AN ERDOS-KAC THEOREM FOR
INTEGERS WITH DENSE DIVISORS

GERALD TENENBAUM AND ANDREAS WEINGARTNER

ABSTRACT. We show that for large integers n, whose ratios of consecutive
divisors are bounded above by an arbitrary constant, the number of prime
factors follows an approximate normal distribution, with mean C'log, n and
variance V logy n, where C = 1/(1 —e™7) = 2.280 and V = 0.414. This result
is then generalized in two different directions.

1. INTRODUCTION

Let {dj(n) : 1 < j < 7(n)} denote the increasing sequence of the divisors of a
natural number n. Define

D(t):={n>1:dj41(n) <tdj(n) 1<j<7(n)}, Dz t):=D()N[L,z],

(

and the cardinality D(x,t) := |D(x,t)|. It was first proved in [10] that the arith-
metic function n — max;log{d;11(n)/d;(n)}/logn (n > 1) has a limiting distri-
bution continuous on [0, 1] and strictly increasing on [1/2,1]. This implies that
D(z,t) = o(z) if t = 2°V) and D(z,t) < (1 — c.)z if t < 2’7, It is hence of clear
arithmetical interest to describe the statistical structure of prime factors of integers
satisfying such a strong multiplicative constraint. Note that [16, th.1.3] provides
sharp quantitative estimates for D(z,t)—see (5.2).

Theorem 1.1 establishes an Erdés-Kac theorem for integers in D(z,t). It shows
that the number of prime factors of integers in D(z,t) follows a suitable Gaussian
law, but with a mean that exceeds five times its variance. Therefore, the usual
Poisson distribution for the number of prime factors does not apply here, and so
the Gaussian distribution is not a consequence of a Poisson behavior.

Results of Erdés-Kac type usually rest on independence properties of prime fac-
tors of integers, as the historical work [3] and many subsequent developments, for
instance, among others, [5]. In the situation studied here the constraints on di-
visors are so severe that they rule out any approach based on independence of
prime factors: for instance, it is known (see, e.g., [2] and [14]) that large gaps
must occasionally occur between prime factors of random integers, however this is
strictly forbidden for the typical integers in the sets under study. This explains the
difficulty and great technicality of the proofs, based on functional equations and
Laplace inversion.

Let v(n) denote the number of prime factors of an integer n, counted with
or without multiplicity, i.e., with traditional notation, either v(n) = Q(n) or
v(n) =w(n) for all n. Also let y — ®(y) denote the standard normal distribu-
tion function and let log;, denote throughout the k-fold iterated logarithm. Finally,
put

C:=1/(1—-e7)~2.280291, V:=C+ 2K =~ 0.414284,
where K is the constant defined in Lemma 4.4.
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Theorem 1.1. Lett > 2 be fized. Uniformly for x > 3, y € R, we have

{n € D(z,t) : v(n) < Clogy x4+ y+/V log, z}| 1
=®(y) + O ——=
D(z,1) V1ogy @
We will extend this result in two different ways. The next statement describes

the behavior of v(n) on D(z,t), when ¢t is allowed to vary between 2 and z. For
r>6,x>t>2 we define

pig = Clogy @ + (1 — C)logyt, o2, :=Vlogyx+ (1 —V)log,t.
Theorem 1.2. Uniformly forx > 6, x >t > 2, y € R, we have
D(x,t) : < Ly - 1
w1 MEPE0 ) Spityordl g O()
D(z,t) V/logy

Note that when ¢ = x, Theorem 1.2 reduces to the classical Erdés-Kac theorem
for natural numbers—see [13, th.II1.4.15].
Theorem 1.2 adds to previous results in [19, th. 1], namely

Y. wv(n) = D@, t){pes + O1)},

neD(x,t)
{ne@(m,t):\ (n) u“|>€\/1og2x}‘<<Dxt/§,
both estimates being valid uniformly for x > ¢ > 2 and £ >

Next, we generalize Theorem 1.1 to a famlly of mteger sequences that are de-
fined as follows. Let ¢ be any arithmetic function and let B = By be the set of
positive integers containing n = 1 and all those n > 2 with prime factorization
n=pi"-pp*, p1 <p2 <...<pg, which satisfy

pi <Oy -opityt)  (L<i<k).

Let B(z) = BN[l,z] and B(z) = |B(x)|. When ¥(n) = nt, we have B = D(¢),
by [11, lem. 2.2]. More generally, if ¥#(n)/n is a non-decreasing function of n, then

B={n>1:djui(n) <9(d;(n)) (1<j<7(n))}

according to [17, th. 4].

When 9(n) = 1+ o(n), where o(n) is the sum of the positive divisors of n,
then B coincides with the set of practical numbers introduced by Srinivasan [§],
i.e. integers n such that every natural number m < n can be expressed as a sum
of distinct positive divisors of n. Stewart [9] and Sierpinski [7] showed that this is
equivalent to the condition p; < 1+ a(pf* -+ p;7") for 1 <i < k.

Theorem 1.3. Let 0 < a < 1. Assume max(2,n) < 9(n) < nexp{(logn)®} for
alln > 1. Uniformly for x > 3, y € R, we have

H{n € B(z) : v(n) < Clogyx + y+/V logy x}] 1
=P(y)+ 0| —— ).
B(x) /log, =
Note that Theorem 1.3 implies Theorem 1.1. We will derive Theorem 1.3 from

Theorem 10.1, which also leads to the following improvement of [19, cor. 1] regard-
ing the average and normal order of v(n) on B.

(1.2)
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Theorem 1.4. Let 0 < a < 1. Assume max(2,n) < 9(n) < nexp{(logn)*} for
allm > 1. Uniformly for x > 3, £ > 1, we have

(1.3) > v(n) = B(z){Clogy x + O(1)},
neB(x)
(1.4) [{n € B(x) : [v(n) — Clogy x| > {\/logy z }| < Bg(f)

In Section 2, we consider sums of z¥(™ (z € C) over integers n without small
prime factors, i.e. sifted integers. These estimates are then inserted into the func-
tional equation in Lemma 3.1, which generalizes [16, Lemma 2.3|. This allows us to
study sums of z¥("™) over integers n € D(z,t) (Section 6) and n € B(x) (Section 10),
with the help of Laplace transforms (Section 7). Finally, the Berry-Esseen inequal-
ity leads to the completion of the proof of Theorem 1.2 (Section 9) and Theorem
1.3 (Section 12). The proof of Theorem 1.4 is given in Section 11.

2. SUMMING 2%(") OVER SIFTED INTEGERS n

For z € C, let u — w,(u) be defined as the unique continuous function on [1, c0),
satisfying the initial condition uw,(u) = z (1 < u < 2) and the delay-differential
equation

(2.1) uwl (u) + w,(u) = 2w, (u—1) (u>2).
Continuing w, by setting w,(u) = 0 for u < 1, we see that (2.1) holds on R ~\ {1}.
This function was introduced by Alladi [1], who established an Erdés-Kac theorem
for sifted integers. It is a special case of a family of solutions of delay-differential
equations studied in [4]. When z = 1, wy(u) is Buchstab’s function, w(u).

Define

(2.2) I(s) := /O o - Lat  (seo),

and let {bx(2)}32, denote the sequence of Taylor coefficients of e=*/(=*) about
s = 0. We thus have by(z) =1, bi(2) = z, ba(z) = +2(2z — 1) and by(2) is a
polynomial in z of degree k. Furthermore, put

w@= Y Slue w20,

0k

so that ag(z) =1, a1(2) = 2 — 1, az(z) = (2 — 2)(2z — 1).
Lemma 2.1. Let K > 0. For z€ C, 1/2 < |2| €2 and u > 1, we have

- bp(z)u*1F —o_K
(2.3) wy(u) =e 7? E 1 Ogl(u® ,
() Gz Tk K( )
, - by (z)u* 2" _3-K
(2.4) w(u) =e™ 7 — 4+ Ogl(u® .
0ok I'z—k—-1) ( )

Moreover, for u >0,

(2.5) wo(u) =7 Y-

ap(2)(u+ 1)771=F

+Ox ((u + 1)2—2—K),

0<k<K Iz - k)
ar(2)(u z=2-k
(26)  wi(u)=e* > k(rzi —+klz T Ox ((u + 1)z_3_K).

0<k<K
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We also have
(2.7) |w. (u)] < |z]ul*I~1 (u>0, zeC).

Proof. The estimates (2.3) and (2.4) follow from [4, ths.1 & 2]. The factor e~ 7*
may be obtained by a computation similar to [12, (2.13)]—see also [1, th.4]. The
estimates (2.5) and (2.6) follow since for o € C, u > 1,

= (a4 1)° (1_uil)a=(u+1)a§)m<i‘).

Note that (2.5) and (2.6) are trivial when 0 < u < 1, since w,(u) = w,(u) = 0 for
u < 1. The bound (2.7) coincides with [1, lemma 1]. O

Let P*(n)—resp. P~ (n)—denote the largest—resp. the smallest—prime factor
of an integer n > 1 and make the convention that P*(1) := 1, P~(1) := co. We
define
(2.8) O, (,y,2) = Y 2 (zyeR z€C)

1<n<Le
P (n)>y

Theorem 2.2. Let r € [3,2) be fited. For z € C, 3 < |2| <r, 2 <y <z,
u:= (logx)/logy, we have
2w, (u) — zy re FuF? . w3+ E
_ r—
log y L(z=1)(logy)? = " \" (logy)?

where B = (logx)Q\ZHlef\/@'

(2.9) D, (x,y,2) =

Proof. This is an improved version of [1, th.3]. Just like in [1], it follows from
[1, th. 2] by inserting (2.4) with K = 0 (instead of [1, (4.2)]) into [1, (4.3)]. Note
that there is a typo in [1, (4.3)]: the + sign in front of the integral should be a —
sign. Il

Some notation is necessary for the next statement. We put

—1 z
z 1
RN — 1 —_— — 1 =
) Ipl (1 p5> ( ps) ifv=20Q,

(2.10) H,(s,2) == ((s) = = =

ns z 1\”
n>1 1+ >(1—) if v =w,
H( psfl ps

P

where the infinite products converge uniformly when o = Res > 2, [z — 1] < 3,
say. Furthermore, we write

O -
Gu(87yaz) = < Z TLS> =P

PF(n)<y

< ps
PRY
Finally, we define
HV b v b)
hs,p.2) = TSI ) (1)
H (1,z) G.,(1,z9)
Ty, 2) = v v 1.
W2 = F0) TGy
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Theorem 2.3. Let r < 2 be fived. For z € C, |z| < r and % <y <z, we have

(2.11) (I)U(fy’Z) o z-1 (log y)”
= atog) ™ {t.2) (14 22t ) + 0 (S22 ]

Proof. We apply [13, th.11.5.4], with parameters N = 1, w = max(1 — Rez,0),
hence w < 3, and select g. = g.,, as the multiplicative function defined, for p <y,
by

Zgzy 1_£)z (‘£|<1)7
k>0
and, for p > y, by
(1-¢)°

it v=10Q, |£] <min(1,1/|z]),
o) =4 17
;;; ! (1—5)Z<1+1Z§§) if v =w, ¢ < 1.

By [13, th.I1.5.4], it thus suffices to show that

lo 3n
Z |gz y & ) (log y)7'

n>1

When p < y, we have g, ,(p) = —z and Cauchy’s formula yields |g. ,(p*)| < 4 for
k > 2 since |z| < r < 2. When p > y, we have g, ,(p) = 0 and, following [13,
pp. 300-301], we have |g. ,(p¥)| < M (2 — §)* for k > 2, where M and § > 0 depend
on r only.

Since log(3mn) < log(3m)log(3n) for all m,n > 1, we may write

log 3n log 3n
> o B S g B

Pt (n)<y P=(n)>y

say. Now

M (2 — 6)*(log 3p*)®

E, < 1.

/N
—
-
]

P>y k>2

To estimate F4, we define

:H 1+ +Z s

Py k>2
By Cauchy’s formula,
FOW)] < IR0 =)
for 0 <n < 1. With n = 1/(Alogy) we obtain
By < |[FP ()] < (Alogy)*(logy) " < (logy)",
where A :=1/log(2/r). O

Selecting y = 3/2 in Theorem 2.3 yields the following statement.
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Lemma 2.4. Let r < 2. For |z| < r we have

_ Avi(2) 1
v(n) _ z—1 )1
> ™ = a(loga) {AMMZ>+ e+ 0 2)}7

= (log2)

where Ay o(2) = hy (1, 2), A1(2) == h,(1,2)J,(1,2)(z — 1).

Lemma 2.5. Let r < 2. Uniformly for z € C, |z| <r and y > 3/2, we have

(2.12) Ju(y,2) = zlogy — 1—|—O(e_vl°gy)7

e *?
2.13 ho(y,2) = —— 4 O VIo8Y),
(213) (1) = Tz ey + O ™)

Proof. The first estimate follows by partial summation from the prime number
theorem in the form

Z 10521 =logy — v+ O(e_*/@).
péyp

The second estimate is a consequence of a strong form of Mertens’ product formula.
O
3. THE FUNCTIONAL EQUATION
We consider the following hypotheses regarding an arithmetic function 9:
(3.1) 9 :N* =5 RU{oc}, 9(1)=2, 9(n)>=P"(n) (n=2).

Here and throughout we let N := {0,1,2,---} denote the set of non-negative inte-
gers, and define N* := N~ {0}. Recall notation (2.8).

Lemma 3.1. Assume (3.1). For z € C and z > 0 we have
Z 2V = Z z”(”)fby<£,19(n),z>.
m<x neB n

Proof. This is an immediate consequence of the fact that each integer m > 1 factors
uniquely as m = nr, with n € B, P~ (r) > ¥(n). O

The following result is a consequence of [20, th. 4].

Lemma 3.2. Let 0 < a < 1 and assume max(2,n) < #(n) < nexp{(logn)*} for
allm > 1. There is a constant ¢y > 0 such that

Lemma 3.3. Let 0 < a < 1 and assume max(2,n) < 9(n) < nexp{(logn)*} for
alln > 1. Let z € C with |2| =1, Rez > 1/2. We have

ZV(n)
(3.2) Ao(z) =Y

neB

hy(¥(n), z).

Proof. Lemma 3.1 yields

Z Zy(n) _ O(B(a?)) + Z ZV(") {(I)V(gc/n,ﬁ(n),z) - 1} .

U neB(x)
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We divide both sides by z(logz)*~! and estimate the left-hand side with Lemma
2.4 to get

®,(x/n,9(n),z) — 1
z(logx)>—1

(33)  Avo(2) +o(1) = m 3 1) ()

)

where 14(n) denotes the characteristic function of the set A. The modulus of the
n-th term of the last series is bounded above, uniformly for = > 1, by

s
b:(m) = g dm) e

according to Theorems 2.2 and 2.3. We have B(z) < x/logz, by Lemma 3.2. Since
Rez > 1/2, the series ), -, b.(n) converges and

B(z)
z—oo r(logw)*=1

Letting  — oo in (3.3), the dominated convergence theorem allows interchange of
limit and summation. Theorem 2.3 now yields the desired result. (]

4. ZEROS AND POLES
Define M, (u) := w,(e* — 1) (u > 0) and

Q.(s) := / u® (ez‘](“) - 1) du (Res >Rez —1),
0

where

From the definition of w,(u) we find that @, (s) = ¢*/(*) — 1 by a computation
similar to that of the proof of [13, th.II1.6.7], corresponding to the case z = 1.
Now, we know from [13, lemma I11.5.9] that, with notation (2.2), we have

(4.1) ue? W = 771w (4 > ).

Therefore

e (W) = ch(z)ukﬁ (u>0),
k>0

where {c;(2)}22, is the sequence of Taylor coefficients of e=7*~#/(=%) at the origin,
so that cx(z) = e "?b(z) (k > 0). This implies

(4.2) Q.(s) = 1 ck(z)—i—/loous{ez‘](“)—l}du,

s+1 k>0k+1—|—s—z

where the last integral converges since J(u) ~ e */u for u > 1. This defines a
meromorphic continuation of @Q.(s) to the whole complex plane whose singularities
are simple poles at —1 and z — k — 1 (k > 0)—with an obvious abuse of notation if
z=1.

Lemma 4.1. For s,z € C we have (s +1)Q.(s) = 2I'(s + 1){1 + M\z(s)}
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Proof. For Res > Rez — 1, we have
Q.(s) = / w’w, (u)du = / us/ wy(v)e” " dv du
0 0 0
= / wz(v)/ u’e” "’ du dv
0 0

- /Ooowz(v)/ooo (%)Se*w% dv_F(s—Fl)/Ooovwz(v)q;ifg
— T (14 [Tewps ) - T 1 )

s+1 v+ 1)stHl s+1
where the penultimate equation follows from (2.1) and partial integration. Since
Q. (s) extends to a meromorphic function on all of C, so does M, (s). O

Corollary 4.2. Assume z ¢ Z. Then ]\/Zz(s) has a simple pole at every s = z—k—1
(k € N) for which cx(2) # 0, and no other singularities. Furhermore, 1+ M, (s) has
simple zeros at negative integers. All other zeros of 1+ M, (s) are zeros of Q.(s).

Corollary 4.3. For z € C define
(4.3) f2(8) == / ufe v W qy (Res > Rez —1).
0

Then f,(s) extends meromorphically to the entire complex plane via the formula

(4.4) fz(S)ZF(s—l-l){l—i—Z/W\z(s)}:L;QZ(s).

Proof. Integration by parts yields Q. (s) = zf.(s)/(s + 1), which implies the result
by (4.2) and Lemma 4.1. O

For the statement of our next lemma we use the notation

51 _ ot
T(s) ;:/ 1-e dt, e v#HaT0) = ch(z)s]C (s € C),
0

t
k>0

Ao /leT(u)lud 1
= ———du—
(4.5) 0 u?

W(s, z) ::/ uw? (e —1)ydu, W :=W(-1,1),
1

1
1—e 7’

‘We note the numerical values C' = 2.280291, K ~ —0.933003.

B:=A+W, C:= K :=e7C*(1 -~ + BC).

Lemma 4.4. Let f.(s) be given by (4.4). For |z — 1| sufficiently small and suitable
r > 0, the equation f,(s) = 0 has a unique solution s = so(z) in the disk |s+1| < r.
Moreover

(4.6) s0(2) = =14+ C(z = 1)+ K(2 —1)> + O(( — 1)®).

Proof. By Rouché’s theorem we may assert that the equation f,(s) = 0 has a
unique solution in a suitable disk |s + 1| < r provided |z — 1| is sufficiently small,
the details being left to the reader.
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Write s = —1 4+ h, z = 1 + w, so that the equation can be rewritten as
4.7 hWw =1.

Since ¢1(z) = ze~7*, we derive from the above that

ze V*h
h—w
and in turn h(ze™7* — 1) = —w + O(h? + |hwl|). Hence h < w and

=14+ 0(h),

w
1—e

h:

+0(w?) = Cw + O(w?).

To determine the second order term, we carry back into (4.7). Since
1

(1) _ 4

k#lk—l

we have
zhe*W _ he™¥ + hwe™ (1 — ) + O(h3)
h—w ’

Z = Ah + O(h?),
k¢1k—1+h—

hW (s,2) = hW + O(h?),

from which it follows that
he‘”{l Fw(l - ’y)} = (h— w){1 - hB} +O(w?)
=h—w—e "BCwh+ O(w?),

—w + O(w?) ~w+O(w?) <1+we_'y(1 —7+BC’))
1—e™

e 7 —1+4+we(1—y+BC) 1—e
= Cw + Kw? + O(w?).

O

Lemma 4.5. For suitable 6 > 0 and |z — 1| < § the equation 1 + M, (s) =0 has
exactly four roots, all simple, in the half-plane Res > —151/50. These roots are:
so(z), —1, =2, —3, where so(z) is defined in Lemma 4.4.

Proof. We write 0 = Res, 7 = Ims. For |z| < 2, o > 2, the upper bound (2.7)

implies
— 0 |we(u)] /°° 2u 3
M, < ——————du < ——du= -
|M(s)] /1 (u+ 1)o+t u L (w+1)3 u 4

Thus, for |z| < 2,1+ M, (s) does not vanish in the half-plane o > 2.
The estimate (2.6) implies

ar(z)(u z=2-k
wtwy = e S0 WD 00=0) = g ) + O(u=*),

05its P(z—k-1)
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say. Integration by parts yields

Mx@—'z+llm(4W)du

§25 s u+1)*
48 N
) RN U ESAO PR
s25 s Jy (u+1)s s
where

B 0o gz(u) B e—’yz2z—1—k—sak(z)
(49)  hals) = /1 mdu_ KZKS (s+k+1-2(z—k-1)

Since (W’ (u) —g.(u)) < u*~, the second integral in (4.8) converges for ¢ > Rez—5
and is bounded uniformly for ¢ > Rez — 249/50, say. Thus, if Rez < 6/5, (4.8)
and (4.9) give the meromorphic extension of Z/W\z(s) to 0 > —7/2 and show that
M, (s) < 1/|r| for o = —7/2 and |7| > 1, say. It follows that there exists a constant
7o > 0 such that 1 + ]/\/[\z(s) does not vanish if |7| > 79 and 0 > —7/2.

Integration by parts shows that the second integral in (4.8) is < 1/s, so that

1 z 1
4.1 —  —1- — >1, 0>-7/2).
@) s =1-m+0(5) (hzle>-1)

Because 1 + M, (s) has a pair of complex zeros with Res ~ —3.03 < —151/50
(see [15, Prop.1]), we define the rectangle R by —151/50 < ¢ < 2, |7| < 70. As
z =1, M,(s) = M;(s), uniformly on the boundary of R. The argument principle

guarantees that 1 + M, (s) and 1+ J/W\l(s) have the same number of zeros, minus
number of poles, inside R, if z is close enough to 1. However, according to [15, proofs

of lem. 5 & prop. 1], inside R, 1—|—]\/4\1(5) has exactly one simple zero, at s = —1, and
one simple pole, at s = 0. By Corollary 4.2, the only poles of 1+ ]/\4\2(3) in R are at
s=2z—1, 2—2, 2—3, z—4, while 1+J/\/[\Z(s) has zeros at s = —1, —2, —3, all of which
are simple. It follows that 1 + ]\/Zz(s) must have exactly one other zero inside R,
which must be the zero defined in Lemma 4.4, since f,(s) = I‘(s—i—l)(l—i—]\/jz (s)). O

5. THE FUNCTION d,(v)
For z € C, define d,(v) for v € R by d,(v) := 0 if v < 0 and

(5.1) dy(v) = v*"1 = /0(1)_1)/2 d-(v) . (” — “) du  (v>0).

u+1 u+1
From [16, th. 1.3] we have
(5.2) D(z,t) =andi(v) {1+0(1/logz)} (x 2t 22 v:=(logz)/logt),
where 7, = 1+ O(1/logt) and dy (v) satisfies [15, th. 1]

(5.3) di(v) = %{1 +o(vi2)} (> 1),
where C is defined in (4.5). The next statement generalizes this to d,(v). We define
[(s, +1—2)T(2)z

((sz + DQ:(s2))’

where s, := so(2) as defined in Lemma 4.4, and we note right away that it follows
from Lemmas 4.1, 4.4, and (4.2), (4.6) that

(5.5) C.=C+0(z—1) (2= 1).

(5.4) C, =
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Theorem 5.1. For suitable § >0, |z — 1| < 0 and v > 1, we have
d,(v)=C,(v+1) S"(Z){l +0(1/v*)}.

Proof. We may assume z # 1, since the case z = 1 is covered by (5.3). Changing
variables via

v=eY—-1, q¢(w)=d,(e"=1), M,(w)=w,(e¥—1),

equation (5.1) becomes

(5.6) ¢ (w) = (e¥ —1)"7! — /Ow q.(u)M,(w — u) du.

Since |M,(w)| < 2(e®” — 1) for |z| < 2 by (2.7), and M,(w) = 0 for w < log?2, it
follows from (5.6) by induction on |w/log 2] that |g,(w)| < e?¥ for w > log 2, while
q.(w) = (¥ —1)*71if 0 < w < log 2. Multiplying (5.6) by e~“*, where Res > 2,
and integrating with respect to w over (0,00), we obtain the equation of Laplace
transforms,

. Mis+1—2)T(2) ., —
== - .
) = =i - B EMLs)
Indeed, the change of variables u = e™" yields

00 1
/ (e¥ —1)*le s dw = / (1—w)* u~*du
0 0

P(s+1-—2)(2)
I'(s+1)

(5.7)
=B(s—z+1,2z)=

Solving for ¢ (s), we obtain
I'(s+1—-2)I'(2)

) e DT ML)

By (4.4) and Lemma 4.4, ¢, (s) has a pole at s = so(z). With the help of Lemmas
4.1 and 4.4, and equation (4.2), we find that the corresponding residue C', satisfies
(5.4). From Corollary 4.2 we infer that the simple poles of I'(s+1—2) at s=z—k
(k > 1) are canceled by the simple poles of M, (s), while the zeros of 1+ M, (s) at
s = —k (k > 1) are canceled by the poles of I'(s + 1). It follows from Lemma 4.5
that the only pole of g (s) with Res > —151/50 is at s = so(2).

Inverting the Laplace transform, the residue theorem yields

1 34100 1
qz(w):—,/ q:(s)e??ds = Cre®™'™ + — [ q,(s)e"®ds,
3 e

27 Ja_ioo 27

where C is the contour of five line segments with endpoints
3 — 0o, 3 —14T, —151/50 — ¢T, —151/50 + 3T, 3+ 4T, 3 + ioco,

and T = 8V
We have

logT'(1+s—z) =logT(s) — (z = 1)logs + O((z — 1)/s),
since (logT'(s))’ =logs+ O(1/s) and (logT'(s))” < 1/s. Together with (4.10), this

yields
01210}
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on the contour C. Thus, if |z — 1| < 0 and 0 is sufficiently small,
/ T (s)eVs ds < e 101W/50 < (y 1)) =2,
e
by Lemma 4.4. .

6. SUMMING 2" OVER D(z,1)

Put

(6.1) D(x,t,z) =Yy 2" Adx,t,z2) =
neD(x,t)

D(x,t,z)
—
The following statement will be proved in Sections 7 and 8.

Theorem 6.1. Let e > 0. For suitable 6 > 0, the estimate

(62) A t.2) = e (log )~ d. (014 O (s ) |

holds uniformly for |z| =1, |z —1| < d, x >t > 2, v = (logz)/logt. We have
(6.3) Mg =mf{l+0(z—1)} =1+ 0(|]z— 1| + 1/logt),
where 1, is as in (5.2).

We first derive some consequences.

Corollary 6.2. For suitable § >0, |z| =1, |z — 1] <0 and v > 1, we have
d:(v)
di(v)

Combining Theorem 6.1 with (5.2) and Corollary 6.2, we obtain the following
statement.

= ot0@ 1 L 0z - 1)}

Corollary 6.3. Let € > 0. For suitable § > 0, the estimate
D(,t,2)/D(x,t) = (log z)'**°®) (log t)* 7270 {1+ O(|z — 1| + (log 2)* ")} ,
holds uniformly for |z| =1, |z —1| <0,z >t > 2.

The proof of Corollary 6.2 assuming Theorem 6.1 rests upon the following esti-
mates from [19, th.1 & proof].

Lemma 6.4. Let py; = Clogox + (1 — C)logyt. Forx >3, x >t > 2, we have
S um) = D e+ O}, 3 wln)? < D, b2,
neD(x,t) neD(x,t)

Proof of Corollary 6.2. If 1/v* < |z — 1], the result follows from (5.3), (5.5), Theo-
rem 5.1 and Lemma 4.4. Thus, we may assume 1/v% > |z — 1.
Writing 2/(") = e#¥(") = 1 4 jpv(n) + O(¢?v(n)?), Lemma 6.4 yields

D(,t,2)/D(w,t) =1 +ippee + O (|| + ¢*piz )
= e {14 O (|l + 9?02 1) }
provided p, p? < 1. By (6.2), (5.2) and (6.3), we obtain

W{1+O<|2_1|+(10g;)1—5>}'

(6.4)

e(z—l),uz,t{l + O(|e| + SOQMi,t)} =
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We now choose z such that (log, )2 = 1/|2—1]|. Note that v? < 1/|z—1| = (log, z)?
implies ¢ > 2. We obtain
d.(v)
d1(v)

— e(z—l)uz.t(log ' {1+0(z-1)}

. logx C(Z*l)
_(logt) (1+0(z—1)}

=D 40(z-1)}.
However, we have C(z — 1) = 1 + s¢(2) + O((z — 1)?) by Lemma 4.4 and
(log v)(z — 1)* < pia,10.
This yields the required estimate. (]

7. PROOF OF THEOREM 6.1: AUXILIARY ESTIMATES

‘We shall use the notation

1 t —F
= 087 (xzt>22,n>1), a(z) ::Gli(iz) (z € C),

7.1 n 1=
(7.1) v log nt

and, forx >t > 2, |2| =1, Rez > 1/2,

(7.2) S, t,2) = Y 2N a(z2)vi! — w. (v, — 1)}

neDt) nlognt

)

the series being convergent in view of (2.3). Here and throughout, we write log zt
to mean log(zt). We also recall (6.1).

Lemma 7.1. Lete > 0. Forz€C, |z] =1, Rez>1/2 and x >t > 2, we have
Az, t,2) = 6(z,t,2) + Mo(2){(logz)* ™! — (logxt)*™ '} + ¢, 4 (log xt)* 2

(7.3) +O( logt )
(oga)—=)"

log z)2—¢
where A\, o(z) is defined in Lemma 2.4 and c,; < z — 1 only depends on z and t.
Proof. Put
X = elos22)® = {n>1:nt< X},
Uy ::{n>1:X<n2t<x}, Us:={n=1:zx/t <n<a}
and define ) .
== > z”(")fby(ﬁ,nt,z) (j=1,2,3).

neD(x,t)
nell;

By Lemma 3.1 with ¥(n) := nt, we get
1 v(m) _
(7.4) x;gz =51+ Sy + Ss.
When n € Us, we have &, (x/n,nt,z) =1, so
Sz = A(z,t,2) + O(1//x).
We then estimate So with Theorem 2.2, and S; by Theorem 2.3.
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Let us first show that the error terms from both theorems contribute an amount
< (logt)/(log xt)>~¢. Note that n?*t < x implies log x/n < log .
In (2.9), the first error term contributes to Sy

(log z)*—3 1 (logt)logy x logt
< Z z—1 Z 2 2 < 2—¢’
neDl) n(lognt) Do) n(logx) (log x) (log x)
X<n?t<z

while the second error term yields

(log z)3e™V 3 log X 1

< <
> ; oz "
neD(t)
X<n2t§z

since nt > v/ X here.
The term —zy/logy in (2.9) contributes

1 nt vt logt
Z 1
< > < Yo

2
neD () lognt — xlogat neD () (log x)
nt<Vat n<y/z/t

The error term in (2.11) contributes to S3

(log z)*~1(log X)” (log X)8 1
< Z n(log z)? < (log z)3—> < (log x)2~

nED (t)
n2t<X
Thus, all error terms from Theorems 2.2 and 2.3, as well as the term —zy/logy,
contribute to the right-hand side of (7.4) an amount that can be absorbed by the
error term of (7.3). We denote by S; (j = 1,2) the contribution of the associated
main terms.
Hence, writing u,, := (logz/n)/lognt = v, — 1, we have

5= 3 TR, (14 B D))

neD () n logx/n
n?t<X
vt (z — Do(z)(un)*
z z a(z)(u
S5 = { (Up) — n }
2 Z nlognt w2 (tn) log nt
neD(t)
X<n2t<:r

At this stage, we extend the summation domains by adding quantities that con-
tribute < (logt)/(logz)?~¢. To S}, we add

. 2 (log x/n)** b 2) — a(z) 1
Ri:= Y {h,,( t,z) i }<<(

z 27
neDe) n ognt) log x)
X<n?t<z
by (2.13).
Let f(2) :=2e77%/T (2 — 1) = z(z — 1)a(z). To S5, we add
v(n) log t
* o -1 2 og
o= D logmt tslun) — el —HEu) < o
neD(t)
n2t<X

by (2.5).
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Using the identity (logz/n)*~!/(lognt)* = uZ~'/lognt, we get, by gathering
our estimates,

1 logt
7.5 - v(m) — A(x, t A+B-C+0(——
(7.5) x7;cz (@.1,2) + A+ + ((loggg)Ls)’
with
) (1) — a:)us !
z x w(u a(z)u
A= —{1 I (nt, 2\Un n }
nEZD(t) n (Ogn) (nt, z) + log nt
n2t§w
2v(n) TN\ 72 B(z)uz"2
B := Z T{(bgﬁ> (z—l)hu(nt,z)J,,(nt,z)—W},
€D(t)
:Lﬂtgx
v(n), z—2
2V,
C:=(z-1Da(z I A—
( Jol2) ne;(t) n(log nt)?
X<n2t<x

In the first term inside curly brackets of A, we now replace log(z/n) by log xt,
and in parallel replace u,, by v, in the third term. The error thus introduced is

v(n)
Z : hy(nt, z) — _al) (log xt)*~! — (logz/n)*~*
(log nt)*
neD(t)
n2t§w
v(n) z—1
z—1 z Oé(Z) 1
- SR O S T R
ogey 3 S {mtnt) - i) { (-2) }
neD(t)
nztgx
= a,,(log act)z_2 + O((logm)z_?’)
with

azpi=(2—1) Y ’W{hy(m, z) — O‘(Z))}

neD(t) (log nt

which is a convergent series by Lemma 2.5.
Next, we extend the summation in A thus modified, to all n € D(t). Since
W, (u,) = 0 when n?t > =, this introduces an error < 1/(logx)?, by (2.13). Since,

by (3.2),
>

neD(t)
we see that in (7.5) we can replace A by

A* =N 0(2)(logat)* ™ — a, ¢ (log xt)*™2 — §(w, t, 2).
Estimating the left-hand side of (7.5) by Lemma 2.4, we get

(og ) {A(2) + 22

log x
Moreover, as defined in Lemma 2.4, A, 1(2) < z — 1.
To complete the proof of (7.3), it therefore only remains to show that

Lv(n)

(log t)*~th,(nt, z) = Av0(2)(log o)

}:A(m,t,z)—i—A*—i—B—C—&—O((bg)f;E).

_ logt
B —C =b,(logxt)® 2—1—0(@)7



16 GERALD TENENBAUM AND ANDREAS WEINGARTNER

with b, ; < z — 1. To this end, we write B — C = F — G, where

v(n)

Zflzz Z Zn <]og2)z2{hl’(nt,z)(]u(nt,2)+1)—Za(z)}

z—1
neDl) (lognt)
n2t<X

and
G (M, (nt, 2) x\?2 2 x\*2
-y S (o 5 (o)
z—1 Z n (O n + Z ognt Ogn
neD(t) nED(t)
n?t<X X<n?t<z
v(mp,, (nt z2—2 1
-y Ziw(logz) +O<ﬁ),
Sy " " oz
thgz

in view of (2.13).

In these two remaining sums, we first replace logz/n by logxt, which alters
F by < (logz)*=2 and G by < (logt)(log, z)/(logz)?. Then we extend both
summations from n?t < x to all n € D(t). We find that

1 _ logt
L G =gapllogaty 2+ 02 ),
logac)Q) 9za(log )™= + (logz)2—=
where f,+, g,.+ < z — 1. This completes the proof. O

F = f.+(log o) 72 ¢ O(

Our next lemma provides a functional equation for x — A(x,t,z). We recall
notation (7.1), (7.2), and define

Ay, t

(7.6) 4= a(z)/ AWha) g (59 b= 1, Res > 1/2),
1 y(logyt)

the integral being convergent since |A(y, ¢, z)| < 1 in the prescribed domain.

Lemma 7.2. Lete > 0. Forz€C, |z|=1,Rez > 1/2, 2 > 1, t > 2, we have

Az, t,z) =0, (logx)*~ Ly b, (logxt)*~

.7 * Ay, t log zt logt
(7.7) _/ W,t.2)  (logat |\ 4 1o og 7
1 ylogyt log yt (log z)1=<log at
where b, ; < (z — 1)(logt)'=*. Moreover
(7.8) 0.0 = )\VO('Z) + O(1/(log t)*).
Proof. Let us first assume z > ¢t > 2. Consider (7.3). By Abel summation, we have
_ 1+ 1/logyt
— 1
O(x,t,2) = / Aly,t, z) {a(z)vg —w(vy — 1)} ~losyl d
— 1o —1
(79) [ A tala)c ST Y
(log yt)

logt
© (<logxt>2> ’

where the error term arises from the discontinuity of w,(u) at u = 1.
We claim that the contribution from the term 1/logyt in the first integral, as
well as the entire second integral in (7.9), can be estimated as

Y logt
eeellogat) ™ + 0oz
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with e, ; < (z—1)(logt)!~*. To this end, we shall make frequent use of the estimate
D(y,t logt
(y:t)  log
Y log yt
as well as of the estimates in Lemma 2.1.

The contribution of the term 1/logyt to the range (x,00) of the first integral
of (7.9) equals

/°° a(2)A(y,t, 2) <log1:t>z_1 dy<</°° (log t)(log xt)*~! dy < logt

[A(y,t, 2)| <

(y=1,1>2),

y(logyt)?  \logyt y(logyt)=+ (logat)?
By (2.5), the contribution to the range [1,z] is
(y,t,2z _3
O(v; d
| RS (a4 0 )

where aq(2) := e 7*(2—1)/I'(2—1). Now, the main term of the last integral equals
Ay, t, z)v; 2 logt logt
) [T o T8y gt o 1LY,
0[1(2)/1 y(log yt)? v (log xt)? ¢ze(log )™ + (log xt)?
say, while the error term contributes
¥ (logt)(log xt)*=3 /z logt log ¢
d d .

< /1 ylogyt): 0 ) Togat)?ylogyt ¥ < (logat)?
The second integral in (7.9) can be estimated in much the same way, with the help
of (2.6) instead of (2.5).

The contribution from the term «a(z)v
integral in (7.9) is

(7.10) a(z)(log :ct)z_l/l

with notation (7.6).
We now prove (7.8). By Lemmas 3.3 and 2.5, we have

Lv(n) 1
Avo(2) = a(z) Z n(log nt)* Jro(logt)’

neD(t)

z—1

5~ to the remaining part of the first

= Ay, t, z)

dy =0, +(logxt)**
y(logyt) +(logat)

and, by Abel summation, we get that the last sum is

© Afy,t,2) |
. WL gy~ o, .
D*t”a(z)/l Sog gyt 40 =90+ 0((5,5)

This establishes (7.8).
The above computations open the possibility of combining (7.10) with the second
term on the right-hand side of (7.3):

0, .(log xt)* 4+ Avo(z H{(logz)*~! — (logat)*~'}
= {0+ — M\o(z)H{{ogxt)*™ L (logz)*~'} + Dz,,g(logx)zf1

= {024~ Ao(2)Hz — 1)(log at)**logt + 0. 4 (log )" + O

logt )
(log )?

% o Y logt
= bzyt(log xt) 24 0,.+(logz) Ly O((log )2 ),

where b} , = {0, — A o(2)}(z — 1) logt < (2 — 1)(logt)'~*. This proves the result
in the case z >t > 2, with b,y = ¢,y + €. + b}, < (z — 1)(logt)' 7.
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If 1 < z < t, the integral in Lemma 7.2 vanishes, the term b, ;(logzt)*~2 is

absorbed by the error term, and the result follows from Lemma 2.4 and (7.8). O

Proposition 7.3. Let 0 < k < 1. There exists 6 > 0, such that the following
statement holds. Assume that for x > 1, |z2| =1 and |z — 1| < 6, A(z,t, 2) satisfies
|A(x,t,2)| <1 and

A(z,t,z) =0, 4(log :E)271 + b, +(log xt)zf2

7.11 i
(7.11) _/ A(y,t,z)wz logat 1) dy+0 logt ’
1 ylogyt log yt (log )" log xt

where b, ; < (logt)'=". Then, forx > 1, |2| =1 and |z — 1| < J, we have

Bt logt
A = ’ (log z)* log xt
(@, t,2) = azd.(v) + v +0 (logz)*logwt )’

where v = (logz)/logt, a., =0, ,(logt)*~* + O(1/(log t)~) and B., < 1/(logt)".
Proof. The parameters ¢t and z being fixed in their prescribed domains, define w,
u, and G by

_ logxt « _ logyt

eV = log e = gt G(w) = Az, t, 2).

The assumption on A(x,t, z) is equivalent to

Gw) = ass(e” — 1) + b, "2 _ / Glu)Ma(w — u)du + €(w),
0

where
1

ew(ew — 1)+ (logt)~
Now |G(w)| < 1 and |M,(w)| < 2(e* — 1) for |z| < 2, by (2.7). Multiplying by
e " where Re s > 1, and integrating with respect to w > 0, leads to the equation
of Laplace transforms

~ I'(s+1—-2)T'(2) b N ~

a,; = Dz’t(logt)z_l, b, = bz,t(logt)z_g7 ¢(w) € By(w) =

s

G(s) =a. Tt 1) P g — G(s)M,(s) + €(s),
as in (5.7). Solving for G(s), we find that
(7.12) G(s) = 0,43 (5) + b, 1 Fo(s) + €(s){1 — H.(s)},
where ¢, (w) = d, (e — 1), as defined in (5.1), and
(7.13) F.(s) := L H()=1-— .
(s+2—2)(1+ M.(s)) 1+ M.(s)

Note that ﬁ;(s) and P/E(s) are the Laplace transforms of the functions F,(w) and
H.(w), defined by

| " P () M. (w — ) du,
H.(w) = M.(0) - | " HL () M. (w — ) du,

and initial condition M, (w) = 0 for 0 < w < log2: indeed these equations uniquely
define F(w) and H,(w) on successive intervals [(k — 1)log2,klog2], k > 1. As
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|M,(w)| < 2(e* —1) for |z| < 2, by (2.7), it follows by induction on k > 1, that
for w € [(k —1)log2, klog2], we have the preliminary estimates |F, (w)| < e?* and
[H. ()] < .

Inverting equation (7.12), we obtain

(T.14)  Glw) = as.1q. () + bs 1 Fu (1) + E(w) — / &(w) H. (w — u) du.
0
Carrying (4.10) back into (7.13), we find that, for |7| > 1, ¢ > —3, we have
— 1 1 — z 1
1 R il
(7.15) F.(s) 5+2—Z+O(72)’ H(s 528+O(T )

Hence we may write
1 3+ic0 - 1 3+i00 _
F,(w) = 5 /?)_ioo F,(s)e"ds, H,(w)= 5 /3_ioo H,(s)eV* ds.

Lemma 4.5 shows that for Res > —5/2, the poles of E(s) and I/{\z(s) are at
s = s9(z), —1, —2, since, according to Corollary 4.2, the zero of the factor (s+2—z)

in (7.13) is canceled by a pole of M\z(s). With the estimates (7.15), we can truncate
the integrals at height |Ims| = e and use the residue theorem to move the
integration line to the left as far as Res = —5/2. After some standard calculations,
this shows that

(7.16) F,(w) =1, eso(w r,.e” Y+ O0(e 2wy,
(7.17) H.(w) =75 e 41} e ™ +0(e™>"),

where the r’s are the residues at the corresponding poles. With the help of (7.17),
we can approximate the integral in (7.14) as

/ C(u)Hy(w —u)du = Tazew(z)w / E(u)e™ 0 dy, + re " / E(u)e" du
0 0 0

+ O( /Ow Et(u)ef2(“’*“) du)

r,e € (s0(2)) + 17 e E(=1) + O(E(w)).
Inserting this estimate and (7.16) into (7.14), we conclude that
G(’U)) = az,th(w) + fz,teso(z)w + ﬁz,teiw + O(|bz,t|ei2w + Et(w))7

where
(718) fz,t = bz,t'r(),z - TS,Z@(SO(Z))a
(719) Bz,t; = bz,trl,z - Tiz/é(_l)'

Now b, ; = b, (logt)*~2 < 1/(logt)", while
E(s0(2)) < 1/(logt)*, &(—1) < 1/(logt)",

since €(w) < Ey(w). It follows that &,; < 1/(logt)” and B,: < 1/(logt)".
Together with Theorem 5.1, this yields

G(w) = az1q:(w) + B. e + O(Ey(w)),
where, recalling (5.4),

(7.20) op =0, +&4/C. =0, 4(logt)* ™t 4+ O(1/(log t)").
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Lemma 7.4. For s,z € C, Res > 1, |z — 1| < 1/2, we have
L9(n)

(21 1= = ] (1—2’), 1:222(:) 11 <1+pszl>_1.

s
neB p<I(n) p neB p<I(n)

Proof. The canonical representation made explicit in the proof of Lemma 3.1 leads
to the identity

-1 Q(m) Q(n) Q(r)
M(-2) -5 -X50 ¥ =
p=>2 m>1 neB P=(r)>9%(n)
28 n) ( z)l
= : 177‘ )
TLEZ'B n p};!n) P

for Res > 1. The result now follows from dividing by the product on the left-hand
side. The identity involving w(n) is derived similarly. O

For x > 1, z € C, let us introduce the notation

(7.22) Blz,z) = Y 20,

neB(x)

Lemma 7.5. Let a < 1. and assume max(2,n) < ¥(n) < nexp{(logn)®} for all
n > 1. For suitable 6 > 0 and |z — 1] < 4, |z| = 1, the following implication holds.
If c,, w e C, € >0, are such that

(7.23) B(z,2) = c,x(log x)w(l + 0( (loglaj)f)} (z>2),

then Rew < Rez — 2.

Proof. We only consider v = 2, the case ¥ = w being very similar.
Let us argue by contradiction and assume Rew > Re z — 2 in (7.23). Differenti-
ating (7.21) with respect to s, we have

(7.24) Pl DD Zkfi’ ~logn| ] (1_ Z) —0.
)

pS
neB p<I(n) p<I(n

Let Fiv .(s) (resp. Gn .(s)) denote the contribution to the right-hand side of (7.24)
from n < N (resp. n > N). The following calculations are very similar to those in
[18, Lemmas 3 and 4], where more details are given. With s = 1 + 1/(log N)?, we
find that, as N — oo, with notation (2.10),

Fy:(s)~ > ) jf‘igf—logn 11 (“Z)

n
neB(N) p<I(n) p<d(n)

Z 2277 (2 — 1) e 7% (z—1) /N B(y, z)
Ho(1, z)n(logn)*~t  Ho(l,2) Jy y*(logy)*~!

L0(n)

neB(N)
c.(z — 1)e 7*(log N)w+2—=
Ho(l,2)(w+2—2)
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since Re(w — z + 2) > 0. On the other hand, for the same value of s,

Zﬂ(n)

zlogp z
Grol)= X2 5 2 i) T (1-2)
gg% p<I(n) p<Y(n)

Z zﬂ(n)e—'yz+zT((s—1)logn) ( 1—npl—s 1 n)
=, Hq(s, z)n*(logn)? A

n>N

W

where T'(s) is defined in (4.5). Abel summation, followed by the change of variables
u= (s —1)logn leads to

G (8) - CZ(S - 1)2_2_11) /OO uw—z+1 {ZT/(U) _ 1}ezT(u)—u du
A e’YZHSZ(]-vZ) 1/log N .
If Re(w — 2z + 1) > —1, the last integral converges to some value I, ., say. Since
s—1=1/(logN)?, Fn.(s) and Gn(s) do not have the same order of magnitude
if Iy, #0. As Fn .(s) + Gn,.(s) = 0 by (7.24), we must have I, , = 0. However,
integration by parts taking account of (4.1) imply that, for Re(w — z 4+ 1) > 0, we
have
Iw,z - _e'yz(,w —z+ 1)fz(w)a

where f, is defined in (4.3). This formula extends to all w € C by meromorphic
continuation. Since f,(w) has a pole at w = z—1 and f,(w) # 0if Rew > Rez—2,
by Lemma 4.4, this contradicts the vanishing of I, .. Therefore, we must have
Rew < Rez — 2. O

8. PROOF OF THEOREM 6.1: COMPLETION OF THE ARGUMENT

Lemma 7.2 shows that the assumptions of Proposition 7.3 are fulfilled, with
k = 1—¢/2. We may hence deduce from Lemma 7.5 that 3, ; must vanish, because
Resp(z) < —1, by Lemma 4.4. This implies estimate (6.2) with

1, &u(logt)t== ( 1 )
- 5 :Dz Ol 7—— )
e T Qlog ==
by (7.20), where C, is defined in (5.4) and &, in (7.18).
It remains to show that n,; = n + O(z — 1). Combining (6.4) with (5.2) and
(5.3), we get for z = e, |2 — 1| < 8, 2z < 1,

Az, t,2) = Ce™ log, (zt)+logy t+(z—1)um,f,{1 + O(L + i + || + <P2Mi t) }’
logz 02 ’

(8.1) 1y = apt(log t)lfz = a,(logt)

while (6.2) and Theorem 5.1 yield
1 1
_ z—1)log, t+s0(z)(logy (xt)—logsy t
A(ZL'ﬂf,Z) *nz,tcze( ) log, 0(2)(logz (wt) &2 ){1+0(10g$)1_5+1}2>}

We estimate sg(z) by Lemma 4.4 and insert the estimate C, = C 4+ O(z — 1) from
(5.5) to obtain

1 1
z,t = 1 O( “1z 02 )}
Nzt nt{ +O(lel+ ¢ ps + 5 + (log 2)1—¢
The desired estimate (6.3) follows with logz = 2/ VI?! provided logt < v/Iogz. If
logt > /logz = exp (1/4/]¢]), then (7.8) and (8.1) yield

) = Ano(2) + 0(9) = 1+ 0(p) = {1 + O(0)}.

z = 4 0(7
Mat = Ozt + (logt)t—=
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9. PROOF OF THEOREM 1.2

Let F..(y) denote the left-hand side of (1.1) and let

— iT(v(n)—pa,t)/ 0zt
velr) = Hr > (r €R).
ne€D(x,t)

With z = €', we have z — 1 = ip — 30> + O(¢?) and (z — 1)? = —¢p? + O(¥?%).
Lemma 4.4 and Corollary 6.3 yield, uniformly for x >t > 2, || < §,
(log ‘,E)Citp7V4p2/2+O(<P3)

D(x7 t, e“P)/D(SC7 t) = {1 + O(QO)} (IOg t)(C—l)itp+(1—V)g02/2+O(<,93)

(9.1) 1
o ———).
+ ((logx)1_€>
With
T .= 50'307,57 Y = T/Jm,t;
we obtain

(92) (1) < (logz) V¥ Blogt) -V =B (17 < T),

provided § is sufficiently small. We will use this estimate for 7/3 < |r| < T.
When |7| < T3, (9.1) yields

93 wwﬂzyﬁﬂ%+ocﬂgwj}+le)<M<Tw%

log z)t—=

which we shall use in the range 1/7T? < |7| < T*/3.
When |7| < 1/T?, we insert the trivial estimates

e =1+ O(y)7 |V(n) - ,uz,t| < V(n) + Mt
in the definition of ¢, (7) to obtain
il

(9.4) Yo (1) — 1K TD(x.0) nGDZ(M)(V(n) + pa,t) < |T|T,

by Lemma 6.4.
The Berry-Esseen inequality (see e.g. [13, Thm I1.7.16]) states that

dr

s

T
wN&@—MM<3+[T%m—gW2

yER T

We split the integral into three parts, I1, Is and I3, according to the three different
ranges for |7| mentioned above. By (9.2), (9.3) and (9.4), we have

T
Il <</ 6772/3ﬂ < l
T1/3 T T7
T1/3 T1/3

1472 2 1 dr 1
I ST T2y 7/ T2
2 < /]_/T2 T ¢ T (lOg.’E)l_E 1/T2 T < T’

1/T2 1
Ig<<T/ dr € =.

This completes the proof of Theorem 1.2.
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10. SUMMING 2*(") OVER B(z)
Recall notation (7.22).

Theorem 10.1. Let 0 < a < 1 and assume max(2,n) < 9(n) < nexp{(logn)®}
for all n > 1. For suitable § > 0 and uniformly for |z2| =1, |z — 1] < 6 and = > 2,
we have

So(=z €
B(Z',Z) = azx(logx) () + O(W)7

where a, = cy + O(z — 1) and ¢y is defined in Lemma 3.2.

From Theorem 10.1 and Lemma 3.2, we immediately derive the following state-
ment.

Corollary 10.2. Let 0 < a < 1 and assume max(2,n) < 9(n) < nexp{(logn)®*}
for allm > 1. For suitable § > 0 and uniformly for |z| =1, |z —1] <6 and = > 2,
we have

Ba.2)/B(x) = Allog )" + (s ).

where \, = a,/cy =1+ 0(z —1).
Let us now embark on the proof of Theorem 10.1. Define

Bz, z) = M

X

Lemma 10.3. Let 0 < a < 1 and assume max(2,n) < ¥(n) < nexp{(logn)*} for
alln>1. For |z| =1, Rez > 1/2 and x > 3, we have

R (o (o) ™ e (i)}

L 1
Jrkz(logex) 2 +O(W),

where k, < z — 1 depends only on z.

Proof. The proof is almost the same as that of Lemma 7.1, with 9(n) replacing nt.
We have log¥(n) = logen + O((logen)®). The error term (logt)/(logz)?>~¢ can be
replaced by 1/(logex)?~® throughout.

The contribution from the term —zy/log y from Theorem 2.2 can be estimated as

J(n) x
< 7;3 log 9¥(n) < (log x)2—a’

nd(n)<x

as in the proof of [20, th. 4].

While in the proof of Lemma 7.1 we replaced log(z/n) by log xt, here we replace
it by logex.

Note that the term A, o(2){(logz)*~* — (log zt)*~'} appearing in the statement
of Lemma 7.1 is not needed here, since

(logz)*~! — (logez)* ! = —(z — 1)(logez)* 2 4+ O(1/(logex)*~*).
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Lemma 10.4. Let 0 < a < 1 and assume max(2,n) < ¥(n) < nexp{(logn)*} for
alln>1. For |z| =1, Rez 2 1/2 and x > 1, we have

2v (") e 7% (logex =1 log ex
pla,2) T; nlogen | T'(2) (log en> “ (log en >
+ k. (logex)* 2 4+ O((log ex)*~?).

Proof. To derive this result from Lemma 10.3, we will make three changes to the
sum on the right-hand side of (10.1). Each of these modifications alters the value
of the sum by an expression of type

(10.2) k:(logex)* ™% 4+ O((logex)*~?),

where k7 only depends on z and 9.
First, we replace the argument of w, by

log ex

et logd(n)
thereby altering the sum by

> 2 {w, (un) — ws(tn + £0)}

= nlogd(n)
where
e 1o logen 1 '
" logd(n) — (logen)l—a
Write
W, (up) — wa(tn + €n) = —€nwl,(uy) + O(2w! (un)),

and use Lemma 2.1 to estimate w’ (u) and w! (u) when u, > 0, i.e. ¥(n) < ex. We
then extend the sum corresponding to —e,w (uy,) from J(n) < ex to all n € B.
Because of the discontinuity of w,(u) at u = 1, we also consider the contribution
from n where u, < 1 < u, + &, or u +¢, < 1 < u, which turns out to be
< (logex)®~2. This shows that the first modification has an effect of (10.2).

Second, we replace the first instance of log¥(n) by logen. This alters the sum
by

3 enz” " {a(2)(un +1)"" — wa (un)}

nlogen
neB 8]

The contribution from J(n) > ez is < (logex)*~2. For u, > 0, i.e. 9(n) < ez, we
use Lemma 2.1 to estimate a(z)(u+1)*"!—w, (u). We extend the sum corresponding
to the main term of this approximation from ¥(n) < ex to all n € B, and estimate
the contribution from the error term. This shows that the second modification also
has an effect of type (10.2).

Our third and last modification consists in replacing w,, by w,, where

log ex
Wy =

~ logen
Applying the mean value theorem, the implied error is

2L F(w,) = Fun Zv () "(ul) (W, — Un
3 {f(wn) — £( )}:Z f(ur)( )

10.3
( ) nlogen nlogen

)

neB neB

where
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and u} lies between u,, and w,. Estimating each f and f’ by Lemma 2.1, we find
that, when w,, # w,,

(u + 1) = ’W{Ho(@»

where

oa(n) = {log¥(n)}?>~* — {logen}* =

: 1/log¥(n) — 1/logen
With this estimate and Lemma 2.1, we conclude that the second sum in (10.3) is
also of type (10.2). O

Lemma 10.5. Let 0 < a < 1 and assume max(2,n) < ¥(n) < nexp{(logn)*} for
alln>1. For|z|=1,Rez >1/2 andx > 1,

> 1
B(z,z) = a,(logz)* ' +b,(logex)* 2 — By, 2) w, 8T 4 dy
1 ylogey log ey
x
O N No—a b
((log ex)Q—a>
where a, and b, depend only on z.

Proof. This follows from Lemma 10.4 with Abel summation, in a similar way to
the proof of Lemma 7.2. O

Lemma 10.6. Let 0 < a < 1 and assume max(2,n) < 9(n) < nexp{(logn)®} for
allm>1. Let k € N be fized. We have

S u(n)* < Blx)(logy 2)"
neB(x)

Proof. Put r := (k+2)/log2. The contribution from those n with v(n) < rglog, x
is clearly acceptable. The contribution from those n with rglog, x < v(n) is also
acceptable, since B(z) < x/logz by Lemma 3.2, and, for any fixed ¢ > 0,

1
{n<a:0m) 2}l <. 0= (y> (2+2)logya),
by a theorem of Nicolas [6]—se also [13, th.IIL.6. & ex.217]. O

Proof of Theorem 10.1. Applying Lemma 10.5 and Proposition 7.3, with ¢ = e,
k =1 —a, and taking account of Theorem 5.1, we have

(10.4) Blx,z) = az(logx)SO(z) + B.(logz) ™' + O((log z)*2).

Lemma 7.5 shows that 3, vanishes for |z — 1| < 4.
It remains to show that

(10.5) a, =cy+0(z—1).
Writing 2%(") = e*¥(") = 1 + ipv(n) + O(¢?v(n)?), Lemma 10.6 yields
(10.6) B(z,2) = B(x){1 +ipN, + O(¢°u3) },

where N, = B(z)™! Yonen( v(n) and p, = Clogyz. We estimate B(z) with
Lemma 3.2 and equate the result with (10.4), where 8. = 0, to find that, with
bi=(1-a)/2>0,

o 1
10.7 log —= = ip(Ny — ) + O u2 + ——— ),
(10.7) og i ( fha) + (w Mx+(logz)b>
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since, by Lemma 4.4, so(z) + 1 = ieC + O(¢?). Writing

Ez = 1Og(0"Z/Ci9)7 Rx = Nz — Mg,
wp
this implies
1
10.8 E,=Ry+0 wu2+7) ol <6, x> 3).
(108) (ol + o) (1 )

We claim that (10.8) implies E, < 1 and R, < 1. The desired estimate (10.5)
then follows from E, < 1. To see this, apply (10.8) with ¢; = 1/(logx)*/2, and

then again with ¢;,1 = 1/(3blog, m)g, to get
E.; = B\, +0(1/|loggjl),  @j41=1/|log ;.
Starting with ¢ = , we iterate this equation to find

1
B.=Eu+0( 3 o).
1<<k [log 5

where k is such that ¢, lies between two suitable positive constants. Since F, < 1

for o <1, and 3>, ;5 1/]1logp;| < 1, we have E, < 1 for [p| < 4.
To see that R, < 1, choose ¢ = 1/u2 in (10.8). O

11. PROOF OF THEOREM 1.4

From the proof of Theorem 10.1 we know that R, < 1, that is

1
N, := FE1e) neZB%m) v(n) = pz + O(1),

which coincides with (1.3). To prove (1.4), we will show that
(1L.1) M(z) = B(x)™" Y w(n)® = pd +O(ua),
neB(x)
with still p, = C'logy x. This implies
Z (v(n) — ﬂx)2 < pz B(z),
neB(x)
which plainly yields the desired result.
It remains to establish (11.1). Exponentiating (10.7), we have
o 1
% v, )+ O+ L),
o LTl fiz) + Pt g a)p
Since the real part of «,/cy — 1 is independent of =, we can write
! ) .
(11.2) o = 1 ip(Ne = o) + I () +iL(@, ),
where J(¢), L(x, 0) € R and J(p), L(x,¢) < ¢?u2+1/(logx)®. Considering z such
that ©? = 1/(log x)® yields that J(¢) < ©?(log ¢)?.
Writing 2/(") = (") = 1 4 ipv(n) — 10?v(n)? 4+ O(¢*v(n)?), we obtain

CyT

B(z,2) {1 + Nyip — M(x)s02/2+0(l<ﬁl3ui + (loglm)b)}

- log x
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for uyp < 1, by Lemmas 3.2 and 10.6. Now Theorem 10.1 and Lemma 4.4 yield

a,x

1
Ut e~ 32+ O+ L)),
logx{ T Halp = 3+ 097 e+ o

Equate the right-hand sides of the last two displays, divide by cyx/ log x, insert the
estimate (11.2) for o, /cy, and compare the real parts of both sides: it only remain
to select p = 1/u2 to obtain (11.1).

B(z,z) =

12. PROOF OF THEOREM 1.3

Let F,(y) denote the left-hand side of (1.2) and let

wz(T) = B(lx) Z eiT{u(n)—Clog2 x}/4/V logy (7_ c R)
neB(x)

With z = €™, we have z — 1 = ip — 2> + O(¢?) and (2 — 1)* = —¢p? + O(¥?).
Lemma 4.4 and Corollary 10.2 yield, uniformly for = > 2, |¢| < 0,

B(x,¢%) /B(x) = {1+ 0(¢)}(log ) ©*# V#2406 4 o 1),

(logz)t=a
Selecting
-
T :=0/Vlogyz, ¢i=——xr0,
v/ Vlogyz
we obtain

bu(7) < (loga) ¥ P =0 (7| <),
provided ¢ is sufficiently small. From this point forward, the proof is identical to
that of Theorem 1.2, with Lemma 10.6 replacing Lemma 6.4, and a replacing e.
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