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1. Introduction

Quantitative estimates for finite mean values

z T gln) ()
nLr

of multiplicative functions are highly applicable tools in analytic and probabilistic
number theory. Extending a result of Hall[4], Halberstam and Richert[3] proved
a useful inequality valid for real, non-negative g satisfying for instance a Wirsing
type condition, viz 0 < g(p*) < A, AL (v = 1,2, ...) for all primes p, with constants
A; 20, 0 <A, <2. Their upper bound is sharp to within a factor (14o0(1)), but
even a weaker and easier to prove estimate, such as

o 3 g <exp{ - 5 1200 @

ngz p<z P
(where the implied constants depend on A, and A,), may become a surprisingly strong
device. For instance, setting g(p) = 1 +¢€, where ¢ is an arbitrarily small positive
number, provides immediately a proof of the famous Hardy—Ramanujan theorem on
the normal order of the number of prime factors of an integer. This example, and
many others, are discussed in detail in our book [5] where we make extensive use of
(2) for various problems connected with the structure of the set of divisors of a
normal number.

Hildebrand[6, 7] refined the Halberstam—Richert inequality and obtained
corresponding sharp lower bounds. In another direction, an inequality of
Tenenbaum([10], theorem 111:4-7) states that, when ¢g: Z* - [—1, 1], the estimate (2)
remains valid provided the p-sum is multiplied by . The proof rests on Montgomery’s
effective version of Haldsz’ mean value theorem (see Lemma 1 below) and the
possibility of deducing a result of this sort had been indicated by Montgomery[9]. A
slightly weaker version appears in Elliott[1], who uses a different method.

It is natural to ask whether there is a similar inequality under the weaker
hypothesis |g| < 1, perhaps with a smaller constant and of course Reg(p) appearing
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in the exponential. The example g(n) = n’ shows that this is not the case, for the left-
hand side of (2) is then Q(1) whereas

» 1—cos(log p)

< 4

= log, z+O(1).

(Here, and in the sequel, we let log, denote the k-th fold iterated logarithm.)

Nevertheless, we do have a result of this type if we impose an extra condition on g.

At first sight this might appear artificial —in fact it is quite practical.
For0<46<1,0< ¢ <m welet §(8,¢) be the set of complex numbers z with

(Fm (e7%2))F < 0%{1 — (Re (e7%2))%}, (3)

and we denote by %(d,¢) the class of all multiplicative functions g such that
lg(n)} < 1 for all » and g(p) € &(6, p) for all primes p. We shall also make use of the
linear mapping W defined by

W(z) = e#{Re (e7*2) +10Fm (7 *%2)}. (4)
We have the following result.

THEOREM. For 0 <8< 1,0 < ¢ <, the integral equation
L i9 -1_
%J: |W(e* —K)|dd =1—K (5)

has a unique solution K = K(8, ¢) = 0, which is, for fixred ¢, a decreasing function of §
such that K > 0 if and only if 0 < & < 1. We have uniformly for x 2 1 and ge %(d, ¢)

v 1-R

5 gln) < xexp{—m, ¢ 2 —pe—‘?@} (6)

ngz Pz

Moreover the constant K(8, ¢) is sharp: given (8,9)e{0,1]1x [0, 7] and = = 3, there is a

gEZ (4, P) such that
(i)

2 %»+oo (x—>+00)

p<x

(i) 1S i)l >xexp{—K<a,¢>

n<zx

<z P

We prove the statements on K(J, ¢), as well as some extra remarks, in Section 4
which also contains a table of K(J,0) computed by M. G. J. van der Burg.
Condition (i) is trivially realized unless ¢ =0 or § = 1 —indeed

Reg(p) < v/ (cos® P+ 8%sin® )

for ge9(d,¢). When 8 =0, ¢ = in, we have W(e!?—K) = isin 6 for every K. Hence
K(0,im) = 1—2/m, and the theorem implies that

max | X g(n)| =<z (logz)®m1.
ge%(0,n/2) n<z

The case d =¢ =0 of the theorem corresponds to real functions and (6)
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provides then the sharp form of Tenenbaum’s inequality. It is easily checked that
K(0,0) = 0-32867... = —cos ¢,, where ¢, is the unique root in (0, 7) of the equation
singp—¢cosg =

Quantitative estimates of the form (6) already appear in Haldsz[2], with a
different condition on the values g(p). He notes in particular that, for completely
multiplicative functions ¢ with values +1, his main theorem yields a bound of the
type (6) with a constant which can be taken as large as 0-07 but not 0-37.

Conditions (i) and (ii) guarantee that the right-hand side of (6) cannot be
multiplied by a function having lower limit zero as Ep <z (1—Reg(p)) p~! tends to
infinity. Thus K(8, ¢) is sharp in the strongest possible sense. We imagine that our
lower bound method is partly close to the lower bound derivation of an unpublished
result of Montgomery and Vaughan

max| % p(d) =z (logzm) . (1)
nzl d<zdn
For a fixed function ¢, the estimate (6) may lead to an unsharp bound. Consider
for instance g(n)=71(n,8)/7(n) where 7(n,8): de d*. This last function occurs in
the theory of Hooley’s A-function and in the proof of the Maier-Tenenbaum theorem
[8] — both applications being developed in [5]. We have g(p) = (1 + %), so g(p) lies
in the ellipse &£(1/4/2,0) and (6) yields

x
2 g9(n) R o—
2,70 < [Elog

uniformly for 1/logx <10} <1 (say), with K = K(1/+/2,0) = 0-135, ..., whereas it

can be shown directly by contour integration that the correct exponent is K = 3. This
example raises the problem of finding other conditions on ¢g(p) (i.e. defining a different
class of functions), for which there is still a sharp general inequality but with less
possible fluctuations in the result. -

2. Proof of the upper bound result

In this section, we prove (6). We require the following lemmas, the first of which
is the inequality of Montgomery [9] referred to in the Introduction.

LemwMma 1. Let ge%(1,0). Set
G(x)= X gn), F(s)= X gn)n™. (8)

n<zr n=1

For a > 0, let H(at) be defined by

H(x)?= Y (*+1)"! max [F(1+a+i7)? 9)
keZ ir—k| <}
da
Then G(x) <€ H(a)y—. (10)
logx 1ogz a

Montgomery restricted his attention to completely multiplicative g. The more
general case involves only technical changes. For details, see [10] chapter I1I-4.
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LeMMA 2. Let f be a periodic function of bounded variation over the period [0, 2n] and
having mean value

e
f‘=%£ flw)dv.

Then for real T, w such that T £ 0, 0 < w < z and every positive ¢, we have

S lf(TIng) =f—log(logz)+0( V(f) )+Oc({M(f)+(1+|T|) V(f)}e—c\/logw)

w<p<z logw |7|log w
(11)

where M(f)=suplf)l, V(f)= f " \afo).

0

This is lemma 301 of [5]. We state the following immediate consequence of
Chebyshev’s inequality 7(t) < t/log! for convenience of reference.

LevMma 3. Let 0<a< 1. Then

1707, vy« (12)

p < exp(l/a) P P > exp(l/a)

Recall the definition of W in (5) and set
T(z) = €' {Re (e 2) + 161 Fm (e ¥2)}, (13)

where, by convention, the term involving 87! is to be deleted if & = 0. The functions
T and W may be regarded as linear mappings on C considered as a real vector space.

LeMMA 4. For § =0, the restrictions of T and W to £(8, ¢) both coincide with the
identity. For 8 % 0, the restrictions T:6(8,¢)—> &(1,0) and W:8(1,0)—E(S, @) are
reciprocal isomorphisms. Moreover, when & %+ 0, we have

Re (2,7;) = Re (T(2,) W(z)) (2,€C,2,€C). (14)

Proof. The case ¢ = 0 is trivial and we suppose henceforth that é > 0. We could of
course check the various statements by direct explicit computation, but it will be
more satisfactory to make an algebraic reasoning. Let E(¢) denote the matrix of the
rotation of angle ¢ and D(t) the matrix of the dilation (£, 7) — (£, t4). Then D(¢) induces
a one-to-one mapping from &(1,0) to (4, 0) and D(t)™* = D(t'). Moreover, T and W
are respectively associated with R(¢)D(6™')R(—¢) and E(¢)D(8)R(—¢). Since the
unit disc (1, 0) is invariant under R(¢) and B(¢)™' = R(—¢), we immediately obtain
the first assertion. Next, let Z,, Z, be the column matrices associated to the complex
numbers z,,z,. Using a dash to indicate transposition, we have

Re(T(z)) W(zp)) = (R($)D(6") R(— ) Z,)R($) D(S) R(—¢) Z,
= Z,R(—¢) D(67YR(¢) R($) D(8) R(— ) Z,
=712, = Re(z 2,),

since R(+¢) = R(F ¢) and D(d7") is symmetric. This establishes Lemma 4.
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We may now embark on the proof. We begin by establishing that, uniformly for
(6,9)€[0,1]x[0,7[,0 <a < 1, TeR, we have

1 1
z  =IWE"-K) < (1-K) 10g;+0(1ogz(|7|+3))- (15)
p < exp(l/a)
We set
flw) =|W(e"”—K)|.
When |7] € a, we have

frlogp) = |W(1—K)+O(7logp)| < 1 =K+ O(rlog p), (16)

since W(1—-K)=(1—K)W(1) and 0 < K <1, |W(1)| £ 1. Hence if |71| < a, we have
immediately

> lf(rlogzo) < (1—K)logé+0(1). (17

p<exp(1/m)P

Next, let a < |7| < 1. We put w=-exp{1/|7]}. By (16), we have

1
> —flrlogp) < (1—K)log,w+O(1). (18)
psw
Now, we put z:=exp(l/a) > w and apply Lemma 2. We have f=1—K by (5),
M(fy<1, V(f) <1, and (11) gives

> lf('rlogp) < (1-K) (logi—log2w)+0(l), (19)
w<ps<z
so that (18) and (19) imply (17) in this case.

Suppose now that |7| > 1 but log®(|7|+3) < 1/a. We select ¢ =1 in Lemma 2,
w = exp {log?(|7| + 3)}, z = exp (1/a). This gives (19) and we make the trivial estimate
< log, w for the sum in (18). So we obtain (17) with O(log,(|7| + 3)) in place of O(1).
Finally, if log®(|7|+3) > 1/a, we estimate the whole sum trivially. Hence (15) holds
in all cases.

Let us now consider (8,¢)e[0,1]x[0,#n[, and ge¥%(8,$). For a€[0, 1], we define
A = A(a) by

3

P < exp (1/a) P p<exp/a) P

1—Reg(p) As 1 (20)

so that A€[0, 2] since |g(p)| < 1. We claim that (20) implies

Re T g()p" < (=KX log+ Ollogy (ir+3) @1

P < exp(l/a)

uniformly for 7€ R. For this we need a device which forces us to consider elliptical
sets in the theorem rather than some other family of ovals. For primes only, define
the function A(p) by

h(p) = T(g(p))- (22)
By Lemma 4, we have |h(p)| < 1. Also (14) with z, = g(p), z, = 1 gives

Reg(p) = Re {h(p) W(1)}
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and (20) may be written as
Re X Lh)WD) = (1-)log—+0(1). (20)
p<exp(1/a) P &
Now we use (14) again to obtain
Reg(p)p"" = Re{hip) Wip" —K) + Kh(p) W(1)}.
From this and (20’) we deduce that

Re X gp)p7"=Re X —h(p) WpT—K)+(1- A) K log— +0()

p < exp(l/a) p<exp(a) P

(23)

Using the inequality Re{h(p) W(p"—K)} < [W(p"—K)| and applying (15) yields
immediately (21).
Now consider the function F defined by (8). We have

F(1+a+ir) <exp{€Re2 9(p) } (24)

1+atir

and, by Lemma 3, we may restrict the p-sum to the range p < exp (1/a) and strike
out the p*. We recall (20) and deduce from (21) that

F(14a+ir) € a®*tlogB (|7|+ 3) (25)

uniformly for 0 < « < 1, 7€ R, where B is an absolute constant. Hence Montgomery’s
function H(a) defined by (9) satisfies

log?? (k] +4)

2 2KA-2
Ha)} <a /Ez Pl (26)
and so H(a) < o271, (27)
Now let Ae[0,2] be defined by the equation
1—-R 1
> —eg(pl=A > == Alog,z+0(1). (28)
PsT Pz
Then we have for 1/logz <a <1
1—Re 1—Re 2
3 9(p) -, ¥ 9(@) 3 2
P < exp(1l/a) P P€z D exp (1/a) <p<zp
?(A—2)log2x+2logé+0(1). (29)
We deduce from this and (20) that
ot < a?(log z)* 1. (30)

Whence we obtain from (27)

H(a) < %71 (log z)@~V K, (31)
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Inserting this in (10) and using the fact that K < K(0,7/2) = 1-2/m <4, to be
proved in Section 4 — equation (60) —, we obtain

x

—AK

G(z) <

)1—2K+(2—A)K

(logx = z (log )

log x

Recalling the definition (28) of A, we obtain (6).

3. Completion of the proof of the theorem

We now show that the constant K = K(8, ¢) is sharp for all (8, ¢)€(0, 1] x [0, n[ by
constructing for every x > 1 a function g € 4(4, ) which satisfies conditions (i) and (ii)
of the theorem. We first introduce some further notation

Pn)=max{p:pln} (n>1), Pl)=1,

S@)= % #”l (ge%(1,0)),

Pz

L(x)= % g(n)logn (ge%(1,0)).
We need two lemmas, the first of which arises as an intermediate step in
Montgomery’s proof of Lemma 1 —see [9] or [10], p. 380.

LEMMA 5. Let ge%(1,0). Then we have
Y
f wdt < Mda (y = 3). (32)
1 ¢ 1/logy [

LEMMA 6. Let w = 2 and g€ %(1,0) be supported on squarefree numbers and such that
g(p) =0 for p > w. Then we have

G(t)logt—L(t)<texp{-— 2ll(c))ggtw} (t>2,w32) (33)
v el H(a)
and dt < =2 34
va & Jlaglogy) V77 4
()
where a,=max|{——,——]|.
logw’logy

Proof. The left-hand side of (33) is plainly

< X log(t/n).
P(?L)sgtw

The required estimate hence follows, by partial summation, from the estimate
s 1 <texp{— log? }

n<t 2logw
P(nysw

proved in [10}, theorem III-5-1.
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The proof of (34) consists in a reappraisal of part of the proof of Lemma 1, where
we take into account the extra hypothesis that g(n) = 0 whenever P(n) > w. In view
of (33) and the estimate H(x) > 1 (see [9] or [10], p. 375) it is enough to show that

L(t
J | ()ldt<H( 0)/1°gy. (35)
1 @
Now we write Cauchy’s inequality
Y ] 2 (Y gN\E
f O g (f @dtf ﬂ) (36)
1 ¢ 1 t 1 t
and apply the Plancherel identity with o= 1/logy
L) ©|F'(14+a+17)[?
f =g o Aratir (37)

Since the integral involving |L(t)|? in (36) does not exceed e? times the left-hand side
of (37), we obtain

2 K+ | v 2
lL(t)I dt < Y 7 max [F(1+ o+ ) £(1+a+i‘r) dr. (38)
1 kEZk 1|1—lc|<1 K-} F
By a lemma of Montgomery [9] the last 7-integral is
1 2
<3 J s e (39)
—% P< wP

But one can easily prove by standard contour integration (see e.g. [10], pp. 418-20)
that for s = 14 a+ir, 7] € 1,

logp (¢ w® _1—w'
pgw o = §(8)+1-—8+0(1)_ )

) 1 1
— ] =—_—
< min (|8— i’ og w) a1l

This shows that the integral in (39) is < o5'. We also notice that

<exP{ py 1_5 o}<1-

psw

+0(1)

F(l +a+17)
F(1+ ay+1i1)

Collecting the above estimates and inserting in (38), we obtain

J iL |dt < (aﬂ)z.

%o

In view of (36), this implies the required bound in (35).

We are now in a position to embark on the final part of the argument. We may
restrict ourselves to the case § < 1 since K(1,¢) =0 and, as we remarked in the
introduction, g(n) =n'! provides the desired counter-example for § =1. In the
remainder of this section we hence let (8, ¢) be fixed in (0, 1[ x [0, 7#[. The variable
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x being given, we introduce a parameter w = w{z) to be chosen explicitly later. Let
g, be supported on squarefree numbers and ¢,(p) = 0 for p > w. We put

W2(p‘ —K)

@ <w), (40)
where, by convention, the right-hand side is to be interpreted as 0 when the denomi-
nator vanishes — this case being possible only when & = 0. Since g, (p)e W(&(1,0)),
we have g, €%9(d,¢) by Lemma 4.
We first show that
Z 1—Re gl(p) N
p

Psw

S, (w) = +0  (w-> +0o0). (41)
This is trivially satisfied when ¢ #% 0, since then (Reg,(p))? < cos?¢p+48%sin?¢ < 1
for all p. For ¢ =0, let f,(6) be the periodic function of & defined by f,(6) =1 if
cosf < K, f,(6) = 0 otherwise. Then

cos (logp)—K

L=Reg,(p) = " |cos (log p) — K —1ésin (log p)| > fi(logp)
for all p and Lemma 2 implies (41) since
fi= l—iArc cosK > 1.
Next, we prove that, with an obvious notation,
fﬂo 16,0) —=dt > e K5 Jogw. (42)
1
For this, we notice on the one hand that
E gi(n)n 1t = (1+44) J+m G, ()72 dt, (43)
n=l 1
and on the other hand that |
3 gy =exp{ 5 TODIT (a4)
n=1 p<w P

But, by Lemma 4, we have for all p
-y = Wb = M}
Re (g,(p) p™) = Re{T(g,(p) WEp"} = me{ =T
= W'~ K)|+ K Re{T(g,(p)) W(L)}
= [W(p'—~K)|+ K Reg, (p). (45)
Hence it follows from Lemma 2 and (5) that

pEw P psw
= log, w—KS8,(w)+O(1). (46)
Together with (43) and (44), this yields (42).
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We now show that (42) remains valid when the t-range in the integral is restricted
to w < ¢t < w” where ¢, and ¢, are suitable absolute constants, that is

w 1
J IGt t)ldt > e~ K51 Jog . (47)

wO

We need to show that the contributions of the ranges 1 <t < w‘ and ¢ > w® are
relatively small compared to the value of the whole integral in (42). For the first
range, we apply (32) and (31). We obtain, with y = w’, ¢, < 1,

J IG Idt < J-‘ o 2K-2 (log w)K(2—A) da
1 /logy
< (logy)' % (log w)@ MK =< c1=2K ¢=KS\(3) log w.

Since K < 1—2/m < }—see Section 4 — we obtain that, for suitable ¢,

f’“IG( |dt\3f+°°la( g (48)

1 t2 1 t2

For the second range, we apply (34) to g, withy =y, = wo? k=1,2,..., and sum
the resulting estimates. This gives, with a, = 1/logw,

[ TN < ) 3 o274 < )
w ¢ k=1 2

1
< e e K51 Jog
1

where we used (31) in the last stage. Thus, for suitable ¢,, we obtain in view of (42)

+
*1G, (@)l TG @)l
le > dt\§ T dt. (49)

The estimate (47) now follows from (42), (48) and (49).
The constants c, and ¢, being fixed, with ¢, <1 <¢,, let &/(w,y) denote, for
positive y, the set of all ¢ such that

wh <t < wh, |G (8)] > yte K5, (50)

Since, by (6), we have
1610 < ¢yt eKS®

for all ¢ in [w, w*] and suitable absolute ¢,, we have

Oy gyrmsn [ Bppomm| By
A (w,y)

2
wio ¢ S b L

But the first t-integral on the right does not exceed ¢, logw, and we may hence infer
from (51) and (47) that there exists an absolute constant y > 0 such that

f a > logw (52)
o (w,y)
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dt
.t logt

and hence J > 1. (53)
o

We now reach the last part of the proof. We fix z large and put w = 2%, Since
|G (6)— G (s)] € 1+s—t for 1 << s, we plainly have

te.o/(w,y) implies [t,t(1+ )]gd(w,%y)-

log®x

Thus there is a finite sequence #,,4,,...,t, with ¢;,,/t, > (14+1/log®x) for all j, such
that

o (w,y) < jL_Jl [tj,tj (1 +log2 x)] < A (w,3y). (54)
In particular it follows from (53) that
r r 4(1+1/10gz) dt
1. 55
log3x>E1 t tlogt> (55)
However, by the prime number theorem, we have for every j =1,2,...,r
3 1 > 1 (56)

t; < z/p < t;(1+1/10g°) P (logz)®’
It therefore follows from (54), (55) and (56) that
1
> —> 1. (57)
z/pesd(w, %y)p

We split the above sum into four parts corresponding to the different possibilities
of signs for Re{eG,(x/p)} and Re{eG (x/p)}— Fm{e®G, (x/p)}. One of these is

at least } of the whole sum and we admit for instance that it corresponds to

Re {G,(x/p)} = max (0, Fm{e*G,(z/p)}). Thus we obtain
1
T®—_>1 (58)
» P
where the asterisk denotes that summation is restricted to those p such that

x
wh < — K wh =/
P

Re {e“"Gl(%)} - %{yfe—KS;(w) > %e—xs,m‘
P

(*)

We now define a multiplicative function ¢,, supported on squarefree numbers, by
g:(p) = gi(p), forp < w,
g.(p) = €%,  for p counted in (58),
g.(p) =0, otherwise.
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Plainly, g,€%(d, ¢). Since condition (x) implies p > v/x, we have

Golz) = X gy(n) = X g(n)+X¥e? X g,(n)
D

n<z n<z n<z/p
— G, (z)+ B, (%) |
P
From condition (*) and (58) it follows that
Re (Gy(x) — Gy (x)) > xe"‘sn"’Z‘*’%
> re K@

Hence either g, or g, fulfils conditions (i) and (ii) of the theorem, and the proof is
thereby completed.

4. On the function K(8, )
F0r0<¢<ﬂ,0<6<1,O<K<1_deﬁne

G(K) = G(K,v8,¢)==K+% r "lW(e“’—K)ld(). (59)
0

For 6 = 1, we have W(e?—K) = ¢ —~K and K = 0 is the only root of the equation
G(K) = 1. We hence assume from this point on that § < 1. We have with this
hypothesis

[W(e®?)|> = cos? (— @)+ d*sin2 (0—¢) <1 (0 £ ¢(mod 7)),

hence G/(0) < 1 < G(1). Moreover, the triangle inequality implies that, as a function
of K, |W(e—K)| = |W(e')—KW(1)| satisfies a Lipchitz condition with modulus
[W(1)], so 0G/OK > 0 unless perhaps when ¢ = 0. In this latter case, the Lipchitz
condition is strict unless # = 0 (mod 7), whence again 0G/0K > 0. We may therefore
define K(4, ¢) to be the unique solution of the equation

GK,8,¢)=1.
We also observe that, for any fixed z,
W) = v/ (Re (2€")* +6° Fm (2€¥))

in an increasing function of 8, hence dG/d8 > 0 and K (4, ¢) is a decreasing function
of 4.
Our main purpose in this section is to show that for all §, ¢ we have

K(8,¢) <KO,3m)=1-2/n (60)
and 1(1—0%) < K(8,¢) < 3(1-8%). (61)

We begin with (60). Since K(4, ¢) < K(0, ¢), we only have to prove that, for any
fixed K,G(K,0, ¢) is minimal when ¢ = /2. But

G(K,0,¢) =K+—1—r |cos 6 — K cos ¢|df
2m J,

= K+%{sinﬂ+(g—ﬂ)cos }
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with f:= Arccos (K cos¢). The function of f between curly brackets attains its
minimum value 1 when g = I, which corresponds to ¢ = 3w, and this is all we need.
Next, we show (61). To this end, define, for » = 0,

M(r) = —I—J? |W(e?—K)|"d#b. (62)
2m J,
We have
M(2) = L(1+6%) + K?(cos® ¢+ 8%sin® @) < 3(1+6%)+ K2 (63)

When K = K(8, ¢) we have M(1) = 1 — K and by Cauchy’s inequality, M(2) > (1—K)=2.
It follows from (63) that
H1+6%)>1-2K

which is equivalent to the lower bound in (61). To obtain the upper bound, it will be
sufficient to show that

GE(1—-6%),0,4) 2 1 (64)

or equivalently M(1) = L1 +6%). (65)
By Hoélder’s inequality, M(2) < M(1)*®M(4)'? and so (65) will follow from

M2 = 314+6%)2M(4). (66)

Let us set t=(1—0%)2sin® ¢. (67)

From (63), on substituting K = }(1 —6%), we have
M2) =3+100—1(1 -8t (68)
To compute M(4), define
F(0) = |W(e’—K)I?
= M(2) — 2K (cos ¢ cos (8 — ¢) — 6% sin ¢ sin (0 — P)) + 3(1 — 6%) cos 2(6 — ).

(69)
We have, from (62) and (69),
M(4) = % f " (06

= M(2)*+2K?(cos® ¢ + 8% sin® ¢) + 3(1 — 8%)%, (70)
and we substitute K = (1 —4%) and simplify, employing (67), to obtain

M(4) = M(2)2+3(1 —8%)2—3(1—8Y)¢. (71)
Therefore (66) is equivalent to

M@)*(M(2)— (1 +82)7) > 1 — 8% (§(1 — 82 —}(1 8% 1)

or M(2)3(2—t) = (1 —6%)2{3(1 —8%)—3(1—d%)1}. (72)

We substitute the right-hand side of (68) for M(2) and arrange the desired inequality
as a cubic in ¢; we require that (after multiplication through by 8),

{(8+6%)2—5(1+6%) (1 —84)} — {2 — 1862~ 78* — 6%+ 10%} ¢
+{(1—8) (4—82+ 8} 2—L(1 -2 = 0. (73)
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Table 1

é K(8,0) (1—6%)/K(3,0)

0  032867... 3042...
005 0-326... 3057...
01 032... 3088...
015 0312... 3126...
02 0:302... 3170...
025 0291... 3:218...
03 0278... 3267...
035 0264... 3318...
04 0249, 3:370...
045 0232... 3423...
05  0215... 3477...
055 0197... 3530...
06 0178... 3:583...
065 0158... 3637...
07  0138... 3:690...
075 0-116... 3742...
08  0094... 3795...
085 0072... 3:847...
09  0048... 3898...
095 0024... 3950...
1t 0 4

[

Since ¢ < 1 the sum of the last two terms on the left is at least }(1 —8%) (7 — 8% +28%) ¢®
and so it will be sufficient to show that

{8 — 1082+ 228% + 100% + 26%} — {13 — 368% — 146* — 120% + 6%} ¢
+{(1—8%)(T—82+284} 2 > 0 (74)

and we notice that when 82 > 1/3 this is trivially true because all three coefficients
are positive, and 0 < ¢ < 1. Denoting the above quadratic by at®*+bt+c¢, we have

b*—4ac = —55—4008% —1008* + 13046° + 10340° + 38440 4 1726 — 814 4 6.
(75)

This is negative when 62 < 1/3. and the quadratic is positive for all £. It follows that
(64), and hence the right-hand inequality in (61), hold.
We append the table of K(4,0) (Table 1) kindly provided by M.G.J.van der Burg.
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