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On a class of differential-difference equations
arising in number theory

Adolf Hildebrand* and Gérald Tenenbaum

1. Introduction
Functions defined by differential-difference equations of the type

(1.1) uf'(u) +af(u) + bf(u—1) =0,

where a and b are constants, arise frequently in number theory. Probably the best
known example is the Dickman function g(u), which is defined for u > 0 as the
unique continuous solution of the system

ow)=1  (0<u<l),
uwo' (u) + o(u—1) =0 (u>1).

It is defined arithmetically as the asymptotic proportion of integers n having no
prime factors greater than n'/* [Di][dB3], and it may also be given a probabilistic
interpretation [He][Wh]. De Bruijn [dB4] showed that, as u — oo,

§ ot _
(1.2) Q(u)w\/%exp{—ug_;_/o e - 1 dt},

where v denotes Euler’s constant and £ = £(u) is the unique positive solution to
the equation

(1.3) et =1+ ug.

The function &(u) is non-elementary, but standard techniques of asymptotic ana-
lysis (see [dB6, §2.4]) show that for all sufficiently large u, &(u) is represented by
the convergent series
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where log,. denotes the k-fold iterated logarithm and

m+k zZm ze” m
Cmk = ( m )Reb {(ez—l)m““(ez—l - m—i—k)’o}'

Computing the first few coefficients ¢, yields the estimate

logyu %loggu— logy u O((log2 u)z) ( o).

1.4 =1 1
(14) &(u) = logu+logyu+ log u (logu)? (logu)3

A slightly weaker estimate is given in [dB4].

Another well-known example of a function satisfying (1.1) is the Buchstab
function w(wu), which is defined for v > 1 as the unique continuous solution of
the system

uww' (u) +wu) —wu—1)=0 (u>2).

This function arises when estimating the frequency of integers n whose smallest
prime factor is > n'/* [Bu|[dB2]. It is easy to show (see, e.g., [dB2]) that, as u — oo,
w(u) converges exponentially to e, where + is Euler’s constant. The finer behavior
of the difference w(u) — e~ has recently been investigated by several authors [Ma]
[CG] [Hi] ; it turns out that w(u) — e~ behaves essentially like a periodic function
with period 2, dampened by an exponentially decaying factor. Oscillation results of
this type play an important role in proving irregularity results on the distribution
of primes [Ma] [FGHM] [CG] [Hi].

Functions satisfying (1.1) when a + b is an integer arise in sieve theory, and in
this context have been investigated by various authors; see, for example, [AO]
[JR] [Iw] [GR] [DHR] [Wh]. Alladi [Al] and Hensley [He| obtained asymptotic
formulae of the type (1.2) for a particular class of such functions satisfying (1.1)
with (a,b) = (=K + 1,k), where x is any positive number. Wheeler [Wh] gave
similar formulae for the parameter pairs (a,b) = (—k + n, &), for any positive real
number k and positive integer n. He also obtained an asymptotic formula, of a
rather different shape, for the case when a + b is not an integer. The first author
[Hi] recently extended the results of Alladi and Hensley to the cases (a,b) = (—z, z)
and (a,b) = (—z + 1, z), where z is any non-zero complex number with Rez > —1
or z = —1. The latter result covers, in particular, the Buchstab function.

The equation (1.1) with general coefficients a and b appears to have been first
studied by Iwaniec [Iw] in connection with his work on sieve theory, and a more
systematic investigation has been undertaken recently by Wheeler [Wh]. Iwaniec
and Wheeler both make extensive use of the “adjoint equation”

(L5) ug'(u) + (1 — a)g(u) — by(u+1) = 0,

which, in a sense, is easier to deal with that (1.1). Since solutions to the equations
(1.1) and (1.5) are connected via a simple integral relation (see section 3), one
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can derive asymptotic information for a given solution to (1.1) by studying the
asymptotic behavior of a suitable solution to (1.5).

Despite the considerable amount of literature on functions satisfying equations
of the type (1.1), most results deal only with particular solutions to this equation
which arise naturally in some number-theoretic context. The object of the present
paper is to describe, for any given pair of complex coefficients (a, b) with b # 0, the
structure and asymptotic behavior of the general solution to (1.1).

The problem of describing the general solution to (1.1) amounts to describing
the solutions f(u) = f(u; ) to systems of the type

(1.6) flw)=¢u)  (uo—1<u< ),

(1.7) uf'(u) +af(u) +bf(u—1)=0 (u > up),

where ug is any positive real number and (u) is any given continuous function on
[uo — 1,up). Indeed, rewriting (1.7) in the equivalent form

(1.7) (fluu®) = =bu"""flu=1)  (u>uo),

it is easily seen this system has a unique continuous solution f(u) = f(u;¢) for
u > ug — 1; conversely any function f(u) satisfying (1.1) for sufficiently large
u is a solution to this system with a suitable choice of ug and with ¢ = f as
initial function on [ug — 1, ug]. We shall construct a set of “fundamental” solutions
F(u) = F(u;a,b) and F,(u) = F,(u;a,b) (n € Z), which span the solution space
of (1.1) in the sense that any solution f(u;p) of the system (1.6)-(1.7) can be
expressed as a convergent series

(1.8) flu) = aF(u) + Y o Fy(u)

neZ

with suitable coefficients « and «,, depending on the initial function ¢.

Series expansions of solutions of differential difference equations have been ob-
tained in the literature for various special equations. A complete theory exists for
the case of a retarded differential difference equation with constant (or asymp-
totically constant) coefficients : the general solution of such an equation can be
expanded into a series of exponential solutions e**, where s runs through the roots
of the associated characteristic function (see [BC]). De Bruijn [dB5] gave an expan-
sion quite similar to (1.8) for the solutions to the differential difference equation
f'(z) = e®**vf(x — 1). His approach, however, is different from the one we shall
use. While preparing the present paper, the authors were made aware of a thesis
by Beenakker [Be], who applies de Bruijn’s method to the equation (1.1) in the
case a = 0.

The functions F' and F), in (1.8) can be estimated rather precisely. Using such
estimates, we will be able to describe the asymptotic behavior of the general
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solution to (1.1) and its dependence on the initial function ¢(u). For example,
we will show (see Corollary 6) that if f(u) is a real-valued function which
satisfies the differential-difference equation of the Dickman function (i. e. (1.1)
with (a,b) = (0,1)) for sufficiently large u and is of order o(1/u) as u — oo,
then there exists a constant ¢ such that the function (f(u)/o(u)) — c is either
identically zero for sufficiently large u or oscillates in a rather regular fashion
with asymptotically constant differences between consecutive sign changes and an
exponentially decreasing amplitude.

The plan for the remainder of this paper is as follows. In Section 2, we shall define
the functions F' and F, and formulate asymptotic estimates for these functions
(Theorem 1). In Section 3, we will state our principal result (Theorem 2), which
gives an expansion of the form (1.8) for the general solution to the system (1.6),
(1.7), and we shall derive several corollaries from this result. We shall prove
Theorem 1 in Section 4 and Theorem 2 in the final two sections.

Notation and conventions. Throughout this paper we fix a positive number € < 1
and complex numbers a and b satisfying

1 1
(1.9) o] < =, e< b <=
€ €
We define real numbers h, x and ¢ by
(1.10) h=a+b, b=re"” (k>0 —1 <9 <T).

We shall use the notations f = O(g) and f < g interchangeably to mean that
|f] < ¢g holds with some constant ¢ in the range under consideration, and we write
f=<gif f < gand g < f hold. The constants here may depend at most on ¢,
unless specified otherwise. By wqg(n), ug(e), etc., we shall denote generic sufficiently
large constants depending on the indicated parameters.

We denote the sets of positive and negative integers, excluding zero, by Z* and
7.~ , respectively, and the sets of positive and negative reals by RT and R™.

Acknowledgements. We would like to thank Daniel Barlet for helpful discussions
concerning an early stage of this paper, and K. Alladi for having called our attention
to the thesis [Be].

2. Fundamental Solutions
With ¢ defined by (1.10), we consider the angular path

C=[-o0+ (¥ —m)i, (¥ —m)i, 0],

where, here and in the sequel, we use the notation [z1, 29, ..., 2;] to denote the
contour going from z; to zx via zo,...,2r_1 by straight line segments. We set

(2.1) A(s) = A(s;a,b) == P (=9)5h,
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Ser—1
I = d
(s) / ~La

is the exponential integral arising in de Bruijn’s formula (1.2), h is given by (1.10),

and s" is defined using the (unique) continuous branch of arg(s) in C~. C which is

equal to 0 for positive values of s. Thus A(s) is an entire funtion if h € Z* U {0},

analytic in C~\ {0} if h € Z~, and analytic in C~\ C with a branch cut at C if h & Z.
For any integer n we define

where

1 ds
2.2 F,(u) = F,(u;a,b) := — A(s)e¥s —,
(2.2) (u) (u;a,b) 27 Jr. (s)e .

where, in the above notation,

r,=T+d,, T=[-o00—irt, —1—inr+, —1+4in—, —0c0+ in—]
with
(2.3) Y =0+ 2nm.

Note that the upper horizontal portion of I'_; is taken below the branch cut C,
whereas the lower horizontal portion of 'y is taken above C. We further set

(1 - h)

211
wih

/ )\(s)eusﬁ ifthgZr,
. s
e

ds
As)e™— ifheZt
) /1“0 (s)e . ithezZr,

where I'* is a positively oriented Hankel contour around the branch cut C, and I'°
is a path going from —oo + (¢ — w)— to 0 below C, as indicated in the figure.
The estimate

(2.4) F(u) = F(u;a,b) =

S

(2.5) I(s) ~ % (Res — 0o, |Ims|< 1),

which follows easily by partial integration from the definition of I(s) (cf. Lemma 2
below), implies that the function e®! (=3) tends to zero at faster than exponential
rate as Res — —oo in a strip |[Ims — (9, + 7)| < 47 — 6, for any fixed § > 0 and
integer n. Since the infinite portions of the contours I',,, I'*, and I'Y fall into one of
these strips, and the integrand in the second integral of (2.4) is bounded near s = 0
for h € Z*, all three integrals in (2.2) and (2.4) are absolutely convergent for any
real or complex value of u, and the functions F,, and F' are entire functions of w.
Using integration by parts as in Iwaniec [Iw ; p.18] it is easily checked that each of
the functions F,, and F is indeed a solution to (1.1). We shall, however, not make
use of this fact.
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FIGURE.— Contours.

We define a similar set of fundamental solutions G,, and G to the adjoint equation

(1.5) by

(2.6) G (u) = Gp(u;a,b) := /A i:(—:; ds,
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wih —us
¢ F(h)/ © __ds, ifh¢Z U{0},
A

(2.7) G(u) = G(u;a,b) := 271Ti . /6\07(55) | )
I'(1-h) /AO o(s) ds if h € Z7 U{0},

where Ag(s) is defined by the same formula as A(s), namely
Ao(s) := ePT=9)gh,

but with s defined by taking arg(s) € (0,27), so that \g(s) is analytic in C~ RT U
{0}. Here A,, is defined for n # 0 as the horizontal path [—oo + i¥,,, +00 + i,],
and for n = 0 as the path

Ag:=[—oco+ i, —1+id, —1 +im, 1 +im, 1 + i, +00 + @],

which avoids the branchcut C. Thus A,, lies above C if n > 0, and below C if
n < 0. The contour A* is defined as a negatively oriented Hankel contour around
RT, and A® a contour going from 0 to +o0o above the real axis. As in the case of
the functions F,, and F, it is easily seen that the integrals in (2.6) and (2.7) are
absolutely convergent for any real or complex number u with positive real part,
and that the functions G(u) and G,,(u) defined in this way are analytic in Reu > 0
and satisfy (1.5) in this half plane.

We note that the functions G(u) coincide, up to a constant factor, with the
function ¢(s) introduced by Iwaniec [Iw; p.181] (see also [Wh]).

Remarks. (1) The second formula on the right of (2.4) may be obtained as a limiting
case of the first. Indeed, if Re h > 0 then the integral over I'Y in (2.4) is absolutely
convergent, depends continuously on h, and we have

/* e”s)\(s)% = (1 — i) /1“0 e“s)\(s)%.

For Re h > 0 and h € Z™ the first formula in (2.4) therefore becomes

B . _ _ p2rih s
M/* eus}\(s)d? _ F(l h)(l ) /FO euS)\(S)d_

2mi 211 s

_ Tih
_ (A —h)e blnﬂ'h/ e“s)\(s)E
To

™ S

ewih dS
— _ usA 2
T(h) /Fo6 ()5

by the reflection formula for the Gamma function, and thus coincides with the
second formula. It can be shown similarly that the second expression on the right
hand side of (2.7) is well defined for Re h < 1 and coincides with the first whenever
Re h <1 and h ¢ Z~ U{0}.
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(ii) It is easily checked that the functions F,, (u; a, b) and Gy, (u; a, b) are continuous
in @ and b, and in fact uniformly continuous in any compact u-interval in (0, +00).
In view of the previous remark, the same is true for the functions F'(u;a,b) and
G(u;a,b).

(iii) We have

(2.8) F (u;a,b) = F,(u;a+1,b) (n € Z),

(2.9) G (u;a,b) = =Gy (u;a —1,b)  (n € Z),

where the derivatives are taken with respect to u. This follows immediately from
the definitions of F;, and G,,.
(iv) If @ and b are real then we have the relations

F, ifb>0,
(2.10) F_,=

F,_, ifb<O,
and

Gn ifb>0,
(2.11) G_, =

Gn_1 ifb< 0,

for any positive integer n. To see the first relation in (2.10), note that in the
case b > 0 (so that ¥ = 0) the paths I, and I'_,, lie symmetrically with respect
to the real axis, and that replacing s € I'_,, by 3 € I'j, changes the integrand
e \(s)/s = e*sHb1(=9) sh—1 into its complex conjugate if @ and b are real. A similar
argument gives the other relations.

In Theorem 1 below we will give asymptotic estimates for the fundamental
solutions F),(u) and F'(u). The estimates for F,, are of the same form as de Bruijn’s
estimate (1.2) for the Dickman function, but with the quantity £ = £(u) replaced
by an appropriate complex solution to the equation

(2.12) e¢ =1+u(

(with w = u/b) in a certain region of the complex plane depending on n. To this
end we shall first establish the following result, which proves the existence and
uniqueness of such a solution for sufficiently large |w| and gives an asymptotic
estimate for (.

Lemma 1. Let n be a fixed integer. For u > 1, let £(u) denote the unique positive
solution to (1.3). There exists a constant wy = wg(n) such that for all complex
numbers w = pe'? satisfying

0 = wo(n), —-T <<,
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the equation (2.12) has a unique solution (,, in the disk

(213) |<n - (§ + “pn)| T

with & = £(p) and ¢, = ¢ — 2nw. Moreover, we have

. §pn 1
(2.14) Cn—£+2£2+€ 1 +0(z):
dén G 1
(2.15) o= m(l + O(w_g)>'
Setting

exp {—us + bl (s)} "1
2ru(l —1/s)

(2.16) ®(u,s) = ®(u,s;a,b) =

we then have the following result.

Theorem 1.
(i) For any fixed non-zero integer n and u > ug(e,n), we have

(2.17) F,(u;a,b) = (1 + O(%))fb(u, Cn;a,b)

where (, = (,(u/b) is defined as in Lemma 1 with (9,¢) = (u/k,—0) and the
implied constant depends at most on € and n.
(ii) For any fixed positive integer K and u > ug(e) we have

= bkr uk —K-1
(2.18) F(u;a,b) = {1+Z i—he k +O0(u )}

where b, (k = 1,2,...) is the k-th Taylor coefficient of exp{bI(—s)} and the implied
constant depends at most on € and K. Moreover, if h € Z~ U {0}, then F(u;a,b)
is a polynomial of degree —h whose coefficients are given by (2.18).

It is easy to obtain more explicit estimates for the functions on the right hand
side of (2.17). For example, if we put

(2.19) T(s)=1+=+ =

it is easily checked (cf. Lemma 2) that

15 = " +0(5) =)

S
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In particular, taking in turn s = (, and s = £ = £(u/k) and estimating the error
term by Lemma 1, we obtain

bI(Cn) = uT(Cn) +0(§%),
KI(€) = uT(€) +0(5%),

so that

Applying the mean value theorem and (2.14) to estimate T'(¢,) — T'(§), it readily
follows that

D(u, (p;a,b) ud? u
2.2 — 7 = _n T
(2.20) ®(u,&;a, k) eXp{ 262 Tl T(E) + 0(53)}’
where 9,, is as in (2.3). (Observe that, in the notation of Lemma 1, ¥, = —¢,,

with ¢ = —1.) Combining these estimates with (2.17) and (2.14), we obtain the
following corollary.

Corollary 1. For any fixed integer n and u > ug(e,n), we have

2 _ 92
(2.21) F,(u) = Fy(u) exp{ —u ("27 —2nmT(&)i + O(é)) }
where ¥, is as in (2.3). Moreover,
92 ) 1
(2.22) Fo(u) :eXp{—U(er@ —(1+“9)T(§)+0(€_3)>}~

Using the expansion (1.4) for &(u/k), one can replace the expressions on the
right of (2.21) and (2.22) by a slightly more complicated expression involving only
elementary functions.

Analogous results could be proved for the functions G, (u) and G(u) ; for example,
it can be shown that

(2.23) Gn(u;a,b) = (1 + O(%))\Il(u,gn;chb),

where

V2mexp {us — bI(s)} s
u(l—1/s)

1

U(u,s) = ¥(u,s;a,b) = = (®(u, s;a,b)su(l —1/s))
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Thus, apart from the factor (,u, the functions F;, and G,, are essentially reciprocals
of each other. The proof of (2.23) is very similar to that of part (i) of Theorem 1,
and we shall not give it here. We note only that, for any fixed § > 0,

(2.24) |Gr(u;a,b)| <1, |G(u;a,b)| <1 (6 <u<1/d),

where the implied constant depends at most on € and §. This follows easily from
the definition of G,,.

3. The main result

We assume that €, a and b satisfy (1.9), and we fix a positive number g in the
range

(3.1) €< U <

Given two functions f and g defined on [ug — 1,ug] and [ug, up + 1], respectively,

we set
uo

< f,9 >=uof(uo)g(uo) — b/ fuw)g(u+1) du.

up—1

This “scalar product” is independent of ug if f and g are solutions to (1.1) and
(1.5), respectively ; cf. [Wh, p. 508].
Our principal result is as follows.

Theorem 2. Let ¢(u) be a continuous function on [ug — 1,ug), and let f(u) =
f(u; ) be the unique continuous solution to (1.6) and (1.7). Then we have

(3.2) fu) = aF(u) + Z anFp(u)  (u>ug+1),
ne”Z

where

(3.3) a:=<p,G> a: =< G, >,

and the series in (3.2) is uniformly convergent for w > ug + 1 + §, for any fixed
d > 0. Moreover, for any fixed nonnegative integer N and u > ug(e, N) we have

(3.4) fu) = aF(u) + Z anFr(u) + Ry (u)
In[<N

with

(3.5) Rn(u) < |lo|| | Fo(u)|exp {—% ((2(N + 1)1 — |19|)2 _ 192) + 0(5%)} ;

where € = £(u/k) is defined by (1.3), |||l = maxy,—1<u<u, |©(w)|, and the implied
constants depend at most on N and the constant € in (1.9) and (3.1).
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For real solutions to (1.1), i.e., solutions f(u) = f(u;¢) in the cases

(3.6) ac€R, b>0, ¢real-valued,
or
(3.7) acR, b<0, ¢real-valued,

the relation (3.4) may be simplified somewhat. In the first case, (3.4) reduces to

N
(3.4 f(u) = aF(u) + apFy(u) + 2Re Z anFy(u) + Ry (u),
n=1
where
, 2(N +1)%7%u 1 )
35) Rl <ol Rles {2 (1o(9)) )

in the second case, we may replace (3.4) for N > 1 by

N-1
(3.4") f(u) = aF(u) +2Re Z anFp(u) + Ry (u),
n=0
where
w2y
(3.5") Ry (1) < [[l] | Fo(w)] exp {%(1 + o(%))}

The former estimate follows immediately from (3.4), (3.5), and the relation
a_pF_,(u) = apFpy(u) for n > 1, which is a consequence of (2.10), (2.11), and
(3.3). The latter estimate is obtained from (3.4) and (3.5), evaluating the term
an Fy (u) trivially by means of Corollary 1 and (2.24) (which implies |a,| < ||¢]]),
and using the relation a_, F_,,(u) = -1 Fp,—1(u), which follows as before, for any
positive integer n, from (2.10), (2.11), and (3.3).

In the remainder of this section we shall derive a number of corollaries from

Theorems 1 and 2, which give less precise, but simpler and more explicit estimates
for f(u). If we combine (3.4) and (3.5) (resp. (3.4"”) and (3.5”) ) with the estimates
of Theorem 1 and Corollary 1, we obtain the following result.

Corollary 2. Under the hypotheses of Theorem 2 we have either
(3.8) f@)=u(a+ o(”—i”))
with a # 0, or

(3.9 flu) = 0(u7 Re h) (u — +00).
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In the latter case f(u) satisfies

_ llll
(3.10) F(w) = ®(u, o) (a0 + 0(7))
if —m 40 <9 <7 — 06 for some § > 0, where the O-constant depends at most on &
and 6, and

(3.11) () =2 Beap@(u.6) + O 2L jo(u, 1),
if (3.7) is satisfied.

The estimates (3.10) and (3.11) generalize and refine de Bruijn’s asymptotic for-
mula (1.2) for the Dickman function, and contain the above-mentioned asymptotic
estimates of Alladi [Al], Hensley [He], and the first author [Hi| for particular solu-
tions to (1.1).

In the case when both « and «g are zero, Corollary 2 yields only an upper
bound for f(u). The next corollary, which follows by a similar argument from
Theorems 1 and 2, gives a refined estimate for f(u) in this case. Here, as in
the remaining corollaries, we shall concentrate on the case of real, exponentially
decreasing solutions to (1.1), i.e. solutions satisfying the second alternative (3.9)
of Corollary 2 and either (3.6) or (3.7). The results could be extended to complex
solutions, but the statements would then become more complicated.

Corollary 3. Let the hypotheses and notations of Theorem 2 be in force and
suppose that f is not identically zero and satisfies (3.9). Suppose further that a
and b are real, b # 0, and that ¢ is real valued. Put

(3.12) k:=min{n >0: «a, # 0},

and suppose furthermore that ¥, # 0 (i.e. either k > 0 or k = 0 and b < 0). Then
we have for u > ug(e, k)

(313) () = 2 Rear(u, o) + O( 12 o, ) ).
where the O-constant depends at most on ¢ and k.

The local behavior of the right-hand expressions in (3.11) and (3.13) is easy to
analyze. Indeed, applying (2.14)—(2.16) with (o, ¢) = (u/k, —¥), we get

P, Gn) G (u/b)] 1

du _ n _

ey oo (M)
B ¢
= _f + gjﬂnl + O<§—2)

with & = &(Ju/b|) = &(u/k) and 9, is as in (2.3). Since, by (2.15), £((u +t)/k) =

E(u/k) + O(|t]/u) for |t| < u/2, this implies

O(u+t,Gu((utt)/b) & (1
e R R (D)
with € = £(u/k), uniformly for [¢t| < u/&2. Using this estimate in (3.11) and (3.13),
we obtain the following result.
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Corollary 4. Let the hypotheses of Corollary 3 be in force. Then we have, for
u > up(e, k) and |t| < €2,

I § It el
(3.14) flu+t) = o4e {cos <Tu + ﬁkt€ = 1) +0 (52 + anlu) ]
where £ = £(u/k), k is defined by (3.12),
(3.15) 0u =2l ®(u, G|, Tu = arg (P (u, (),
and ¥y, is given by (2.3), i.e.

2% if (3.6) holds,
(2k + 1) if (3.7) holds.

The implied constant here depends at most on € and k.

(3.16) Vg =0+ 2km = {

This result can be used to determine asymptotically the location of the zeros of
f(w) when 9 # 0. Indeed, from (3.14) and the continuity of f it follows that f(u)
has a zero in every interval of length (7 /9;)(1—1/£)+O(1/£2). Moreover, if u < v/
are two consecutive zeros of f(u) then either v’ —u = O (1/u) or

(3.17) u’—u=§k<1—§>+o<£i2).

If the first alternative holds, then f/(u + t) = 0 for some ¢ with |{| < 1/u. But by
(1.1) and (3.14), applied to f(u+¢), f(u —1+1), and f(u)(= 0) we have in this
range

—(u+t)f'(u+t)=af(u+t)+bf(u+t—1)

— be—(t—l)EQu {cos <7’u + Ut — 1)5%) +0 (%)}

(- ) 1
e o ()]

whence f'(u + t) is non-zero for sufficiently large u if 95 # 0. Thus any two
consecutive zeros u < u' with u sufficiently large must satisfy (3.17). This
observation together with Corollaries 3 and 4 easily leads to the following result.

Corollary 5. Let the hypotheses of Corollary 3 be in force. Then there exists a
number uy > ug such that f(u) has only countably many zeros, A\ < Ao < -+,
exceeding uy. Moreover, we have

(3.18) At — An = é(l +O(1O;n)) (n — +00),

max  f(u) = [®(An, Gk (An))|e”®),

AnSuLAn 42

min  f(u) = —\@(An,gk()\n)|eo(§)7

An<ugAn 42

where k and ¥y, are given by (3.12) and (3.16), £ = £(\,,), and the implied constants
may depend on the function f.

(3.19)
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The above results show that the behavior of the general solution to the equation
(1.1) is to a large degree independent of the particular initial function p(u). For,
example, the asymptotic formula (3.13) depends on ¢ only via the coefficient
ay. To further illustrate this phenomenon, we consider the case (a,b) = (0,1) of
(3.6). Suppose f(u) is a real-valued solution to (1.1) with (a,b) = (0,1) satisfying
f(w) = o(1/u). We shall compare the asymptotic behavior of this solution to that
of a particular solution, namely the Dickman function o(u). Set ¢ = ap(f)e™" and
g = f —co, where ap(f) is defined as in Theorem 2 with respect to f. The function
g is again a solution to (1.1) and thus has an expansion of the form (3.2) with
coefficients a(g) = a(f) — ca(p) and ay(g) = a,(f) — can(o). In particular, since
a(f) = alp) = 0 and cap(g) = ce” = ap(f), by the hypothesis f(u) = o(1/u),
Corollary 2, and (1.2), we have a(g) = ag(g) = 0. Thus, if g is not identically zero,
we can apply Corollary 5 to g(u), getting (3.18) and (3.19) for some positive integer
k. Since ¥y, = 2km, we deduce from (3.18) that A, = (n/2k) (1+ O (1/logn)).
Furthermore, (2.20) and (1.2) yield in this case

|2(An, Gi(An); 0,1)] = @(An, &(An); 0, 1) exp {_% (1 o (ﬁ»}

= @(An)exp{—% (1 +0 (@))}

=ewe {~ o5 (100 (i) |

We thus arrive at the following result.

Corollary 6. Let f(u) be a real-valued continuous function on [ug, +00) satisfying
(1.1) with (a,b) = (0,1) , and f(u) = o(1/u) as u — +oo. Then there exists
a constant ¢ such that f(u) = p(u)(c + h(u)), where the function h(u) is either
identically zero for all sufficiently large u, or has infinitely many zeros Ay < Ay < ---
satisfying (3.18) with uy = 2kw for some positive integer k and

— 12k 1
(3.20) max  h(u) =exp {72 T (1 +0 ( >> } )
A <UL An42 log“(nlogn) logn

—m2kn 1
3.21 i h =— — (140
(3.21) Angrfgiw (u) P { log?(nlogn) ( * (10g n )> } ’

as n — +00. The O-constants here may depend on f.

Previously, de Bruijn [dB] and Alladi [Al] had obtained estimates of the type
flu) = o(w)(c+ O(u™14F%))

and

f(u) = ow) (e + O exp {—u!/*<} ),
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respectively, for functions satisfying the differential difference equation of the
Dickman function under slightly stronger hypotheses. The above result not only
improves the error term in these estimates to its best-possible form, namely

exp{-;g—ig<1+o<m},

but also exhibits the finer behavior of the difference f(u) — co(u) by showing that
the function f(u) oscillates around co(u) like a periodic function dampened by an
exponentially decaying factor.

§ 4. Proof of Lemma 1 and Theorem 1.

Proof of Lemma 1.
Put ¢ = £+ ip, + v, where { = {(0). Multiplying both sides of (2.12) (with

) ; e
w = pe'?) by e §THn = , we obtain
0e'?) by T
. el 0 .
e’ — = +1pn +v).
T 1+ of (5 Pn )
Setting ‘
0 1—e*¥ iy
= , V= 1P,
H 1+ ot w (2
this may be written as
(4.1) e’ —1—plv+v)=0.

Since |p| ~ 1/§ ~ 1/log g and v ~ ip, as o — 400, we have for g > wy(n)
" =1 > [u(z+v)| (2] = 7).

By Rouché’s theorem, it follows that equation (4.1) has a unique solution in the
disk |v| < 7, which is given by Cauchy’s formula
1 e — i

= dz.
T omi fyn e — 1=zt )

Expanding the integrand as a power series in u, we readily obtain
+oo

(4.2) v= Z cr(v)puk
k=1

where c,(v) is the coefficient of 2*~! in the Taylor expansion of

z
er —1

Hy o (2) = ( )kﬂ(z—l—u)k*l(ez(z—ky— 1)+1).
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Now, observe that Hy ,(z) is regular for |z| < 27 and that, for some absolute
positive constant C,

@l < {o@+D} T (<),

Cauchy’s formula hence yields that

k+1
(4.3) an(v) < {C1(|n| + 1)} (k=1,2,...),

so the Taylor expansion (4.2) is certainly convergent for ¢ > wq(n) with a suitable
constant wg(n).

This puts us in a position to complete the proof immediately. Indeed, (2.14)
follows from (4.2) and (4.3) on noticing that

Cl(y):Va CQ(V):V_%V27

and (2.15) is obtained by differentiating (2.12) with respect to w, using (2.12) and
(2.14) in the weak form ¢, = £+ O(1).

For the proof of Theorem 1, we shall need a preliminary result. We suppose, here
and in the remainder of this section, that e, a, and b satisfy (1.9) and (1.10).

Lemma 2. Let s € C . C. Then we have

(4.4) M) = [s"[(1+[sh™ " (0> -1),
(4.5) IA(s)| < |s*|exp{ Re (b1 (—s))} (0 <—1),
e elo!
(4.6)  |A(s)| = |59 exp { Re (b - T(—s)) ) (W + 1)} (0 < —1).

where

and T(s) is defined by (2.19).
Proof. If |s| < 1, the estimate (4.4) follows trivially from the bound I(—s) <« 1. If

o =2 —1, |s| > 1, then we have

° d
dv:I(—l)—logs+/ e Y
1 v

I(—s)=I(~1)+ /_S i

—1 (%

1 - 8 d
:I(—l)—logs—l———e +/ 6_”—;)
e s 1 v

= —logs+ O(1),
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which again yields (4.4).
The validity of (4.5) and (4.6) follows from the formula

I(—s) = I(1) + /1 evv_ Lo = 11) —log(=s) + I(—=s) (0 < —1),

and the estimate

e’ e’
which follows by integrating over the path [1,1 + i, s], using repeated integration
by parts.

Proof of Theorem 1.

We first prove the estimate (2.17) for F,(u). Set (, = &, + in,. In the
representation (2.2) for F,(u), we shift the vertical part of the path T';, to the
line Res = &, so that it passes through —(,(u/b). Our determination of args
guarantees that the integrand is regular in the intermediate region, and that the
value of the integral is not affected. The contributions of the infinite horizontal
branches of the new contour may easily be estimated. Indeed, we have by (4.6)

efn +t

)\(s)<<exp{—%/<;£n+t}

and we obtain that the corresponding contributions to F,(u) are

(s:—gn—t+i(19nj:7r),t>0),

< exp{—ut,} < |(u, )¢ 2"

by (2.14) and (2.20).

It remains to estimate the contribution of the vertical part of the contour, namely
the segment [—&, + (¥, — ), —&n + (¥, + 7)]. This can be done by the saddle
point method, writing A(s)e*$s™! = exp1(s) and expanding 9 (s) into a Taylor
series around s = —(,, which is a saddle point for the function A(s)s~". The
argument is almost identical to that in [Hi] where (2.17) was (essentially) proved
when n = h =0, Reb > —1. We therefore omit the details.

We now prove (2.18). First consider the case when h ¢ Z*. We write I'* = ' +T'5,
where I'] is the part of the contour I'* which lies in the half-plane o > —2. For
s € I'f, we plainly have

“+oo K
D =) bust =D bus® + Ol
k=0 k=0

with by = 1. Next, we replace I'; by a Hankel contour I'} around the path
[-2 + (¥ — )i, —2,0]. This does not modify the integral, and we obtain

1 K 1
bI(—s) ,us ,h—1 ds = E b
211 ¢ € iy — k2m’/p

eusSkJrhfldstO(/ |6ussK+h|~|d$|).
r, T

/
1 1
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From [Ten] (Cor. I1.5.2.1) we have for 0 < k < K

1

21 F’l

1

us k+h—1 _ —k—h
e’ ds =u {F(l—h—k)

+ O(e‘“)},

where the implied constant depends at most on K and . Moreover, selecting
r = 1/u as the radius of the circular part of I'}, we may write for K > |h]

27
+/ eua,r,KJthrl ds&
0

[9—m| —r
/ |eussK+h| | ds| < / e 2 dr + ‘/ e oBth dg
r 0 -2

< u K-Reh=IP(K 4 Re h+1).

Hence the contribution of I'f to F'(u) yields the main term in the required formula
(2.18). We now need an upper bound for the contribution of I's. By (4.6), we may
write

lo]|
a e *
IA(s)| < |s \exp{ — %/i—|a_‘ } (s€T3)

whence

/ /\(s)e ds < e™.
r; $
This is plainly sufficient, and completes the proof of (2.18) when h ¢ Z*. Indeed, if
—h € Z7T, the contributions of the straight lines of the Hankel contour cancel and
one only has to consider the contribution of a small circle around the origin ; the
result then follows from Hankel’s formula — which in this case reduces to Cauchy’s
formula.

When h € Z*, we use the fact that F(u) is a continuous function of h — see
Remark (ii) in Section 2.

4. The Laplace transform of f(u)

Let f(u) be as in Theorem 2. In this section we investigate the Laplace transform
of f(u) defined by

~ +OO
(5.1) f(s):= / fw)e™ du.

0

Here s is a complex variable, and we denote its real and imaginary parts by ¢ and
T, respectively. We begin with the following lemma which shows that the integral
in (5.1) is absolutely convergent in the half-plane o > 0.
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Lemma 3. There exist positive constants ¢; and co depending on f such that for
all u > uyg

(5.2) |f(w)] < cru®.

Proof. Since, by the hypotheses of Theorem 2, ug > 0 and f(u) is continuous on
[to, +00), (5.2) holds for u € [ug, ug + 1] with suitable positive constants ¢; and ca,
where we may assume that

(5.3) c1 2 2|f(up + 1) (up + 1), e¢2 = 2|b| — Rea.

Now suppose that n > 1 and that (5.2) is valid in the interval [ug,uo + 7]
with constants ¢; and ¢y satisfying (5.3). Using (1.7") we then obtain, for u €
[uop +n,up +n + 1],

u

| fw)u?] < [f(uo + 1) (uo + 1) + 0] |f(v =1 dv
up+1
< sc1+albl (v —1)2pReel qy
uo+1
u¢22+Rea
<5 b
261+ il |02 + Rea

g %Cl (1 +UC2+Rea) < clucQ-ﬂ—Rea7

and hence (5.2) for ugp < v < up +n + 1. By induction it follows that (5.2) holds
for all u > ug, and the lemma is proved.

~

We next give an explicit representation of f(s) in terms of the parameters a and
b and the initial function ¢(u). For s € C \ C we set

B B 16))
Q(s) '7/5 o) dz,

where

(I)(S) = uOgD(Uo)e*uos _ b/ (p(u)ef(uﬁﬁ)s du7
ug—1

A(s) = sheb(=9) is defined as in Section 2 and the integral may be taken over any
path within the domain C \. C going from s to a point on the positive real axis and
then to infinity along this axis. The integral along the infinite portion of this path
is absolutely convergent, since

uo
9(5)] < [uopuo)e ™ |+ [ |e(we 7| du
(54) up—1

U
<uallle™ + gl [ du < flle ™ (14 ¢77)
u[)*].

for all s € C, and by (4.4), |A\(s)| =< |s?| for o > 1. Hence Q(s) is well-defined and
analytic in C \ C.
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Lemma 4. For Res > 0 we have

(5:5) f(s) = —A(s)Q(s)-

Proof. An integration by parts yields

=N +o0 —ups +oo —us
f(s) :/ flw)e ™ du = f(uo)e —|—/ f'(u)e du.

0

By (1.6) and (1.7) it follows that

“+o0

(sf(s)) = —uo f(ug)e™ " —/ uf'(uw)e ™™ du

0

+oo
——uof(u)e ™+ [ (af(w) +bf(u - 1) du
= —Uo(p(UQ)(i*uos ta /+°° f(u)6,u5 du+b /Jroo f(u)e,(uqtl)s du

U

~

uo
+0b o(u)e” s dy
o—1
= (a+be™®) f(s) — ®(s).

~

This shows that f(s) is a solution to the first order linear differential equation

~ ~ 1l—a—be * O(s
Flsy + 7o) -2,
S S
The general solution to this equation is of the form
(5.6) f(s) = e " R(s)
with b o
S 1 _ _ —_
J(s) :/ ——ame dz, R/(s)= —ﬂe‘](s).
1 z S
Writing
$1—e*
J(s)z(l—a—b)logs—i—b/ dz
1 z
“Fer—1
:(1—h)logs—b/ dz
-1 z
=(1—h)logs—b(I(—s)— I(-1)),
we obtain
e—bI(=1)
e J(s) — gh=1pb(I(=s)=1(~1)) _ )

S

21
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and

R(s) = _?eﬂs) _ _%ebl(—l) = Q/(s)et! ).

Thus (5.6) implies

~ 1
Fls) = TA6)@Q(s) + 4)
with some constant A. Now observe that, by (5.1), (5.2), (4.4) and (5.4), f(s) and
Q(s) tend to zero exponentially as s — 400 through positive values, whereas, by
Lemma 2, |[A(s)|] =< |s%| for s > 1. Thus the constant A must be zero, and (5.5)
follows.

Equation (5.5) provides an analytic continuation of f(s) into the domain C \ C,
and we shall henceforth regard f(s) as being defined throughout this domain.

In the remainder of this section, we shall establish some auxiliary estimates for
the proof of Theorem 2. The implied constants here are allowed to depend at most
on the parameter ¢ in (1.9) and (3.1). We suppose throughout that s € C \ C, so

o~

that the functions A(s), Q(s), and f(s) are well-defined.

Lemma 5. For 0 < —1 and any integer n let 7,, = 7,(¢) be the unique solution
to the equation

-
(5.7) T, — ¥ + arctan — = nm,

o
where the arctangent is taken as principal value. Then we have, for any o < —1,

0 > O0(1/]s|]) if op—1 < T < Top,
(5.8) ——log[A(s)] { _

O1/]s]) ifman <7 < Tont1-

Moreover, for o0 < —2 and any integer n, we have

(5.9) 7 (0)] < 1
and
d . K (o
(5.10) 3o 08P Fimn(o)] = 1% (el |+ 0(1)).

Proof. We have

z

Fer—1
log |A\(s)| = Re hlogs—l—b/ dz |,
0
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whence
0 h e -1
Elog\)\(sﬂ = Re (zg — b )
(5.11) - (%)
= —Ii— sin +0(—
om0 (1)
with

¥(s) := 7 — ¥ + arctan 17
o

since for 0 < 0, —s = |s| exp{iarctan(r/o)} with |arctan(r/o)| < im. Similarly

we obtain
Y 1
—me— cos(s) + O (—) .
|s| |s]

The equation (5.7) is equivalent to ¢ (o + i7,) = nw, and since

(5.12) % log |A\(s)| =

2 pls) =1

for o < —1, this equation has indeed a unique solution 7,, = 7, () for any positive
integer n. Moreover, the numbers 7, form an increasing sequence with

lim 7, =—o00, lim 7, = +o0,
n——oo n—-+o0o
and we have 9(s) € [nm, (n+1)7] if and only if 7 € [y, Ty 41]. Hence the main term
n (5.11) is > 0 if 7 € [Tan—1, T2n], and < 0 if 7 € [72p, Ton+1]- This proves (5.8).
Taking the derivative with respect to o in the equation (o + it,(0)) = nm, we
obtain

—7n(0) , 1
o2+ 1,(0)? +7a() + ’

0(1 + (Tn(o)/0)2)

whence, for o < —2,

el

(5.13) (o)) = P T ot (o)

n

<1,

which proves (5.9).
The estimate (5.10) follows from (5.11), (5.12), (5.13), and the relation

d . [0 , 0 ,
+ log Mo 4 im2,(0))| = (8_0 + Tzn(U)E) log | Ao + i12,,(0))].
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Lemma 6. We have

(5.14) 1Q(s)| < lplle”* (0>-1,s| > 1),

5]

(515)  1Q(s) < llglle VI (fr| +1)7Ree 4 M) (o < 1),

Moreover, for a suitable positive constant cs, any integer n, and s in the range

(5.16) [T =9, <m, o< —c3(n|+1),
we have
[l plletuotDie]
(517) Q(S) =a, +0 <4 )
[A(s)]

where «, is as defined in Theorem 2.

Proof. Suppose first that ¢ > —1. If |7| > 1, then writing Q(s) as an integral over
®(2)/A(z) along the path [s,s + T,0 + T, +0o0], and estimating the integrand by
(4.4) and (5.4), we obtain

T T

D(s+1t) O(o + T +it)
A(s+1t) Ao + T + it)

< [lplle™0? /+Oo e dt + i e dt
e _ m _—
14 y 5+ )| %00 Jy J(o + T +it)]

o
Q< im |

dt+ lim

T—+oco 0

< gl

e
If |7] <1 (and o > —1, |s| = 1), we get the same bound by integrating first from s to
o+i (if 7 = 0) or o—i (if 7 < 0) and then along the path [o+i,0+T+i,0+T, +00],
and letting T tend to infinity. This proves (5.14).

Now suppose that 0 < —1. If —2 < ¢ < —1, we obtain (5.14), and hence (5.15)
by integrating first over the path [s, —1+47] and then applying (5.14) with —1+i7
in place of s. We may therefore suppose that ¢ < —2. In this case we choose n
such that 79,_1(0) < 7 < Tony1(0), where 7,(0) is defined as in Lemma 5, set
$n (V) = v+ iT2,(v), and evaluate Q(s) by integrating first over [s, s, ()] and then
over the path s,(v), o < v < —2. This gives

72n(7) P(g + 4 2 (s, (v)) ,
(5.18) Q(s):i/ %dw/ %sn(v)dv+Q(sn(—2)).

Since Re sy, (—2) = —2 and, by (5.7),

Im s, (—2) = 72, (=2) =2n7 4+ O(1) = 12n(0) + O(1) = 7+ O(1),
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the last term in (5.18) may be estimated by (5.14) and is seen to be bounded by
the right hand side of (5.15). By (5.8) and our choice for n, we have in the first
integral |A(o + it)| > |A(s)|. Moreover by (5.10), we have for v < —2

IM(sn(0)] > [A(sn(=2))] > (7] + 1) Fee.

Together with the bounds (5.4) and (5.9), this shows that the integrals in (5.18)
are bounded by

-2 e(uo#’l)(o'f’u)“. —+ iTén(”” d/l}>
(|7_| + 1)Rea
< Jlll et DIl (IX(s)| 7 + (7] + 1)~ Ree)

<[] ot <|A<s>|1 + [

and completes the proof of (5.15).
To prove (5.17), we first note that, by (3.3) and (2.6),

uo
ap =<, Gy >= UOW(UO)Gn(uO) - b/ @(u)Gn(u + 1) du
uofl

=t [ S s [ (ot [ S )
- [ S

Recall that the integration path A, is equal to the line [—oo + i, +00 + id,],
where the segment [—1 + iv,,,1 + i¥,] is deformed in the case n = 0 in order
to avoid the vertical portion of the branchcut C. By Lemma 2 and (5.4) the
integrand ®(s)/A(s) tends to zero uniformly in 7 if 0 — +o00, and uniformly in
|7 — 9| < 37— 0 for any fixed § > 0 if ¢ — —oco. Thus we may replace the portion
[1+49,, 400 +i9,] of A, by the path [1+i¥,,1,+0o0], and the portion to the left
of the line Res = —2 by the curve s, (v), —0o < v < —2 together with the straight
line segment [s,,(—2), —2 + i) and obtain

(5.19) ap = lim Q(s,(v)).

V——00

Now let s in the range (5.16) be given. Suppose first that |7 — ¥, < 2. If the
constant ¢z in (5.16) is sufficiently large, then (5.7) implies that |72,—1 — (3, —7)| <
%77 and |T2p 41— (9 +7)| < %7‘(‘, so that 7 € [T2p—1, T2nt1]- We then obtain as before

||</>|6(“0“)">
[A(s)] '

Moreover, for v < ¢ and in the range (5.16) we have by (5.10)

(5.20) Qs) = Qsu(0)) + 0 (

(% log [A(sn(v))] < —(uo +2)
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and hence
A5 ()] = [A(sn ()]0 5 | X(s) |0t o),

provided the constant ¢z in (5.16) is sufficiently large. Thus (5.19) yields

Qsn(o —an—]/ ¢ (o) dv

< ||90||€_(u0+1)0 /U e~ (uot1)(v—0o)

(1+ |73, (v)]) dv

o PG @)]
] e~ ot Do / ) glje~wote
(e veo qy < AT
STRE LS S T Re)

This, with (5.20), proves (5.17) in the case |7 — ¥,| < 7. For 27 < |7 — d,,| < ,
(5.17) follows from (5.15), since then, by (5.16) and Lemma 2, |A(s)| < (|7] +
1) Ree < |\(s,(0))] and

—(uo+1)o —(uo+1)o
lolle=o+07 gl
[A(sn())] [A(s)]
by Lemma 2 and (5.15) applied to Q(s,(c)). The proof of Lemma 6 is therefore
complete.

|lan| <1Q(sn(0)) — an| +1Q(sn(0))| <

Lemma 7. We have

Il ™07

(5.21) 1f(s)] < 5

(U 2 _17 |8| 2 1)?

(5.22)

If(s)l < W (1 +exp { Re <be—_:T(—s)) +0 (% + 1) }) (0 < —1),

and in the range (5.16),

—~ s e(wot1)|o]
(5.23) 7(s) = anMS )40 <”9"” n ) :
Moreover,
~ s f(s)lelel
(5.24) f(s) = fq)i ) +0 ('f( |l|| ) (o < -1).

Proof. The first three estimates are immediate consequences of Lemmas 2, 4, and
6, and the relation

152|(J7] + 1)~ Rea < exp {0 (elffl|s|*4)} (0 < —1).
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The last estimate follows from the relation

O(s) = (be*s +a-— 1>’

f(s) = ——2 — f(s)

S

established in the proof of Lemma 4.
Lemma 8. Suppose h & Z+. Then there is an entire function FE(s) such that

(5.25) s) = w +E(s) (seC~0).

Proof. Let s € C \. C and consider

o T o(2)
Qs) = lim | / o)

where the integral may be taken over any path from s to T (T € R*) within
C . C. Since 2"®(2)/\(2) = ®(2)e ?1(=2) is an entire function, we have

o
(2) — ,h Z%Zk,

A(2) =

where 2" is defined using the same branch of log z as in the definition of A(z) and
the series Y 7xz" has an infinite radius of convergence. Integrating termwise, we
obtain

(5.26) Q(s) = A+ s'""E\(s),

with
Ei(s)i=— Y — b A= Q) - Ei(1).

k>0k‘—h+1

Since h & Z*, the coefficients in the last series are < |yx| and E;(s) is an entire

~

function. In view of the formula f(s) = A(s)Q(s)/s, we obtain hence

Als)

fls) = 422 4 E(s)

with
E(s) := \(s)s "Ey(s) = " "I B (s),

which is an entire function.
Thus (5.26) implies (5.25) provided we can show that

A=T(1-h)a.
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In order to evaluate A, we introduce the function

QO(S) Cim T+10 q)(Z)

d.
=Fee [, NG

where A\g(z) is defined as in Section 2, and the integral is taken over an arbitrary
path from s to T+ ¢0 within C \ (RJr u {0}) An argument similar to that giving
(5.26) yields

(5.28) Qo(s) = B+s'""E\(s),

where s'~" is now defined using the determination of args in (0,27). Since the
argument has the same value on R™ + 40 in (5.26) and in (5.28), we have

Q(T) = Qo(T +10)

for all positive 7', and hence A = B.
Next, we may write

Qo(T —i0) = A + e 2™ B\ (T)
= A+ e ?™(Qo(T +i0) — A).

This yields ‘
Qo(T — i0) — e=27MiQy (T + i0)

A= [ o3k (T >0).
Letting T" — 400, we get
A= L -
1— 6727rh2
with
, ®(2)
L :=Q(+00 —10) = / d
e~ U0z d , ug e—(u-l—l)z d d
=gt [ Syde= [ o) (L S o) @
270 —mhi Uuo
=e {uocp(uo)G(uo) - b/ o(u)G(u+1) du}
F(h) up—1
_ 2mi e~
RO
Hence o
A=—————=0al(l1-h
['(h) sin(7h) al( )

as required, by the reflection formula for the I'-function.
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5. Proof of Theorem 2

For ease of exposition we only consider here uniform convergence in the sense of
Cauchy’s principal value for the series in (3.2). It will be clear to the reader that
the proof extends, in a straightforward manner, to usual uniform convergence.

Since f(u) has a continuous derivative for u > wug and by (5.2) the Laplace
integral (5.1) is absolutely convergent for o > 0, we have by the Laplace inversion
formula

1+ic0 R
(6.1) flu) = Lfl f(s)e* ds (u > ug).

21t J1 00
Let N be any given nonnegative integer. We put
T =95+, T =9_ny—m,
and define the paths
Wt = [—oco+iT", —1+iT", —1 + icc],
W~ :=[-1—ico,—1+4iT",—0c0+iT7].

Then, the analytic properties of f(s) established in the previous section enable us
to derive from (6.1) the formula

(6.2) f(u) + Y Auw) + RE(u) + Ry (u),
In|<N
with
A(u) := % "’ ds,
Ay () = QL / evs ds,
RE(u) := 2—m ” Fls)e" ds.

Indeed, this follows from the residue theorem, observing that, by Lemma 7,
1f(s)] = 0, as |7| — +oo, uniformly for |o| < 1, and that, by (5.22) 1F(s) ev|
is exponentially decreasing , for any fixed u > ug + 1, along the infinite horizontal
branches of the paths I',, (|n| < N) or W+,

We are going to prove that we have for u > ug + 1

(6.3) A(u) = aF(u),

(6.4) An(u) = anFp(u),



30 A. HILDEBRAND AND G. TENENBAUM

and the error terms R, (u) satisfy

el
(6.5) R (u) <5 Nl (u=wuo+1+9),

(6.6)
(B3 ()] < o [ exp {~uz*} +exp {~uz"} | exp {0 (w/€))}  (u> ui(N)),

with Z* := Re (C$N$17T(C$N¥1))-

Applying Theorem 1 and Corollary 1, we see that (6.6) implies the estimate (3.5)
for the error term Ry (u) in (3.4) and thus we obtain the assertions of Theorem 2
from (6.2)—(6.6).

To prove (6.3), we first assume that h ¢ Z. In this case we can apply Lemma 8

and obtain I h) AGs)
al'(1 — s
(u) o / P ds = aF'(u),

since the integral of the entire function E(s) is trivially zero. The above relation
remains valid in the case h € Z, since, by Remark (ii) of Section 2, both sides
are continuous functions in a and b, and hence in h. Thus (6.3) holds in every
circumstance.

Next we show (6.4). By the residue theorem we have A,,(u) =limy_, oo Ay (u,0)

with
1 o+i(9p+m) =N

Ay(u,0) = — " ds.
o) g [ Fwe as

Estimating f(s) by (5.23), we obtain for o < —c3(|n| + 1)

1 o+i(In+m) by (u—up—1)o
An(u,o):an—,/ AS) pus g +O(‘P|e—>.
2M0 Joiyi(9n—m) S |o]|

Since u > ug + 1, the error term here tends to zero as ¢ — —oo. The main term
tends to «, Fy,(u), by another application of the residue theorem. This completes
the proof of (6.4).

For the proof of (6.5) and (6.6), we restrict ourselves to Rj;(u), the other case
being similar. We begin with (6.5). We select o = —1, and obtain by partial

summation
/ Fls)er ar| <~ |f=1+iTH)e |+ = / Flsye dr
T+ u T+

< |F(=1+4TH)| +

/Tim @(ss)e ’

By (5.21) and (5.24), the first and third terms are

e et

lell il
(6.7) < T €< yoT
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Moreover, the second term is plainly

+oo 6(ufvfl)s
cp(v)/ ————dr| do,
T+ s

+oo e(ufm))s
< fuptun) | [ TS ar
T+ s

ug
Y /
’U.o*l

which, by a further integration by parts, is also seen to be of the size (6.7) under
the hypothesis u > ug 4+ 1 + €. This yields the required bound for the contribution
to R} (u) of the vertical part of the path W*. The contribution of the horizontal
part can plainly be bounded by

-1
< Hiaxl{lf(a+z‘T+)|e"”‘(““+1)}/ elu—uo—1)o 4
Flo +iTH)|e~lol(wot1)
< UH%&E%“f(J—}-ZT )e }.

By the estimate (5.22) of Lemma 7 this is

sl M(—=1,T%)
6.8 — (1 ’
(6.8) <<1+|T+|(+e )
with
(6.9) M(v,T) := max Re bS (T(—S)+C4 £ 41
o< — |S|4

for a suitable constant c4. Now, for s = 0 +iT+ = o +i(dy +7), 0 < —1, we have

e *® o 1 2
(6.10) Re {b — T(—s)} = T {cos<p | cos(2¢) + F cos(3<p)} )

where ¢ := arctan(r/c). It is easy to check that, for || < 47, the expression in
parantheses is > c¢5/|s|? for a suitable positive constant cs, provided |s| is sufficiently
large. Hence the right-hand side of (6.9) is < O(1) for v = —1, and this completes
the proof of (6.5).

Finally, we prove (6.6). Since |f(s)| — 0 as |7| — 400 uniformly for ¢ in any fixed
vertical strip o7 < o < 02, we may replace in the definition of W the number —1
by any real number r. We select r = —z, with z := Re(_n_1. The argument used
above in (6.8)—(6.10) works equally well in this context and yields the bound

o~

< ||| e~ (v u0)z

for the contribution of the horizontal branch of the new path, and this is sufficient
for (6.6). It remains to evaluate the contribution of the vertical part of the path.
Using the same argument again, as well as Lemmas 2 and 7, we obtain the bound

< lelle™ 7% max | f(—2 + it)| < ||l exp{~(u — uo)z + N(~zT*)}
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with

>

e—S e—O'
N(o,T) := max Re {b—_sT(_S) +eq (W + 1) } .

Thus, to prove (6.6), it suffices to show that

N(=Re¢.n_1,TT) <u (T(C_N_l) +0 (gig)) :

If u is sufficiently large in terms of ¢ and N this may easily be deduced from
the representation (6.10), the definition of (_y_1, and Lemma 1. This finishes the
proof.
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