpuy, #(v) provided Re z < 0, and, in complete generality,

>~ —sv _ -9, JFi-m.
(1-25) /0 e dvy,f(v) = (logy) j>mzl J(f)<10gy) (|s| < clogy).
Writing
(1.26) Wtyif)i= [ 0= g0) (620,520 1),
t

it follows by partial integration from the case j = 0 of (3-20) infra that
1
(log y)/*r==7= Ly (y")

For integer J > 0, real y > 3, we put e, := (log, y)'/#/logy and consider the sets

(1-27) W;(t,y: f) <

v = { >1: _ }
J(y) Y 1<]<rrI1111n(u J+1)(u j)
Defining
(1-28) U, = { " i Rez <0
’ 02 if Rez > 0,

we may state our main result below in a unified setting.

Theorem 1.2. Let

8>0,¢>0, >0, +6<3/5, k>0, z€C",
Jzm,, J,=J+1—m,.

Then, uniformly for f € H(z,k;(,¢,9), (x,y) € Gz, u= (logz)/logy € V;_(y), we have

7 1
a; ()Y (w) +O<sz<u><1og2u>J+ )

(log y)J+2—z

1-29 U(z,y; f) = z(logy)* ! A
(1-29) (z,y; f) = z(logy) Og; oz 9)7

When v & V;_(y) and z € Z, the above formula persists provided the quantity xU;(x,y; f) is
added to the main term, with

1 Jj+1 5Z
(1-30) Us(z,y; f) : Z (= L W u— Ly f) (E<u<Ll41).
<5< T,

IfugVy(y),l<u<l+1,0<J,+1, and z € C* \Z, formula (1-29) must be modified
by restricting the summation to the (possibly empty) range 0 < j < £ +m, and replacing the
error term by z/(logy)*.

Remarks. (i) If z =m € N*, m > 2, then 0, ¢ ; = 0 whenever £ > j —m + 2.
(ii) An inspection of the proofs shows that, given any € > 0, our estimates are uniform

for z running in any bounded subset of H' \ {|z| < €}. This is important for the applications
described in §2. For z € H—, Corollaries 1.3(i) and 1.4 will suffice.



Friable averages of complex arithmetic functions 5)

The next corollary is obtained by selecting J := max(0,m,) in the previous statement. It
extends [3; cor.1.3] to 2 € H™ and [5; (1.24)] to z € HT. We let (t) denote the fractional part
of a real number £.

Corollary 1.3. (i) Let = € H~. Then, uniformly for f € H(z,k;p5,¢,0), (z,y) € Gg,
u= (logz)/logy € Vint1(y), we have

(1:31) Wz 1) = allog ) {an( 1) (u) + O L) |

logy
Moreover, if y* < x < y**! for some integer £ € [1,m + 1] and (u) < ey, we have

€T
(log y)min(l —Re z,£)

(1-32) U(z,y; f) <

(ii) Let z € H*. Then, uniformly for f € H(z,;8,¢,d), (z,y) € Gg, we have

(u)log2u = 11 14e,] (U)> }
+ Re z :
logy (logy)

183 e,y f) = allog y)z‘l{ao(f)wz(u) n O(RZ

Combined with some estimates from the literature, our results open the way to upper
bounds that are uniform for > y > 2. The following corollary generalises [3; cor.1.4]. It
is proved in §6. We denote by H*(z,7;[,¢,0) the subclass of H(z,7;3,¢,0) subject to the
further condition that, for a suitable constant C', we have

(1-34)  B(s,y) < (2o y)°, 1/¢2ar,y)” < Bi(s,y) < (2ar,y)¢  (Res > o),

where a,. = a,-(z,y) is defined as the saddle-point associated to ((s,y)".

Corollary 1.4. Let 8 >0,¢> 0,6 >0, 8+ <3/5,1 <b<3/2, z€ H™, with |z| = r.
There exists a constant ¢y such that, uniformly for f € H*(z,r;3,¢,d), we have
e—cou/(log 2u)? 1

(log y)r+d—1

where d := min(|u] ,1 — Re z). This bound is locally uniform for z € H~ ~ {0}.

(1-35) e,y f) < e,y )]

2. Some applications

Our results apply in a natural way to the distribution of additive functions over S(z,y). By
way of illustration we state three corollaries, proved in section 7, relevant to the function

wn)=> 1 (n>1).
pln
For r > 0, we define

My = /LT(SC, y) = T10g2 Y+ ’I“I(f(u/r»’

(2-1) ru?é(u/r)
r+&u/r)(u—r)’

and note that, by (3-7) and (7-6) infra, we have, for bounded r,

02 = oy (a,y)? = iy — w2 (u/r)fr = 1, —

€(u)?

When r = 1, we simply write p := pq, 0 := o1.
We start with an Erdés-Kac type theorem for friable integers. We use the traditional notation

O (v) == \/127_ /_U e /2 dt (v eR)

for the distribution function of the normalised Gaussian law.

2 _ ] Ut >4 92).
or =rlogyy + +O(§(u)3> (uzr+2)
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Corollary 2.1. Let K > 1, 0 < 8 < 3/5. Uniformly for v € R, (z,y) € Gg, we have

(2:2) \Il($1,y) 3 1—<I>(v)+0<uKu+J+i>.

nesS(z,y)
w(n)—p<vo

Remarks. (i) This application only uses first term approximations of our estimates in
Theorem 1.2. More sophisticated results could be devised using the full expansions.

(ii) When u = 1, i.e. y = x, the above result recovers the classical Erdés-Kac theorem with
optimal accuracy—see, e.g. [13; §111.4.4].

(iii) Writing w(z) := (logz z)%logy x, v(K) := 1/(2K + 2), the remainder term of (2-2) is
log u
Vu
log u 1

< uk V1ogsyy

u

V1ogsyy

(iv) This problem has been considered before. Hildebrand [7] established Gaussian conver-
gence with explicit remainder in the range logz > (logy)?!, which does not intersect Gg.
Alladi [1] tackled the case of larger values of y, namely exp {(log, x)l/ﬁ} < y < z, by the
method of moments. He showed that (2-2) holds with a remainder o(1), without providing an
effective bound.() Hensley [6] considered the closely related function Q(n) := 3 v and, in

if loga)' " < 4 < gl/w(@),

lf xl/w(aj) < y < xl/w(I)W(K)’

if xl/w(m)W(K) <y<«zx.

p|n
the range (logz)? < y < exp{(logz)'/*}, obtained uniform estimates for the local laws that
yield normal convergence. Finally, Mehdizadeh [9], relying on local behaviour properties of
U(z,7), obtained a similar estimate for the range z¢(*)/1°82% <y < z, provided ¢(z) — oco.

(v) All our results in this section could be adapted to handle the function Q(n) with
straightforward modifications. We leave this to the reader.

Next, we consider the local laws of the friable distribution of w(n), i.e. we aim at evaluating

(2:3) THER) P o

\I/(l‘, y) neS(z,y)
w(n)=k

Our next statement splits into two parts.

In the first part, we provide a formula that is uniform for &£ > 1 but only yields an asymptotic
formula when |k — p| < ov/clogo with ¢ < 2.

The second part furnishes an asymptotic formula provided r can be selected in such a way
that p, = k. Formula (3-7) below furnishes an acceptable range for k, which is made explicit
in the statement. When this condition is met, we write

L:=logyy+ I(&(u/r)) = p,
. - 1N oy (w)el=PIEw/M)
(24) J{Au)::H(l}i) (1+ pl)g( ) \/}T

o(u)or

Corollary 2.2. Let K > 0,0 < 8 < 3/5.
(a) Uniformly for (x,y) € Gg, k > 1, we have

) e 3(n—k)?/o* o u 1
(2:5) ¢k($7y)—ﬁ+ <02+UKU+UQ>~

(b) Let c1, o, c3 denote arbitrary positive constants. Uniformly for

(2-6) (z,y) € G, c10” — cou/(log2u)® < k — I(£(u)) < cz0?,
and if r is given by the equation p, = k, we have, with notation (2-4),
e LIk U 1

1. Alladi’s estimate is stated with different expressions for the mean and variance. However, it can be
shown that they differ from ours by an amount < log, 3u, which ensures compatibility between the
two statements.
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Remarks. (i) In the intersection of their respective validity ranges, the remainder term of (2-5),
which is < 1/0g , for any ¢ < 2, is roughly the square of that stated in [6; th. 2(b)].

(ii) By suitable summation over k, formula (2-5) plainly provides an Erdés-Kac type theorem.
However this turns out to be slightly less precise than (2-2), for which we hence gave a separate
proof.

(iii) The range for k covered by Corollary 2.2 includes values as large as powers of log y.

Finally, we propose an estimate for large deviations.

Corollary 2.3. Let 0 < § < 3/5. Uniformly for (z,y) € Gg, v > 0, and suitable absolute
constant ¢ > 0, we have

1 2 2 4
2.8 E 1<e™® /3 Lo /(log o) )
%) U(z,y)
neS(z,y)
|w(n)—p[>ve
Moreover, if v < min (a/u1/3, 01/3) the upper bound may be replaced by < e~V/2,

In the intersection of the respective ranges of validity of the two formulae, the bound (2-8)
is significantly more precise than that given in [6; th. 2(a)].

3. Lemmas

3-1. Bounds for Laplace transforms
For z = re't € C*, t €] — m, m], and v > 0, let us put

(3:1) G = G(v) = Co(v/2) = &o(v/2) +ino(v/2),
(3-2) & =& (v) :=&v/r).

Lemma 3.1. Forv > 1, s = —(,(v) + i1, 7 € R, we have

(33) [5°8(5)°| < [ (0) B¢ (0)7].

Proof. Recall (1-7) and (1-12). The upper bound (3-3) is equivalent to
(3-4) Re {zI(—s) + zlogs — 21((.) — zlog&(v/2) } < O(1).
Since, by [13; lemma IIL.5.9],

e—s—t

s+t

(3-5) I(—s)+1logs=—y—J(s), with J(s):= / dt,
0
we may assume that v is arbitrarily large. Indeed, if v is bounded and |7] is large, it follows
from (3-5) that I(—s)+log s is bounded and estimates (1-12) imply that I(¢.) and log&y(v/2)
are also bounded.
Writing T'(s) := 14 1/s + 2/s%, we have by [8; lemma 2] that

(36) I(s) = %T(s) + o(;) (0>1),
whence
(37) 16)=T)+0(g5)  w=2m)

By [13; lemma III.5.12], we have |sp(s)| < 1 when |7| > C{1 4+ v&(v)} with a sufficiently large
constant C'. It hence follows from (3-7) that (3-4) holds in this range. In the complementary
circumstance, the term log s in (3-4) is < logv. However, by formulae (1-12) we have

|ze®| < |z|e52{1+0(;§)} < g, +O(£%).

As a consequence, in view of (3-6) and (3:7), we see that (3-4) is satisfied if |7| is sufficiently
large. We may therefore assume in the sequel that 7 is bounded.
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Thus, it is enough to establish (3-4) for large v and 7 < 1. Now

1 —im) = S S~ +0( )
(3-8) = e_:” a C T — i) + o(é)
_e - U(1+ 1—2—217'_’_2—1—22(73‘—7' )—0—0(5%),
hence
(G~ i7) — 21(C)
(39)

—ir e T(144dt)—1 e (24 2iT —72) -2 1
Gathering estimates (3-6), (3-7) and (3-8), we infer that

c1(G i) 216 =ofe (1 T ) S 1 10 ) )

(3-10)

e T(14ir)—1 e "(2+2iT —712) -2 1
c + o O(é)}.

By (1-12), we may replace (. by & (v/z) —it€,/(€, — 1) and then by &, — it. Indeed,

= v{e_" -1+

1 1 1 1 it 1

= +O(—):—+—+O<—).

C §. —it &3 £, & &3
The quantity inside curly brackets in the right-hand side of (3-10) is

e—iT_ 1+

e T(1+it)—1 e (24 2iT —72) — 2 +it(e” (1 +41) — 1) 1
e e +0(g)

‘We now show that

D(r,v) == v{ cos(t) — 1+ Ag(:) + Bg(;) + O(é)} <0(1)

with A(7) := cos(7) — 1 + 7sin(7), and

B(7) :=Re (e 7" (24 2iT — 7°) — 2 +it(e” (1 + i) — 1))
= (2—7%)cosT 4+ 27sinT — 2+ tsinT — trcosT

= —2(1 —cosT) —7%cosT + 27sinT + tsinT — t7 cos 7.

Write 7 = 27n + h, where n € Z, |h| < 7 and, since 7 is bounded, n < 1. If |h| = ¢o/+/&(v),
for a suitable absolute constant ¢y > 0, we have D(1,v) < —2h?/7% + O(1/£,) < 0. Otherwise
e (rv) _ W —K2/2+ (2nnth) i

D(r,v h —h?/2+ (2mn + h)h h 1
v) _ 7 O(h4 — —).
v 2 i fz " - gz * 53
If /€, < |h| < co/+/&(v), then again D(7,v) < 0. We may hence write h = w/¢, with |w| < 7.
We get

D(r,v) = vB(w)/&2 + O(v/€2)
with
E(w) := —tw? — 2mnw + (—2mn + t)2mn = — 3 (w + 2mn)? — 2n(mn + t).

Thus, F(w) < —72/2 as soon as n # 0 and (3-4) follows under this assumption.
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We are hence left with the case n = 0 and |h| < 1/¢,. For |s — (.| < 1/£., we have

1
I(¢, —it) — I(¢,) = —itv/z — 72/ I"(¢. —itT)(1 —t)dt.

0
Observing that I"((, —itT) = v/z + O(v/E,) for 0 < t < 1, we infer that

Re (2(1(¢: — i) = 1(¢:))) = —m*0(1+ O0(1/£:)) <0
provided v is sufficiently large. Since log |s| — log &y (v,) < 72/€2 + 1, we see that (3-4) still
holds in this last case. 0O
3-2. Solutions to delay differential equations

Recall definition (1-14) for ..
Lemma 3.2. We have

(3-11) Px(s) = s™=1g(s)* = 5% "tem# ) (Res > 0).

Proof. Plainly,
_— ° ) 1 [
0.(s) = / v, (v)e " dv = / 0, (E)e_” dw,
0 S Jo s
whence

dfspi(s)} _ [ e I
ds_/o Szgpz( dv = / gpz dv+8/o goz(g—l)e dv

= {192 + ze™ }g@z
Solving this ordinary differential equation, we get, for some constant K,
s@s(s) = Ks¥=e72/(8),

As s = +00, we have

K 1 AL 1
/; ~N — /; ~N —_—— — v d ~ —,
?:(s) si-v.0 ¥ (s) sT(1—1,) /0 (s) A S e

therefore K = 1. O
Recall the definition of R,(v) in (1-17). By [8; (2.16)], we have, with notation (3-1),

oG e

(3-12) R.(u) = (u>1).

Under condition fe z > 0, we readily deduce from (1-10) by real induction that, given any
constant C' > 0, we have o,(v) < e~“? (v > 1). By [8; th. 2], it follows that

(3-13) oY (v) < R.(v)(log2v)!  (v>1,j20),
(3-14) oY) (v — w) < R, (v)(log 2v)’evs: (v>21,0<w<v— %, 0<j<m),
>1,0<w<v—3).

(315) o™ (v —w) < R.(v)(log 2v)™e®s: (v
Recall (1-14). When Re z < 0, the function gog ™) satisfies the functional equation
of (v) — 2f(v) + 2f(v —1) =0 (v e R~ A{0,1,...,m}).

Since the exceptional solution (as defined in [8]) of this equation is the constant function equal
to 1, we deduce from [8; th. 2] that, as v — oo,

(316) ) (1) = G0y + O(Ru(w)(log20) 1) (20,0 m+j+1),

with Kronecker’s notation. It is useful to recall here that v, := go(mH)

3-3. Estimates for friable Dirichlet series

For notational concision, we set

(3-17) sy =(s—1)logy (se€C,y=>1), L. :=log(2+]7]) (7 €R).
The next statement follows from [13; lemma IT1.5.16]. We define
(3-18) {(s = 1)¢(s)}" i= &)

where h(s) designates, in any connected zero free region of the Riemann zeta function
containing the halfplane ¢ > 1, the branch of the complex logarithm of (s — 1){(s) that
is real when s is real and > 1.
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Lemma 3.3. Let z € C and € > 0. The formula

(319) (o) = {(s = 1)C(s)} (logy) 2ls,) {1 + O(L?,/Sl_e@ y )

holds uniformly in the domain
1

y = yO(E)a cz1- (logy)2/5+5 n L2/3+57 ‘7_| < L3/2—35(y)'

3-4. Measures

In (1-20), we asserted that, provided Re z is not an integer, du,, r(v) is absolutely continuous
with derivative some function Z, ¢(v). We now substantiate this claim.

Lemma 3.4. Assume Re z € 7. Then the function defined almost everywhere by

eV vologn gw oy 1 f(n)
Ze r(v) = T0.) Z f(”)/o i r'(9.) Z n(v —logn)t—7-

z
n<gev n<e?

satisfies Ze ¢(v) dv = dpte, £ (v).
Remark. It follows from this statement that Z, ; is locally integrable under the indicated
assumption.

Proof. For Re z € Z, we have 9 = Red, > 0. From the formulae

/0°° . d(M(S;”; f)) _ 3"28:11)

)

1 (Re (s) >0, Re(t) > 0),

— e St dw = st
I'(t) /0

we deduce, selecting t = 1, that s™”=F(s 4+ 1)/(s + 1) is the Laplace transform of

1 v M(e“’;f) _ e v=logn
o Fw»/o o= wyr-en ¥ =Ty 2 (”)/o i dw

n<ev

whose derivative coincides with Z ¢(v). The required conclusion then follows from the classical
formula relating the Laplace transform of a function and that of its derivative. a

In the following statement and throughout the sequel of this paper, we denote by |[|¢|| the
distance from a real number ¢ to the set of integers.

Lemma 3.5. Let $>0,¢>0,0 >0,k >0,2z¢€ C*, B+ <3/5, f e H(zk;B,¢0). For
any fixed integer j > 0, and uniformly for y > 2, v > 0, we have

1
log y)3+? L, 05/3(y?)?

(3-20) / Ty duy f(t) < (

Under the additional assumption that ||y*|| > 1, Rez € Z~,0< h < %, we have

, %
(3:21) / vy (0) < § Lavaryaly hlogy)
v h if e z € N*.

ifRez € Z,

Remark. The discontinuity in the expression of the majorant is only apparent: the exponent @
appearing in (3-21) actually arises as 1 — (Re z), which coincides with © when Re z ¢ Z, but
is equal to 1 if Re z € Z.

Proof. The stated result may be derived by following the proofs of [5; lemmas 3.4 & 3.5] when
ez > 0 and of [3; lemma 5.2] when Re z < 0. We omit the details. O
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4. Proof of Theorem 1.1
With notation (3-1), let us put

(41) as = 1= &o(u/2)/ logy.

The parameters  and § being chosen as indicated in the statement, let us put b := 8+ §/2,
T := u?"“Ly(y)?. Writing F(s,y) := B(s,y)((s,y)?, Perron’s formula (see, e.g., [13; th. I1.2.3])
yields

1 az+iT F(s,y)x®
4.2 U LS L LA
(4-2) (z,y; f) = 5 /az_iT2 . ds + A,
with

x°= fT(n) % ((a,y)"
4-3 R f(n).
(4:3) < D (A og@m)) < T T >, [
P(n)<y In—z|<z/T

By (1-12), we have ,
(%) =&+ 5 +0(g)

Lemma 3.3, Lemma 3.1 with 7 = n9(v/z), and estimate (3-12) then furnish

(4-4) 2% ((az,y)" = z(logy) e " p(—Eo(u/2))" < (logy)" R.(u)e®™.
Morever, since T'>> x'17¢, we have, by Shiu’s theorem [10],

(4:5) > i <ot

In—z|<z/T
Carrying these bounds back into (4-3), we get
R < xR, (u)/Li(y).

The integrand in (4-2) may be estimated appealing to Lemma 3.3, choosing 5 + § < % —e.
Taking hypothesis (1-4) into account, we get, with notations (3-17),

1 a,+iT 8 (log y) a,+iT 28
i F —ds = =22 F —1)%3 =Y 4q R R
270 o, —ir> (o) ds =0 /QT (5)(s = 1)%0(sy)"— ds + Ry + R,

where F(s)(s — 1)7 is defined by means of (3-18) and where the error terms may be estimated
appealing to Lemma 3.1 and to estimate (3-12).
Since Re ¢, = —&o(u/z) = (a, — 1)logy, we thus get
(log T)*

xaz(IOgT)'i ZA
m?ﬁesllpaz |SyQ(3y) |<< TKZ ) Cz( )) {

J;fR (u)(logT)*  xR.(u)
Lisw) Ly

R <

and .
Ry <2 (logT)" swp (Is5a(s,)7ly /"),

sS=a,+1iT
|7I<T?

To establish these bounds, we made use of the fact that, in a connected zero-free region of
((s) containing the half-plane o > 1 and excluding the half-line | — 0o, 1], we have

{(s = 1)¢(s) 17 = [¢(s)7[[ (s = 1)7],

where the left-hand side is defined by (3-18) and the right-hand side is defined by means of a
holomorphic branch of log {(s) and the principal determination of (s — 1)?.
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In order to estimate the stated upper bound for Ry we use (3-3) when |7| < y and the bound
|570(sy)7| < 1< |G (u)*0(=Cx (w))?[e ™/

when |7| > y. For a suitable choice of € > 0, we get

1 — 2/3+e RZ
Ry < sz(u)< +e—u/2y 1/£%; ) < T (u)

L (y) L (y)
At this stage we have hence established the estimate
2
(logy)* /%HT N z° R, (u)
4. \\/) . — —1 z z )
(4:6) (2,95 f) omi S i F(s)(s —1)%0(sy) . ds+ O o)

The residue theorem allows us to move the integration segment until abscissa o, := 141/ logx
at the cost of a satisfactory error term. Indeed, the contribution of the horizontal segments
with ordinates £772 is

< z/T?? < xR, (u)/Ly(y).

Next, we extend the integration segment to the whole vertical line fte s = o, taking account
of the estimate

U
4.7 05) =1+0(7—o—)  (Res=1
(47) o) =1+ 0( ) (Res=1/w)
and of the bound |F(s)| < (logz)" (Re s = 0,). The contribution of the error term in (4-7) is
then
< z(logx)"/T < xR, (u)/Ly(y).
It remains to bound ) s
x
o ) o=o T
|7|>T2

using the effective Perron formula as stated, for instance, in [13; th. 2.3]. One checks that this
quantity may be absorbed by the previous error term. We have thus proved that

(logy)? /‘”HOO N xs 2R, (u)
4.8 v 3 f) = ——— F —1)* F—ds+0 .
a8 W)= P [T e - 17 as 0
Since it follows from (1-8) and (1-21) that
log y)* — 1)78(s,)7z* F( + s,/ logy)s~15(s,)? .
(logy)*F(s)(s = 1)*0(sy)*e* _ s, SyT (L + 5/ 108Y)s;™ 0lsy) = ze"v Ny £ (sy),

s 1+ s,/logy
we conclude by the convolution theorem and Laplace inversion that the main term in (4-8)
coincides with A¢(z,y). ad
5. Proof of Theorem 1.2

5-1. Preparation

In view of Theorem 1.1, it is sufficient to evaluate Af(z,y). First observe that it follows
from (1-22) that

(5-1) Ag(z,y) = a:/chz(u —v) dpy, £ (v).

Recall the definition of the sequence {a;(f)}?2, in (1-23). From (1-25), we infer that, still
with the convention that a,(f) =0 for h < 0,

ajym.—1(f) _ (=17 [ .
(5-2) log)i -~ 1 /. v? duy f(v) (7 =0).
Finally, we may assume in all the sequel that u > 1 since the Selberg—Delange method as
displayed in [13; ch. I1.5] provides the required estimates when u = 1, i.e. z = y.
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5-2. The casez € HT
Observe at the outset that we may assume ||z|| = 3.
Apply (5-1) with ®ez > 0 and ¢, = ng_l). Writing

bj(u) == /0 Vol D (u—v)do = jloi™ 7P (w)  (0<j<m—1),

we deduce from (1-24) that

Ay(z,y) am—j—1(f)bj—1(u) a; ()oY (u)
53 — = - —— 4+ J = "~ 4 7,
B9 gyt T 2 G- iloggr T 07 2 ~(logyp
with
(5-4) d = /o Qz(logy(;i_lv) dvy s (v) = 31 + 2 + J3,

where the J; correspond to the respective integration ranges [0—, %ey[, [%ey, u— %[, [u — %, u).
Since Q(Zm_l)(w) is bounded for w > %, the integrals J; and Jo are trivially convergent.
Moreover, since Rez =m — ¢, 0 < ¥ < 1, this is also true for J3.

We handle J5 and g3 as error terms. Retain the notation b := 3 + /2.
Let us first consider Jo. Recall that ¢~ and that ¢, is €% on ]0, 0o[, and €! on |1, 00[. Let
w := max(e,,u — 1). Partial integration furnishes Js = (J20 + J21)/(logy)* !, with

(5:5) Jop = / Y = 0)dyy s (0) = — / j/g /u OOU () dt duy £ (v),

e
o e dvy,f(v)
(5:6) Jan '_/w T —0.)(u—0)%

Inverting the order of integration in (5-5) yields

0 max(u—1,e,/2) 1 R (u)
o0 = _/ oL (t / dyy r(v) dt < < . )
20 1 ( ) max(u—t,ey, /2) Y f( ) Lb(yey/Q) (log y)J+2_Z

by (3-14) with j =m — 1 and (3-20) with j = 0.
To evaluate Jo1, we apply directly (3-20) with j = 0 if ¢, = 0. Otherwise we write

u—1/2 booae dyy f(v)
— 1 . y7f
I /w { Y / t%}m—ﬂz)

_/“1/2 dvys(v) | o /1 dt /“1/2 dvy ¢ (v)
w F(l - 192) 1/2 o max(u—t,u—1,e,/2) P(l - 192’)

1 < R.(u)
Lb(yey/2) (log y)J+2—z’

<

still by (3-20) with j =0
We may thus state that we have in all circumstances

| Rn)
(5:7) J2 < (log y)7+1

Let us then turn our attention to J3. Assume first that 1 > 0. Partial integration then yields
(5-8)

J3 =

—_

/ dvy ¢ (v)
(1 —9,)(logy)*=1 Ju_1/2 (u—v)?-

T(1 - 9.)(logy)*! { [ - /vu m} :1/2 " /uu1/2 /vu wz(qu—lzz;ilVféi(t) dv}'

—_

—
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The last integral is estimated using (3-21). It is

<</1/2 dh A
o hLy(z/hlogy) ~ (logy)/*1—=

When ¢ = 0, we obtain the required bound from (3-20) in the case z = m € N* since then
ggm_l) is constant in ]0,1]. In the case z ¢ N*, we reach the same conclusion by appealing to
the second bound in (3-21), splitting the integral in (5-8) at u — 1/Ly(y).

To evaluate J1, we consider two cases according to whether the condition u € V;_(y) is met.
If it holds, the function g, belongs to the class C/*1 on [u — %ey, u—+0]. For 0 < v < %ey, the

Taylor-Lagrange formula may be written as

59) FESTMEPIS SR i

m—1<j<J

Gy
with

(=T /v J—m+1 (J+1)
Ro = T—mE1) ), (v—w) 0y ™ (u —w) dw,

while representation (5-2) and estimate (3-20) imply, for j > m,

(—1)i—m+l /ey/2 j—m—+1 _ a;(f) 1
G-m+1! ), " dvy(v) = (log )i—m+1+7- +O( Lb(yey/2)>

(5-10)
10)) ( 1 )
(log y)i+1-= (logy)/+1/°

Carrying back (5-9) into J; taking (5-10) and (3-14) into account, we get

- Y aj<f>gif>(u>+O<Rz(u>{log<u+1>}"“>.

moiTi<cy (logy) log y

It remains to consider the case u € Vy_(y).
If z=m € N*, u > 1, we have £ < u < £+ 1 for a suitable integer ¢ € [1, J.]. The Taylor-
Lagrange formula may then be extended by taking account of the first kind discontinuities of

ggm) and its derivatives. This means adding

Ry = Z ﬂ Z (5z,h,j (’U +h— u)j

|
m<g<I+1 I 1<h<)
u—v<h<u

to the remainder Ry of (5-9). The quantity

ey/2

gl Ly GV | e n—wan, 0

log y)?—1 !
(logy)=™t S I 1<h< —h
u—ey /2<h<u

must hence be added to J;. The inner sum is actually reduced to the sole term of index h = ¢,
and estimate (3-20) allows the integration range to be extended to the half-line [u — ¢, 0o at
the cost of an error term compatible with that of (1-29). It follows that

_q)itt
(logy)* ‘ol = > ﬂ > 5m,h,jo(u—h7y;f)+0(¥)-

! log 1) +1
m<j<J+1 I 1<h<j (logy)
u—ey /2<h<u

In view of the previous estimates for Jo and J3, this completes the proof of (1-29) in the case
under consideration.
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Let us now turn our attention the case z € HY ~\N*, u & V;_(y). Let then £ € [1, J,] satisfy
(m+e—1)

¢ < u< €+ 1. Since o3 is integrable on |¢, £ + 1], we may write the Taylor expansion
_o\i—m—+1 ()
(5-11) oM (y —v) = Z (=v) 0: (u) + SREF) (0< v < gey),

P ]
m—1<j<m+£—1 (‘7 m+1)'

with

_1\¢ v
‘ﬁg = (2 1)1)! /0 (v — t)e_lggmH_l)(u —t)dt.

Taking (1-25) and (3-20) into account, we see that the contribution of the sum of (5-11) to the
integral J; of (5-4) is well approximated by

y o wtelw)

m—1<j<m+£—1 <log y)J

the involved error term being compatible with that of (1-29). The contribution of %g to J1 is
then

1 ey /2 ey/2
5-12 < / (m+e=1) (4 — ¢ / v—t) "t dy, (v)dt
(512) T L [ w0 )

We may bound the inner integral by appealing to (3-20). When ¢ > 1, we have

ey/2 ey /2 ey/2
/ (0 — )2 dv 4 (v) = (1— ) / (0 — 1) / Ay, (w) dv
t t v

< /‘iy/2 (v — t)£_2 dv < 1
¢ (logy)?Latas/3(y?)? — (logy)= 1YLy (yt)?

This estimate also holds for £ = 1. The contribution to the right-hand side of (5-12) from the
interval 0 < ¢t < (u) is hence

- 1 /<“> ((u) — )~ dt - 1 '
(logy)=~' Jo  (logy)* "7 Ly(y") — (logy)=+t1
Indeed, we have
(u) A
[,
0 Ly(y*)
(u) dt (u)/2 d+ <u>1—19
(5-13) <<min{/ / 4 }
o (u) =177 J W) Ly(yt)  Lo(y/?)
< min< (u , + <K :
{< > <u>1910gy (logy)' = (logy)'—?

The bound ngM) (u—t) < 1 may then be employed to estimate he contribution of the interval
(u) <t < iey It is

< 1 /%/2 dt - 1
(logy)*=t Jy  (logy) =1 H0Ly(yt)2 — (logy)=+—1+79 Ly (yw)

5-3. The case z € H™

The computations being modelled on those of the previous section, we limit the exposition
to brief indications.
Note right away that we may assume z € R, in view of the results of [3]. Moreover we may

assume as before that ||z]| = 3.



16 R. DE LA BRETECHE & G. TENENBAUM

In what follows, we restrict to the case ¥ > 0. The case ¢ = 0, ¥, # 0, may be handled
similarly, replacing dyy, s(v) by [° dpy, f(t) dv, which has Laplace transform fi, (s)/s and
substituting ¢’ to ¢,.

Apply (5-1) with Re z < 0 and split

g* = / (1 — v) dpry g (v) = (log y)*~ (35 + 85+ 53).

where the g} correspond to the respective integration ranges [0—, %ey], ]%ey, u— %[, [u— %, u]

The integrals J5 et g5 admit upper bounds identical to those leading to (5-7) and (5-8),

substituting ¢, to ot™ .

To evaluate J}, we first consider the case u € V;_(y). We may then write Taylor’s formula
—v)J u .
v, (u—v) = Z 7( Yoz )-l—i)%,
0<y< s
with

(_1)Jz+1 v
E [t -
AR

Appealing to (3:16), (3-20), (5-2), and arguing as in the case z € HT, we get
. (7) R log 2 J+1
= Y SR o)
o0<j<Tm+1 o8Y 34
_ oy wNe W) | o Re(u)(log2u)” !
- Z (log ) +0 (logy)/+1 :
0<;<J gy gy

In the complementary case u ¢ V;_(y), there exists ¢ € [1,.J,] such that £ < u < £+ 1.
Taylor’s formula at order ¢ may then be written as

—o)d gj)u 1\ v )
eru-v= 3 ERE 0 om0 -

i
0<j<t J:

Ry =

In view of (3-16), (3-20), (5-2), we see that the contribution of the above sum to J7 is well
approximated by ‘
Z a;(f)vY (u)
(log y)?

M
0<i<l—m—1

the summation being empty if £ < m + 1, that is to say u < m + 2. The contribution of the

integral is
(—1) // ® // o1 dvy 5 (v)
R} = o (u—t v—t)"T —L g
A w=0 J =0 Gog gy

This quantity may be majorised by appealing to the estimate (3-20) and noting that
((u) =)77 if 0 <t < (w),
1 if (u) <t<ie,.

O (u—1t) < {

Indeed we have

ey/2 ey/2 EAVAS)
[ w0t < [ : (vt dv
t t

log y)? L2553 (y?)

eu/2 (v—t)2dv
< 9 t v—t
¢ (logy)?Lats/2(y") Lgts/2(yv ")
1

<< .
Lgi5/2(yt)(logy)f—1+7

By (5-13), it follows that

1 @ ((u) —t)=? eu/2 1 1
R < {/ dt—l—/ dt}<<'
P (logy)t-tiote-1 ) g Ly(y*) w  Lprsse(y) (logy)tt=—1

This completes the proof of Theorem 1.2.
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6. Proof of Corollary 1.4

Throughout this section we denote by ¢; (j = 1,2,...) positive constants depending at most
on the parameters 3, ¢, d, b, z, and are locally uniform in r = |z|.
Let us first assume (z,y) € Gg. By [‘'TW03’; th. 2.1] and our assumption (1-34), we then have

Uz, y; /1) = zor(u)(logy) ™,
since Bf () =< 1 in this range. Moreover, by (1-13) and (1-12), we have, with t = arg z,

R (u) « o (r/2+o(1))u/(log 2u)?

or(u)
The required bound (1-35) hence follows from (1-31) and (3-16) if u > m + 2, and from (1-32)
ifu<m+2.

Next we turn our attention to the case u > (logy)?/(!=#). We then redefine o, = a,.(z,%)
as the saddle point associated to the Perron integral for ¥(x,y; 73.), thereby involving ((s,y)".
A standard application of the saddle-point method as in [4] then furnishes, taking (1-34) into
account,

2 ¢(ar, y)" e~ Vg Fi(a, y)
Valogy¢ (2., y)° logy

with the traditional notation @ := min(u, y/logy).
Let by := %(b+ %) Evaluating ¥ (z,y; f), as in (4-2), by Perron’s formula with T := Ly, (y)?,
we get

(6-1) V(z,y; f1) >

i

1 ar+il* F(s,y)z®
6-2 N i f) = — 7T _ds+ R
(62) e =g [ T s
with

R< Wer‘I’(H;,y;fT) ~w(2— 2y f7).

T T
The first term may be bounded from (6-1). To deal with the second, we use the method of
[12; lemma 2] resting on the use of a Fejér kernel. We get, for a suitable constant ¢y > 0,

U(z,y; [T)
Ly(y)
Recall that F(s,y) := B(s,y)((s,y)*. In order to bound the integral of (6-2), we need to

estimate F(s,y)/C(a,y)" with z = re’t. Since log ((2a,.,y) < v/, hypothesis (1-34) yields
F(ay +i1,y)
o, )

RK + wo,(u)e™ 2",

esVa-rW(ry) _ " 1 —cos(t—7logp)
<K e , with W(r,y):= .
(r) = 3 Lt

(6-3)
PLY
The sum W (7,y) may then be estimated as in [12; lemma 1]. For |7|logy < 3|t|, we have

1 — cos(t/2) logp _ _
Wi(r,y) > TR
( ) logy Z pOCT

Py

For the range |t|/(2logy) < |7| < Ly, (y), we appeal to a variant of [13; lemma I11.5.16] proved
by contour integration using the Korobov-Vinogradov zero-free region for the Riemann zeta
function. We get

1-— t—r71 1 ur? 0
W(ry) > Z { cos(t — 7logp)} logp N ur U

pr logy (1—a.)2+72 > (logﬂ)Q'

PLY
Carrying back into (6-3), we obtain
’ F(ay +it,y)
(ar,y)"
The proof is now completed by inserting these bounds into the main term of Perron’s
formula (6-2), taking the lower bound (6-1) into account. The assertion regarding local

uniformity follows from the fact that all bounds used in this proof are uniform in any compact
subset of H~ ~ {0}.

< e—04ﬂ/(10g w)? .
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7. Proofs of Corollaries 2.1, 2.2, and 2.3
Recall the definitions of o, := o,(z,y) and p, := piz4 in (2-1).

7-1. Preliminary estimates

Let r be a positive, bounded parameter and z := re® (t € R). Put
g =ufz =e tufr, w = Colug), Fp(t) = uws —re I(wy),

so that, by (1-13) and (1-17),

{1+0(1/u)}er= 1) Fy(0)—Fy (1) 1
71 2(u) = = 0 r "I+ O+ =)y,
@) e sz o (u)e {reo(i+)}
7.2 R e
(72) )= S
For the sake of further reference, we note that

(7-3) I<wt):ut{1+ul)t+ui2+o<§(zlt)3)}’ I'(wy) = ug, I (wy) = up — (ug — 1) Jwy,

where the first estimate follows from (3-7).
Applying Corollary 1.3 to f.(n) := z*(™ (n > 1), we get, for |t| < 7/2,

R, (u)log2u L[ 14e,)(u) >

\Il<-’1:7y; fz) = ao(fz>mgz(u)(logy)zfl + O<

2—z
(7-4) Igo(g g)l)l 2 -
_ z—1 w
= ao(f:)wo.(u)(logy)* " + O< logy >’
with

ao(f.) = B(2) ::1;[(1—;>Z<1+pi ).

Extra precision will be needed in (7-1). Extending the proof of [11; th. 1], relevant to real z,
to the case Re z > 0, we get, for any fixed J > 1,

e'yZ*Fr(t)

0. (1) = W(M){l + > ;:/j((;‘)tt))j + O<u¢11+1)}

1<5<T

where the A; (1 < j < J) are analytic functions bounded in a neighbourhood of R*
containing w;. Bearing in mind that wy = (u/r), it follows that

0 e'yrFt)

= or(u)e™0- F<”{1+O(Itl+ }H)}

Next, let us perform the Taylor expansion of F,.(t) + re‘ log, y to the second order at the
origin. By [8; lemma 1] we have

v G0 - s o)

from which we derive

(7-5)

wy = —iugGh(ug) = :Ttl{ U;U >}

wy' = —upGy(ur) — ui Gy (ur) = 1 +O(f(1) )

where the second estimate is derived by differentiating [8; (4.2)] or by differentiating the
definition e*t = 1 4+ u;w; and using the first formula.

(7-7)
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Now, by (7-3) and (7-7), we have, for large u,

(78)  Fl(t) = —iretI(w,) = —w{1 + wi + uiz + O(L) }

¢ §(u)?
FI(t) = re I(wy) — ivw}, = re™ I (wy) — wusCh(ur)
1 2 1 UWy 1
(7:9) :u{1+w7t+w7t2+0<§(u)3)}_wt—l{l—’_O(TU)O)}

- afro()h

) . 1
(7-10)  EY(t) = ire" I(wy) + re''wil’ (wy) — iuw) = #{1 + O(—)} — juwy < %

It follows that
H,(t) := r(e" —1)logy y + F,(0) — Fy(t)
(7-11) =r(e" — 1)logy y — tF.(0) — 3t°F"(0) + O(c*t?)
= itp, — 3t°02 + O(t°0?).

Next, we need to estimate o, (u) — o, (u) for small ¢.
As a start, we observe that it follows from the first equation in (7-7) that

dI(wt)
dt

<L u,

whence R, (u) < o,(u) for tu < 1 and u > 1.
Now, under the assumption that ez > 0, we also have

1
- = vyz+zI(—s)+us d
0:(4) 2m 1+iRe >
sz(”) 1 / { T(—
- I(— } vyz+zI(—s)+us d
dz 27 1w (=) pe s
(u) + ! / yatzl(=s)+us / et -1 dhd
=v0,(u) + — e e E— S
e 2mi J1pir 0 h
1 [tdn N s
=v0,(u) + / / e hs — 1)eretel(=o)tus g
() 2mi Jo h 1+i]R( )
1 1
z —h) — z u/r
— 0. (u) +/ o:(u ]?L 0=(W) gy « / 02 (W)W Ay < gy (u).
0 0
We therefore obtain
(7-12) 0-(u) — 0,(u) < tugr(u) (2 =re", tu < 1),

7-2. Proof of Corollary 2.1
It follows from (7-4) and (7-5) with r = 1 that

U(z,y)log 2u>

(7-13) U,y f.) = {1+ 0(ltl+ ﬁ) o,y ™0 4 of gy

and hence, for [t| < 0?/3,

1 it{w(n)— o
iy (t) = W) Z eit{w(n)—n}/
(714) neS(z,y)
_ 1 A +)\ 420 log 2u
_{1+O(w’+1+ o )}e +O( logy)'
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This will be of use for intermediate values of ¢. For large values of [¢|, we deduce from the
above that, with a suitable constant ¢ > 0, we have

(7-15) By (8) < ™75 ([t < co),

For small values of ¢, we appeal to the estimate

1
V(z,y)

> fwl) —up <p

neS(z,y)

resulting from theorem 1.1, lemma 9.1, and formula (9.4) of [2]. This implies

t 2 . ! 2
(7-16) hz,y(t):1+o(||;/ﬁ+w> =t /2+O<||(‘f/ﬁ+t“> (t<1).

02 o2

By the Berry-Esseen inequality (see, e.g., [13; th. I1.7.16]), we therefore obtain

1
(7-17) Y 1=2w)+0(R) (vER),
V(@y) |6
nes(z,y)
w(n)—pvo
with .
1 2, dt
R = T + /;T |h1-7y(t) — € t /2|T

Selecting T := min(o?,u’ 1), we hence get

1/T? i T2/3 2 cT
Lt 1 1482\ dt dt 1
R (YE+ L) ae / ( )5 _dt L1
(7-18) <</0 o " o? " 1/T2 tul+1 - o et?/2 * 2/s tet®/3 + T

Vi logT 1 01 log2u 1
STy twn o<y Ty

since \/p/o < log2u and 0% < u = p < o
At this stage we haven’t utilised (7-12). For tu < o and t3 < o, we derive from this
approximation and (7-4) that, with now z := e/,

Y eitleln-n/e

nes(z,y)
b\ R.(u)log?2
= xg(u){l + O(;) }e”(logz y—p)/o—t>(logy y) /202 +O(t3 /o) ) ((;Lo)g(;gu>
_ log2u = |tlu _12/2 It 2u I
= wa){1+ O(T o+ T0) e {1+ 0 (T + g + 5) )
and hence

hay (1) =et2/2{1+0(

/1/0
Appealing to (7-16) in order to bound the corresponding integral over the range 0 < t < 1/0,
we see that the remainder R arising in (7-17) satisfies

log2u = |tlu t2u |t]3
Pl w1
logy o (o log2u)? o

We thus have

dt  (logo)log2u w _wu

h t) — *tz/Q’ - S = it = B -,
ay(t) —e - < Iog o<

(7-19) R< .
g

Gathering our two bounds for R, we derive (2-2).
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7-3. Proof of Corollary 2.2
Let r > 0, z := re®, f.(n) := 2" and

, _ Y(z,y; 1)
Feal®) = ey
so that, with notation (2-3), we have
U)o [ duafree
o )T

Recall (7-4). Carrying (7-11) back into (7-5) and (7-4), we get, for |t| < oy 23

. ) X 2 2 log 2
(720)  Juy(re)e i = 4, (1, k) ({1 + OBy (1)) et =03l 4 o 22 “))
ogy
with L
B(r)er(u)(logy)"~
rFo(u)
At this stage, we implement two distinct strategies according to whether we aim at proving
statement (a) or (b).
To establish (a), we select » = 1 and integrate over t € [—o~2/3,072/3]. We get

Ay (r, k) = , Buyt):= St It] + [t[3.

1 [yt e 3(k—p)?/0®

- it\ ,—ikt
e )e dt = R
Jm,y( ) o 1

% _1/0.2/3
with

1 1
(7'21) jQl < m + ?

To improve precision in the case of small values of u, we employ (7-12). When tu < 1, the
main term of (7-4) is, writing ((¢) := it(logy y — k) — 1t%logy v,

log 2u

wo(w){1+O(tu) }e? OO — (e y) {1+ 0T +[tu) Je’ O {1+ O(t0?)}.

logy

Since p — log, y < u, 0% —log, y < u, we have B(t) = iut — 31202 + O(|t|u + t?*u), and so we
get

o . log 2
o (e)e ™ = e’t(“k)5t2”2{1 n o( T+ t|3a2> }
Y

2/3

Under the extra assumption u < 0“/°, we therefore obtain

1/c?/3 —L(k—p)?
/ Jey(ee *tdt = S 1 O(Ry),
—1/02/3" " V2mo

with
u
(7-22) Ry < -
Gathering (7-21) and (7-22), we obtain
U 1

R < o2 +ult?o + o2

In order to complete the proof of (2-5), we need to estimate

E = oy (e dt.
1/02/3<|t|<

We shall obtain the required result from an upper bound for ¥ (z,y; f.)/¥(z,y).
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Let ¢ €]0, in[. If 27 — ¢ < |t| < 7, we have Re z < sinc. Taking account of the estimates
(3-12) and (3-16), the upper bound derived from Corollary 1.3 provides

U(z,y; f2)/¥(x,y) < 1/(logy) "¢
which is more than sufficient.
When 1/0/3 < |t| < 37 — ¢, we have

Yz, y:f2) _ _—me
— e
V(z,y)
and the estimate (7-9) for F”(t) implies

Re H(t) = —(1 — cost)logy y — /0 Re F" (v)(t —v) dv

212 2u 2t202
<-=(1 ) 0 Lo,
= (logay+ g ) +00) < ===+ o)
We therefore infer in turn
\I’ v Jz 2 2 2 ].
(l'7y7f ) < 672t o /m 7 E< —.
U(z,y) o2

This finishes the proof of (2-5).

Let us now embark on the proof of statement (b) and so select r in (7-20) such that p, =k,
i.e. r = k/L with notation (2-4). By (3-7), this is plainly possible with bounded r under
condition (2-6). We infer that

1 [y’ " Ay y(r k)
— n Wt = 2 R R
2 _l/ag/sj ,y(re ) mgr { +O 2)} (vE )a
with
1 1
(723) Ro < J+1 + ;

Moreover, for this choice of r, we have, by Stirling’s formula,

Auy(r k) B(r)op(u)Lreke €W/ /a Lk .
,y(T ): ( )Q( ) \/lT::KT(u)e ‘ {1+O<—>}
V2o, oro(u)k*(logy)v2rk k!

To improve precision in the case of small values of u, we again appeal to (7-12). When
tu < 1, the main term of (7-4) is, writing f,.(t) := it(rlogy y — k) — 1t?log, v,

T Ay (r, k) o(w) {1+ O(tu) }eBT(tHO(tS logz y)
= U(z, y) Ay (1, k){l + o(logzu +|tu )}eﬁ<t>{1 +0(t%2)}.

Since p, — logy y < u, 02 —log, y < u, we have f,.(t) = itpu, — $t02 + O(Jt|lu + t>u), and so
we get

. , log 2
Joy(re)e ™ = A, (1, k)e_éﬁ"z{l + O< ;)g “ t|u + t2u + |t|302> }
0gyY
/3

Under the extra assumption u < 03 , we therefore obtain, still with u, = k,

Yo Ay y(r.k)
. ity ikt 1, _ Auy(r,
/_1/02/3 Juy(ret)e ™t dt = Joro {1 + O(Rq) },

with
(7-24) Ry < g
Gathering (7-23) and (7-24), we obtain

L2
c+u’t? o
As previously, we complete the proof of (2:7) by bounding

E, := / oy (rett)e™kt dt.
1/03/3<\t|<7r

The required estimate follows from the upper bounds for ¥(z,y; f.)/¥(z,y) derived from
Corollary 1.3 in much the same manner than in the proof of (2-5) and we omit the details.
This finishes the proof of (2:7).

Re <
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7-4. Proof of Corollary 2.3
Let r € [3,2]. It follows from (1-13) that log {0, (u)/o(u)} = G(r) + O(1) with

G(r) == uf(u) — uf(u/r) + rI(&(u/r)) — 1(§(u)),
so that
G(1) =0, G'(r)=I&u/r), G"(r)=—€(u/r)u?/r3 G"(r) < u.
For |h| < &, we therefore have

G(1+ h) = hI(£(u)) — 3¢ (w)u?h® + O(uh®).

Now, for % <r<1,v >0, we have
1 pHtve
1< Z Tw(n) < T_IH_UU(lOgy)T_leG(T).
U(z,y) Z U(z,y)
eS(z, eS(x,
i nesey

Writingr=1—-h,0< h < %, we derive that

(vo — p)logr — hlogy y + G(r)
=h{ip—vo —logyy —I(§)} — %hz{va — A+ uP (u)} + O(hsu)
= —hvo — h*(vo — 0%) + O(h®u)

Selecting h = v/o, we get

]. 1,2 3 3
1 < e 30400 /0%) (5 ).
U(z,y) nesz(;y)
w(n)<p—ve

This bound is certainly non-trivial if v < ¢10/(log 2u)? with suitable absolute ¢; > 0.
Arguing similarly with r =14+ h > 1, we get

: DOREE R A (Y )}
V@) e
w(n)Zp+vo

The two previous estimates imply (2-8): for sufficiently small ¢; and v = vy := ¢;0/(log 2u)?,
the bounds are < e—3¢i0”/(log2u)* For2v < wg, they are < e~v*/3_ If, furthermore, we have
v < min{o/ul/3,0/3}, they are < e=?"/2,
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