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On a class of differential–difference equations

arising in number theory

Adolf Hildebrand∗ and Gérald Tenenbaum

1. Introduction
Functions defined by differential-difference equations of the type

(1.1) uf ′(u) + af(u) + bf(u − 1) = 0,

where a and b are constants, arise frequently in number theory. Probably the best
known example is the Dickman function �(u), which is defined for u � 0 as the
unique continuous solution of the system

�(u) = 1 (0 � u � 1),
u�′(u) + �(u − 1) = 0 (u > 1).

It is defined arithmetically as the asymptotic proportion of integers n having no
prime factors greater than n1/u [Di][dB3], and it may also be given a probabilistic
interpretation [He][Wh]. De Bruijn [dB4] showed that, as u → ∞,

(1.2) �(u) ∼ eγ

√
2πu

exp

{
−uξ +

∫ ξ

0

et − 1
t

dt

}
,

where γ denotes Euler’s constant and ξ = ξ(u) is the unique positive solution to
the equation

(1.3) eξ = 1 + uξ.

The function ξ(u) is non-elementary, but standard techniques of asymptotic ana-
lysis (see [dB6, §2.4]) show that for all sufficiently large u, ξ(u) is represented by
the convergent series

ξ(u) = log u + log2 u +
∞∑

m=0

∞∑
k=1

cmk

(
1

log u

)m (1 + u log2 u

u log u

)k

,
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where logk denotes the k-fold iterated logarithm and

cmk :=
(

m + k

m

)
Res

{
zm

(ez − 1)m+k

( zez

ez − 1
− m

m + k

)
; 0

}
.

Computing the first few coefficients cmk yields the estimate

(1.4) ξ(u) = log u+log2 u+
log2 u

log u
−

1
2 log2

2 u − log2 u

(log u)2
+O

( (log2 u)2

(log u)3
)

(u � u0).

A slightly weaker estimate is given in [dB4].
Another well-known example of a function satisfying (1.1) is the Buchstab

function ω(u), which is defined for u � 1 as the unique continuous solution of
the system

ω(u) =
1
u

(1 � u � 2),

uω′(u) + ω(u) − ω(u − 1) = 0 (u > 2).

This function arises when estimating the frequency of integers n whose smallest
prime factor is � n1/u [Bu][dB2]. It is easy to show (see, e.g., [dB2]) that, as u → ∞,
ω(u) converges exponentially to e−γ , where γ is Euler’s constant. The finer behavior
of the difference ω(u)− e−γ has recently been investigated by several authors [Ma]
[CG] [Hi] ; it turns out that ω(u)− e−γ behaves essentially like a periodic function
with period 2, dampened by an exponentially decaying factor. Oscillation results of
this type play an important role in proving irregularity results on the distribution
of primes [Ma] [FGHM] [CG] [Hi].

Functions satisfying (1.1) when a + b is an integer arise in sieve theory, and in
this context have been investigated by various authors ; see, for example, [AO]
[JR] [Iw] [GR] [DHR] [Wh]. Alladi [Al] and Hensley [He] obtained asymptotic
formulae of the type (1.2) for a particular class of such functions satisfying (1.1)
with (a, b) = (−κ + 1, κ), where κ is any positive number. Wheeler [Wh] gave
similar formulae for the parameter pairs (a, b) = (−κ + n, κ), for any positive real
number κ and positive integer n. He also obtained an asymptotic formula, of a
rather different shape, for the case when a + b is not an integer. The first author
[Hi] recently extended the results of Alladi and Hensley to the cases (a, b) = (−z, z)
and (a, b) = (−z + 1, z), where z is any non-zero complex number with Re z > −1
or z = −1. The latter result covers, in particular, the Buchstab function.

The equation (1.1) with general coefficients a and b appears to have been first
studied by Iwaniec [Iw] in connection with his work on sieve theory, and a more
systematic investigation has been undertaken recently by Wheeler [Wh]. Iwaniec
and Wheeler both make extensive use of the “adjoint equation”

(1.5) ug′(u) + (1 − a)g(u) − bg(u + 1) = 0,

which, in a sense, is easier to deal with that (1.1). Since solutions to the equations
(1.1) and (1.5) are connected via a simple integral relation (see section 3), one
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can derive asymptotic information for a given solution to (1.1) by studying the
asymptotic behavior of a suitable solution to (1.5).

Despite the considerable amount of literature on functions satisfying equations
of the type (1.1), most results deal only with particular solutions to this equation
which arise naturally in some number-theoretic context. The object of the present
paper is to describe, for any given pair of complex coefficients (a, b) with b �= 0, the
structure and asymptotic behavior of the general solution to (1.1).

The problem of describing the general solution to (1.1) amounts to describing
the solutions f(u) = f(u;ϕ) to systems of the type

(1.6) f(u) = ϕ(u) (u0 − 1 � u � u0),

(1.7) uf ′(u) + af(u) + bf(u − 1) = 0 (u > u0),

where u0 is any positive real number and ϕ(u) is any given continuous function on
[u0 − 1, u0]. Indeed, rewriting (1.7) in the equivalent form

(1.7′) (f(u)ua)′ = −bua−1f(u − 1) (u > u0),

it is easily seen this system has a unique continuous solution f(u) = f(u;ϕ) for
u � u0 − 1 ; conversely any function f(u) satisfying (1.1) for sufficiently large
u is a solution to this system with a suitable choice of u0 and with ϕ = f as
initial function on [u0 − 1, u0]. We shall construct a set of “fundamental” solutions
F (u) = F (u; a, b) and Fn(u) = Fn(u; a, b) (n ∈ Z), which span the solution space
of (1.1) in the sense that any solution f(u;ϕ) of the system (1.6)-(1.7) can be
expressed as a convergent series

(1.8) f(u) = αF (u) +
∑
n∈Z

αnFn(u)

with suitable coefficients α and αn depending on the initial function ϕ.
Series expansions of solutions of differential difference equations have been ob-

tained in the literature for various special equations. A complete theory exists for
the case of a retarded differential difference equation with constant (or asymp-
totically constant) coefficients : the general solution of such an equation can be
expanded into a series of exponential solutions esu, where s runs through the roots
of the associated characteristic function (see [BC]). De Bruijn [dB5] gave an expan-
sion quite similar to (1.8) for the solutions to the differential difference equation
f ′(x) = eax+bf(x − 1). His approach, however, is different from the one we shall
use. While preparing the present paper, the authors were made aware of a thesis
by Beenakker [Be], who applies de Bruijn’s method to the equation (1.1) in the
case a = 0.

The functions F and Fn in (1.8) can be estimated rather precisely. Using such
estimates, we will be able to describe the asymptotic behavior of the general
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solution to (1.1) and its dependence on the initial function ϕ(u). For example,
we will show (see Corollary 6) that if f(u) is a real-valued function which
satisfies the differential-difference equation of the Dickman function (i. e. (1.1)
with (a, b) = (0, 1)) for sufficiently large u and is of order o(1/u) as u → ∞,
then there exists a constant c such that the function

(
f(u)/�(u)

)
− c is either

identically zero for sufficiently large u or oscillates in a rather regular fashion
with asymptotically constant differences between consecutive sign changes and an
exponentially decreasing amplitude.

The plan for the remainder of this paper is as follows. In Section 2, we shall define
the functions F and Fn and formulate asymptotic estimates for these functions
(Theorem 1). In Section 3, we will state our principal result (Theorem 2), which
gives an expansion of the form (1.8) for the general solution to the system (1.6),
(1.7), and we shall derive several corollaries from this result. We shall prove
Theorem 1 in Section 4 and Theorem 2 in the final two sections.

Notation and conventions. Throughout this paper we fix a positive number ε < 1
and complex numbers a and b satisfying

(1.9) |a| � 1
ε
, ε � |b| � 1

ε
.

We define real numbers h, κ and ϑ by

(1.10) h = a + b, b = κeiϑ (κ > 0, −π < ϑ � π).

We shall use the notations f = O(g) and f � g interchangeably to mean that
|f | � cg holds with some constant c in the range under consideration, and we write
f � g if f � g and g � f hold. The constants here may depend at most on ε,
unless specified otherwise. By w0(n), u0(ε), etc., we shall denote generic sufficiently
large constants depending on the indicated parameters.

We denote the sets of positive and negative integers, excluding zero, by Z+ and
Z−, respectively, and the sets of positive and negative reals by R+ and R−.

Acknowledgements. We would like to thank Daniel Barlet for helpful discussions
concerning an early stage of this paper, and K. Alladi for having called our attention
to the thesis [Be].

2. Fundamental Solutions
With ϑ defined by (1.10), we consider the angular path

C = [−∞ + (ϑ − π)i, (ϑ − π)i, 0],

where, here and in the sequel, we use the notation [z1, z2, . . . , zk] to denote the
contour going from z1 to zk via z2, . . . , zk−1 by straight line segments. We set

(2.1) λ(s) = λ(s; a, b) := ebI(−s)sh,
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where
I(s) :=

∫ s

0

ez − 1
z

dz

is the exponential integral arising in de Bruijn’s formula (1.2), h is given by (1.10),
and sh is defined using the (unique) continuous branch of arg(s) in C� C which is
equal to 0 for positive values of s. Thus λ(s) is an entire funtion if h ∈ Z+ ∪ {0} ,
analytic in C�{0} if h ∈ Z−, and analytic in C�C with a branch cut at C if h �∈ Z.

For any integer n we define

(2.2) Fn(u) = Fn(u; a, b) :=
1

2πi

∫
Γn

λ(s)eus ds

s
,

where, in the above notation,

Γn = Γ + iϑn, Γ = [−∞− iπ+, −1 − iπ+, −1 + iπ−, −∞ + iπ−]

with

(2.3) ϑn = ϑ + 2nπ.

Note that the upper horizontal portion of Γ−1 is taken below the branch cut C,
whereas the lower horizontal portion of Γ0 is taken above C. We further set

(2.4) F (u) = F (u; a, b) =


Γ(1 − h)

2πi

∫
Γ∗

λ(s)eus ds

s
if h �∈ Z+,

− eπih

Γ(h)

∫
Γ0

λ(s)eus ds

s
if h ∈ Z+,

where Γ∗ is a positively oriented Hankel contour around the branch cut C, and Γ0

is a path going from −∞ + i(ϑ − π)− to 0 below C, as indicated in the figure.
The estimate

(2.5) I(s) ∼ es

s
( Re s → ∞, | Im s| � 1),

which follows easily by partial integration from the definition of I(s) (cf. Lemma 2
below), implies that the function ebI(−s) tends to zero at faster than exponential
rate as Re s → −∞ in a strip | Im s − (ϑn + π)| � 1

2π − δ, for any fixed δ > 0 and
integer n. Since the infinite portions of the contours Γn, Γ∗, and Γ0 fall into one of
these strips, and the integrand in the second integral of (2.4) is bounded near s = 0
for h ∈ Z+, all three integrals in (2.2) and (2.4) are absolutely convergent for any
real or complex value of u, and the functions Fn and F are entire functions of u.
Using integration by parts as in Iwaniec [Iw ; p.18] it is easily checked that each of
the functions Fn and F is indeed a solution to (1.1). We shall, however, not make
use of this fact.
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Figure.— Contours.

We define a similar set of fundamental solutions Gn and G to the adjoint equation
(1.5) by

(2.6) Gn(u) = Gn(u; a, b) :=
∫

∆n

e−us

λ(s)
ds ,
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(2.7) G(u) = G(u; a, b) :=


eπihΓ(h)

2πi

∫
∆∗

e−us

λ0(s)
ds, if h �∈ Z− ∪ {0} ,

1
Γ(1 − h)

∫
∆0

e−us

λ0(s)
ds if h ∈ Z− ∪ {0} ,

where λ0(s) is defined by the same formula as λ(s), namely

λ0(s) := ebI(−s)sh,

but with sh defined by taking arg(s) ∈ (0, 2π), so that λ0(s) is analytic in C� R+∪
{0}. Here ∆n is defined for n �= 0 as the horizontal path [−∞ + iϑn,+∞ + iϑn],
and for n = 0 as the path

∆0 := [−∞ + iϑ,−1 + iϑ,−1 + iπ, 1 + iπ, 1 + iϑ,+∞ + iϑ],

which avoids the branchcut C. Thus ∆n lies above C if n � 0, and below C if
n < 0. The contour ∆∗ is defined as a negatively oriented Hankel contour around
R+, and ∆0 a contour going from 0 to +∞ above the real axis. As in the case of
the functions Fn and F , it is easily seen that the integrals in (2.6) and (2.7) are
absolutely convergent for any real or complex number u with positive real part,
and that the functions G(u) and Gn(u) defined in this way are analytic in Reu > 0
and satisfy (1.5) in this half plane.

We note that the functions G(u) coincide, up to a constant factor, with the
function q(s) introduced by Iwaniec [Iw ; p.181] (see also [Wh]).

Remarks. (i) The second formula on the right of (2.4) may be obtained as a limiting
case of the first. Indeed, if Re h > 0 then the integral over Γ0 in (2.4) is absolutely
convergent, depends continuously on h, and we have∫

Γ∗
eusλ(s)

ds

s
= (1 − e2πih)

∫
Γ0

eusλ(s)
ds

s
.

For Re h > 0 and h �∈ Z+ the first formula in (2.4) therefore becomes

Γ(1 − h)
2πi

∫
Γ∗

eusλ(s)
ds

s
=

Γ(1 − h)(1 − e2πih)
2πi

∫
Γ0

eusλ(s)
ds

s

= −Γ(1 − h)eπih sinπh

π

∫
Γ0

eusλ(s)
ds

s

= − eπih

Γ(h)

∫
Γ0

eusλ(s)
ds

s

by the reflection formula for the Gamma function, and thus coincides with the
second formula. It can be shown similarly that the second expression on the right
hand side of (2.7) is well defined for Re h < 1 and coincides with the first whenever
Re h < 1 and h �∈ Z− ∪ {0}.
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(ii) It is easily checked that the functions Fn(u; a, b) and Gn(u; a, b) are continuous
in a and b, and in fact uniformly continuous in any compact u-interval in (0,+∞).
In view of the previous remark, the same is true for the functions F (u; a, b) and
G(u; a, b).

(iii) We have

(2.8) F ′
n(u; a, b) = Fn(u; a + 1, b) (n ∈ Z),

(2.9) G′
n(u; a, b) = −Gn(u; a − 1, b) (n ∈ Z),

where the derivatives are taken with respect to u. This follows immediately from
the definitions of Fn and Gn.

(iv) If a and b are real then we have the relations

(2.10) F−n =

{
Fn if b > 0,

Fn−1 if b < 0,

and

(2.11) G−n =

{
Gn if b > 0,

Gn−1 if b < 0,

for any positive integer n. To see the first relation in (2.10), note that in the
case b > 0 (so that ϑ = 0) the paths Γn and Γ−n lie symmetrically with respect
to the real axis, and that replacing s ∈ Γ−n by s ∈ Γn changes the integrand
eusλ(s)/s = eus+bI(−s)sh−1 into its complex conjugate if a and b are real. A similar
argument gives the other relations.

In Theorem 1 below we will give asymptotic estimates for the fundamental
solutions Fn(u) and F (u). The estimates for Fn are of the same form as de Bruijn’s
estimate (1.2) for the Dickman function, but with the quantity ξ = ξ(u) replaced
by an appropriate complex solution to the equation

(2.12) eζ = 1 + wζ

(with w = u/b) in a certain region of the complex plane depending on n. To this
end we shall first establish the following result, which proves the existence and
uniqueness of such a solution for sufficiently large |w| and gives an asymptotic
estimate for ζ.

Lemma 1. Let n be a fixed integer. For u > 1, let ξ(u) denote the unique positive
solution to (1.3). There exists a constant w0 = w0(n) such that for all complex
numbers w = �eiϕ satisfying

� � w0(n), −π � ϕ < π,
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the equation (2.12) has a unique solution ζn in the disk

(2.13) |ζn − (ξ + iϕn)| � π

with ξ = ξ(�) and ϕn = ϕ − 2nπ. Moreover, we have

ζn = ξ +
ϕ2

n

2ξ2
+ i

ξϕn

ξ − 1
+ O

( 1
ξ3

)
,(2.14)

dζn

dw
=

ζn

w(ζn − 1)

(
1 + O

( 1
wξ

))
.(2.15)

Setting

(2.16) Φ(u, s) = Φ(u, s; a, b) =
exp {−us + bI(s)} sh−1√

2πu(1 − 1/s)

we then have the following result.

Theorem 1.
(i) For any fixed non-zero integer n and u � u0(ε, n), we have

(2.17) Fn(u; a, b) =
(
1 + O(

1
u

)
)
Φ(u, ζn; a, b)

where ζn = ζn(u/b) is defined as in Lemma 1 with (�, ϕ) = (u/κ,−ϑ) and the
implied constant depends at most on ε and n.

(ii) For any fixed positive integer K and u � u0(ε) we have

(2.18) F (u; a, b) = u−h
{

1 +
K∑

k=1

bkΓ(1 − h)
Γ(1 − h − k)

u−k + O(u−K−1)
}

where bk (k = 1, 2, . . .) is the k-th Taylor coefficient of exp{bI(−s)} and the implied
constant depends at most on ε and K. Moreover, if h ∈ Z− ∪ {0}, then F (u; a, b)
is a polynomial of degree −h whose coefficients are given by (2.18).

It is easy to obtain more explicit estimates for the functions on the right hand
side of (2.17). For example, if we put

(2.19) T (s) = 1 +
1
s

+
2
s2

,

it is easily checked (cf. Lemma 2) that

I(s) =
es − 1

s
T (s) + O

( eσ

σ4

)
(σ � 1).
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In particular, taking in turn s = ζn and s = ξ = ξ(u/κ) and estimating the error
term by Lemma 1, we obtain

bI(ζn) = uT (ζn) + O
( u

ξ3

)
,

κI(ξ) = uT (ξ) + O
( u

ξ3

)
,

so that

Φ(u, ζn; a, b) = exp
{
−u

(
ζn − T (ζn) + O(

1
ξ3

)
)}

Φ(u, ξ; a, b) = exp
{
−u

(
ξ − T (ξ) + O(

1
ξ3

)
)}

.

Applying the mean value theorem and (2.14) to estimate T (ζn) − T (ξ), it readily
follows that

(2.20)
Φ(u, ζn; a, b)
Φ(u, ξ; a, κ)

= exp
{
− uϑ2

n

2ξ2
+ iuϑnT (ξ) + O

( u

ξ3

)}
,

where ϑn is as in (2.3). (Observe that, in the notation of Lemma 1, ϑn = −ϕn,
with ϕ = −ϑ.) Combining these estimates with (2.17) and (2.14), we obtain the
following corollary.

Corollary 1. For any fixed integer n and u � u0(ε, n), we have

(2.21) Fn(u) = F0(u) exp
{
− u

(
ϑ2

n − ϑ2

2ξ2
− 2nπT (ξ)i + O

( 1
ξ3

)) }
where ϑn is as in (2.3). Moreover,

(2.22) F0(u) = exp
{
− u

(
ξ +

ϑ2

2ξ2
− (1 + iϑ)T (ξ) + O

( 1
ξ3

))}
.

Using the expansion (1.4) for ξ(u/κ), one can replace the expressions on the
right of (2.21) and (2.22) by a slightly more complicated expression involving only
elementary functions.

Analogous results could be proved for the functions Gn(u) and G(u) ; for example,
it can be shown that

(2.23) Gn(u; a, b) =
(
1 + O

( 1
u

))
Ψ(u, ζn; a, b),

where

Ψ(u, s) = Ψ(u, s; a, b) =
√

2π exp {us − bI(s)} s−h√
u(1 − 1/s)

=
(
Φ(u, s; a, b)su(1 − 1/s)

)−1
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Thus, apart from the factor ζnu, the functions Fn and Gn are essentially reciprocals
of each other. The proof of (2.23) is very similar to that of part (i) of Theorem 1,
and we shall not give it here. We note only that, for any fixed δ > 0,

(2.24) |Gn(u; a, b)| � 1, |G(u; a, b)| � 1 (δ � u � 1/δ),

where the implied constant depends at most on ε and δ. This follows easily from
the definition of Gn.

3. The main result
We assume that ε, a and b satisfy (1.9), and we fix a positive number u0 in the

range

(3.1) ε � u0 � 1
ε

Given two functions f and g defined on [u0 − 1, u0] and [u0, u0 + 1], respectively,
we set

< f, g >= u0f(u0)g(u0) − b

∫ u0

u0−1

f(u)g(u + 1) du.

This “scalar product” is independent of u0 if f and g are solutions to (1.1) and
(1.5), respectively ; cf. [Wh, p. 508].

Our principal result is as follows.

Theorem 2. Let ϕ(u) be a continuous function on [u0 − 1, u0], and let f(u) =
f(u;ϕ) be the unique continuous solution to (1.6) and (1.7). Then we have

(3.2) f(u) = αF (u) +
∑
n∈Z

αnFn(u) (u > u0 + 1),

where

(3.3) α :=< ϕ, G >, αn :=< ϕ, Gn >,

and the series in (3.2) is uniformly convergent for u � u0 + 1 + δ, for any fixed
δ > 0. Moreover, for any fixed nonnegative integer N and u � u0(ε, N) we have

(3.4) f(u) = αF (u) +
∑

|n|�N

αnFn(u) + RN (u)

with

(3.5) RN (u) � ‖ϕ‖ |F0(u)| exp
{
− u

2ξ2

((
2(N + 1)π − |ϑ|

)2 − ϑ2
)

+ O
( u

ξ3

)}
,

where ξ = ξ(u/κ) is defined by (1.3), ‖ϕ‖ = maxu0−1�u�u0 |ϕ(u)|, and the implied
constants depend at most on N and the constant ε in (1.9) and (3.1).
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For real solutions to (1.1), i.e., solutions f(u) = f(u;ϕ) in the cases

(3.6) a ∈ R, b > 0, ϕ real-valued,

or

(3.7) a ∈ R, b < 0, ϕ real-valued,

the relation (3.4) may be simplified somewhat. In the first case, (3.4) reduces to

(3.4′) f(u) = αF (u) + α0F0(u) + 2 Re
N∑

n=1

αnFn(u) + RN (u),

where

(3.5′) RN (u) � ‖ϕ‖ |F0(u)| exp
{
−2(N + 1)2π2u

ξ2

(
1 + O

(1
ξ

))}
;

in the second case, we may replace (3.4) for N � 1 by

(3.4′′) f(u) = αF (u) + 2 Re
N−1∑
n=0

αnFn(u) + RN (u),

where

(3.5′′) RN (u) � ‖ϕ‖ |F0(u)| exp
{
−2N(N + 1)π2u

ξ2

(
1 + O

(1
ξ

))}
.

The former estimate follows immediately from (3.4), (3.5), and the relation
α−nF−n(u) = αnFn(u) for n � 1, which is a consequence of (2.10), (2.11), and
(3.3). The latter estimate is obtained from (3.4) and (3.5), evaluating the term
αNFN (u) trivially by means of Corollary 1 and (2.24) (which implies |αn| � ‖ϕ‖),
and using the relation α−nF−n(u) = αn−1Fn−1(u), which follows as before, for any
positive integer n, from (2.10), (2.11), and (3.3).

In the remainder of this section we shall derive a number of corollaries from
Theorems 1 and 2, which give less precise, but simpler and more explicit estimates
for f(u). If we combine (3.4) and (3.5) (resp. (3.4′′) and (3.5′′) ) with the estimates
of Theorem 1 and Corollary 1, we obtain the following result.

Corollary 2. Under the hypotheses of Theorem 2 we have either

(3.8) f(u) = u−h
(
α + O

(‖ϕ‖
u

))
with α �= 0, or

(3.9) f(u) = o
(
u−Re h

)
(u → +∞).
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In the latter case f(u) satisfies

(3.10) f(u) = Φ(u, ζ0)
(
α0 + O

(‖ϕ‖
u

))
if −π + δ � ϑ � π − δ for some δ > 0, where the O-constant depends at most on ε
and δ, and

(3.11) f(u) = 2Re α0Φ(u, ζ0) + O
(‖ϕ‖

u
|Φ(u, ζ0)|

)
,

if (3.7) is satisfied.

The estimates (3.10) and (3.11) generalize and refine de Bruijn’s asymptotic for-
mula (1.2) for the Dickman function, and contain the above-mentioned asymptotic
estimates of Alladi [Al], Hensley [He], and the first author [Hi] for particular solu-
tions to (1.1).

In the case when both α and α0 are zero, Corollary 2 yields only an upper
bound for f(u). The next corollary, which follows by a similar argument from
Theorems 1 and 2, gives a refined estimate for f(u) in this case. Here, as in
the remaining corollaries, we shall concentrate on the case of real, exponentially
decreasing solutions to (1.1), i.e. solutions satisfying the second alternative (3.9)
of Corollary 2 and either (3.6) or (3.7). The results could be extended to complex
solutions, but the statements would then become more complicated.

Corollary 3. Let the hypotheses and notations of Theorem 2 be in force and
suppose that f is not identically zero and satisfies (3.9). Suppose further that a
and b are real, b �= 0, and that ϕ is real valued. Put

(3.12) k := min{n � 0 : αn �= 0},
and suppose furthermore that ϑk �= 0 (i.e. either k > 0 or k = 0 and b < 0). Then
we have for u � u0(ε, k)

(3.13) f(u) = 2Re αkΦ(u, ζk) + O
(‖ϕ‖

u
|Φ(u, ζk)|

)
,

where the O-constant depends at most on ε and k.

The local behavior of the right-hand expressions in (3.11) and (3.13) is easy to
analyze. Indeed, applying (2.14)–(2.16) with (�, ϕ) = (u/κ,−ϑ), we get

d
duΦ(u, ζn)
Φ(u, ζn)

= −ζn + O

( |ζ ′n(u/b)|
|ζn|

+
1
u

)
= −ξ +

ξ

ξ − 1
ϑni + O

( 1
ξ2

)
with ξ = ξ(|u/b|) = ξ(u/κ) and ϑn is as in (2.3). Since, by (2.15), ξ

(
(u + t)/κ

)
=

ξ(u/κ) + O(|t|/u) for |t| � u/2, this implies

Φ(u + t, ζn

(
(u + t)/b)

)
Φ(u, ζn(u/b))

= exp
{
−tξ + tϑn

ξ

ξ − 1
i + O

( |t|
ξ2

)}
with ξ = ξ(u/κ), uniformly for |t| � u/ξ2. Using this estimate in (3.11) and (3.13),
we obtain the following result.
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Corollary 4. Let the hypotheses of Corollary 3 be in force. Then we have, for
u � u0(ε, k) and |t| � ξ2,

(3.14) f(u + t) = �ue−tξ

{
cos

(
τu + ϑkt

ξ

ξ − 1

)
+ O

( |t|
ξ2

+
‖ϕ‖
|αk|u

)}
,

where ξ = ξ(u/κ), k is defined by (3.12),

(3.15) �u := 2|αkΦ(u, ζk)|, τu := arg (αkΦ(u, ζk)) ,

and ϑk is given by (2.3), i.e.

(3.16) ϑk := ϑ + 2kπ =
{

2kπ if (3.6) holds,
(2k + 1)π if (3.7) holds.

The implied constant here depends at most on ε and k.

This result can be used to determine asymptotically the location of the zeros of
f(u) when ϑk �= 0. Indeed, from (3.14) and the continuity of f it follows that f(u)
has a zero in every interval of length (π/ϑk)(1−1/ξ)+O(1/ξ2). Moreover, if u < u′

are two consecutive zeros of f(u) then either u′ − u = O (1/u) or

(3.17) u′ − u =
π

ϑk

(
1 − 1

ξ

)
+ O

(
1
ξ2

)
.

If the first alternative holds, then f ′(u + t) = 0 for some t with |t| � 1/u. But by
(1.1) and (3.14), applied to f(u + t), f(u − 1 + t), and f(u)(= 0) we have in this
range

−(u + t)f ′(u + t) = af(u + t) + bf(u + t − 1)

= be−(t−1)ξ�u

{
cos

(
τu + ϑk(t − 1)

ξ

ξ − 1

)
+ O

(
1
u

)}
= be−(t−1)ξ�u

{
±ϑk

ξ
+ O

(
1
ξ2

)}
,

whence f ′(u + t) is non-zero for sufficiently large u if ϑk �= 0. Thus any two
consecutive zeros u < u′ with u sufficiently large must satisfy (3.17). This
observation together with Corollaries 3 and 4 easily leads to the following result.

Corollary 5. Let the hypotheses of Corollary 3 be in force. Then there exists a
number u1 � u0 such that f(u) has only countably many zeros, λ1 < λ2 < · · · ,
exceeding u1. Moreover, we have

(3.18) λn+1 − λn =
π

|ϑk|
(
1 + O

( 1
log n

))
(n → +∞),

(3.19)
max

λn�u�λn+2
f(u) = |Φ(λn, ζk(λn))|eO(ξ),

min
λn�u�λn+2

f(u) = −|Φ(λn, ζk(λn)|eO(ξ),

where k and ϑk are given by (3.12) and (3.16), ξ = ξ(λn), and the implied constants
may depend on the function f .
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The above results show that the behavior of the general solution to the equation
(1.1) is to a large degree independent of the particular initial function ϕ(u). For,
example, the asymptotic formula (3.13) depends on ϕ only via the coefficient
αk. To further illustrate this phenomenon, we consider the case (a, b) = (0, 1) of
(3.6). Suppose f(u) is a real-valued solution to (1.1) with (a, b) = (0, 1) satisfying
f(u) = o(1/u). We shall compare the asymptotic behavior of this solution to that
of a particular solution, namely the Dickman function �(u). Set c = α0(f)e−γ and
g = f − c�, where α0(f) is defined as in Theorem 2 with respect to f . The function
g is again a solution to (1.1) and thus has an expansion of the form (3.2) with
coefficients α(g) = α(f) − cα(�) and αn(g) = αn(f) − cαn(�). In particular, since
α(f) = α(�) = 0 and cα0(�) = ceγ = α0(f), by the hypothesis f(u) = o(1/u),
Corollary 2, and (1.2), we have α(g) = α0(g) = 0. Thus, if g is not identically zero,
we can apply Corollary 5 to g(u), getting (3.18) and (3.19) for some positive integer
k. Since ϑk = 2kπ, we deduce from (3.18) that λn = (n/2k) (1 + O (1/ log n)) .
Furthermore, (2.20) and (1.2) yield in this case

|Φ(λn, ζk(λn); 0, 1)| = Φ(λn, ξ(λn); 0, 1) exp
{
−2π2k2λn

ξ(λn)2

(
1 + O

(
1

ξ(λn)

))}
= �(λn) exp

{
−2π2k2λn

ξ(λn)2

(
1 + O

(
1

ξ(λn)

))}
= �(λn) exp

{
− π2kn

ξ(λn)2

(
1 + O

(
1

ξ(λn)

))}
.

We thus arrive at the following result.

Corollary 6. Let f(u) be a real-valued continuous function on [u0,+∞) satisfying
(1.1) with (a, b) = (0, 1) , and f(u) = o(1/u) as u → +∞. Then there exists
a constant c such that f(u) = �(u)(c + h(u)), where the function h(u) is either
identically zero for all sufficiently large u, or has infinitely many zeros λ1 < λ2 < · · ·
satisfying (3.18) with µk = 2kπ for some positive integer k and

(3.20) max
λn�u�λn+2

h(u) = exp
{ −π2kn

log2(n log n)

(
1 + O

(
1

log n

))}
,

(3.21) min
λn�u�λn+2

h(u) = − exp
{ −π2kn

log2(n log n)

(
1 + O

( 1
log n

))}
,

as n → +∞. The O-constants here may depend on f .

Previously, de Bruijn [dB] and Alladi [Al] had obtained estimates of the type

f(u) = �(u)(c + O(u−1/4+ε))

and
f(u) = �(u)

(
c + O

(
exp

{
−u1/4−ε

} ))
,
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respectively, for functions satisfying the differential difference equation of the
Dickman function under slightly stronger hypotheses. The above result not only
improves the error term in these estimates to its best-possible form, namely

exp
{
− 2π2u

log2 u
(1 + o(1))

}
,

but also exhibits the finer behavior of the difference f(u) − c�(u) by showing that
the function f(u) oscillates around c�(u) like a periodic function dampened by an
exponentially decaying factor.

§ 4. Proof of Lemma 1 and Theorem 1.

Proof of Lemma 1.
Put ζ = ξ + iϕn + v, where ξ = ξ(�). Multiplying both sides of (2.12) (with

w = �eiϕ) by e−ξ−iϕn =
e−iϕ

1 + �ξ
, we obtain

ev − e−iϕ

1 + �ξ
=

�

1 + �ξ
(ξ + iϕn + v).

Setting

µ :=
�

1 + �ξ
, ν :=

1 − eiϕ

w
+ iϕn,

this may be written as

(4.1) ev − 1 − µ(v + ν) = 0.

Since |µ| ∼ 1/ξ ∼ 1/ log � and ν ∼ iϕn as � → +∞, we have for � � w0(n)

|ez − 1| > |µ(z + ν)| (|z| = π).

By Rouché’s theorem, it follows that equation (4.1) has a unique solution in the
disk |v| � π, which is given by Cauchy’s formula

v =
1

2πi

∮
|z|=π

ez − µ

ez − 1 − µ(z + ν)
zdz.

Expanding the integrand as a power series in µ, we readily obtain

(4.2) v =
+∞∑
k=1

ck(ν)µk

where ck(ν) is the coefficient of zk−1 in the Taylor expansion of

Hk,ν(z) :=
( z

ez − 1

)k+1

(z + ν)k−1
(
ez(z + ν − 1) + 1

)
.
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Now, observe that Hk,ν(z) is regular for |z| < 2π and that, for some absolute
positive constant C,

|Hk,ν(z)| �
{

C(|ν| + 1)
}k+1

(|z| � π).

Cauchy’s formula hence yields that

(4.3) ck(ν) �
{

C1(|n| + 1)
}k+1

(k = 1, 2, . . .),

so the Taylor expansion (4.2) is certainly convergent for � � w0(n) with a suitable
constant w0(n).

This puts us in a position to complete the proof immediately. Indeed, (2.14)
follows from (4.2) and (4.3) on noticing that

c1(ν) = ν, c2(ν) = ν − 1
2ν2,

and (2.15) is obtained by differentiating (2.12) with respect to w, using (2.12) and
(2.14) in the weak form ζn = ξ + O(1).

For the proof of Theorem 1, we shall need a preliminary result. We suppose, here
and in the remainder of this section, that ε, a, and b satisfy (1.9) and (1.10).

Lemma 2. Let s ∈ C � C. Then we have

(4.4) |λ(s)| � |sh|(1 + |s|)−Re b (σ � −1),

(4.5) |λ(s)| � |sa| exp
{

Re
(
b I1(−s)

)}
(σ � −1),

(4.6) |λ(s)| = |sa| exp
{

Re
(
b
e−s

−s
T (−s)

)
+ O

(
e|σ|

|s|4 + 1
)}

(σ � −1).

where

I1(s) :=
∫ s

1

ez

z
dz

and T (s) is defined by (2.19).

Proof. If |s| � 1, the estimate (4.4) follows trivially from the bound I(−s) � 1. If
σ � −1, |s| > 1, then we have

I(−s) = I(−1) +
∫ −s

−1

ev − 1
v

dv = I(−1) − log s +
∫ s

1

e−v dv

v

= I(−1) − log s +
1
e
− e−s

s
+

∫ s

1

e−v dv

v2

= − log s + O(1),



18 A. Hildebrand and G. Tenenbaum

which again yields (4.4).
The validity of (4.5) and (4.6) follows from the formula

I(−s) = I(1) +
∫ −s

1

ev − 1
v

dv = I(1) − log(−s) + I1(−s) (σ � −1),

and the estimate

I1(s) =
es

s
T (s) + O

(
eσ

|s|4 + 1
)

(σ � 1),

which follows by integrating over the path [1, 1 + iτ, s], using repeated integration
by parts.

Proof of Theorem 1.
We first prove the estimate (2.17) for Fn(u). Set ζn = ξn + iηn. In the

representation (2.2) for Fn(u), we shift the vertical part of the path Γn to the
line Re s = ξn, so that it passes through −ζn(u/b). Our determination of arg s
guarantees that the integrand is regular in the intermediate region, and that the
value of the integral is not affected. The contributions of the infinite horizontal
branches of the new contour may easily be estimated. Indeed, we have by (4.6)

λ(s) � exp
{
− 1

2κ
eξn+t

ξn + t

} (
s = −ξn − t + i(ϑn ± π), t > 0

)
,

and we obtain that the corresponding contributions to Fn(u) are

� exp{−uξn} � |Φ(u, ζn)|e−
1
2u

by (2.14) and (2.20).
It remains to estimate the contribution of the vertical part of the contour, namely

the segment [−ξn + i(ϑn − π),−ξn + i(ϑn + π)]. This can be done by the saddle
point method, writing λ(s)euss−1 = expψ(s) and expanding ψ(s) into a Taylor
series around s = −ζn, which is a saddle point for the function λ(s)s−h. The
argument is almost identical to that in [Hi] where (2.17) was (essentially) proved
when n = h = 0, Re b > −1. We therefore omit the details.

We now prove (2.18). First consider the case when h /∈ Z+. We write Γ∗ = Γ∗
1+Γ∗

2,
where Γ∗

1 is the part of the contour Γ∗ which lies in the half-plane σ � −2. For
s ∈ Γ∗

1, we plainly have

ebI(−s) =
+∞∑
k=0

bksk =
K∑

k=0

bksk + O(|s|K+1)

with b0 = 1. Next, we replace Γ∗
1 by a Hankel contour Γ′

1 around the path
[−2 + (ϑ − π)i,−2, 0]. This does not modify the integral, and we obtain

1
2πi

∫
Γ′

1

ebI(−s)eussh−1 ds =
K∑

k=0

bk
1

2πi

∫
Γ′

1

eussk+h−1 ds+O
( ∫

Γ∗
1

∣∣eussK+h
∣∣ · |ds|

)
.



Differential-difference equations 19

From [Ten] (Cor. II.5.2.1) we have for 0 � k � K

1
2πi

∫
Γ′

1

eussk+h−1 ds = u−k−h
{ 1

Γ(1 − h − k)
+ O(e−u)

}
,

where the implied constant depends at most on K and ε. Moreover, selecting
r = 1/u as the radius of the circular part of Γ′

1, we may write for K > |h|

∫
Γ′

1

∣∣eussK+h
∣∣ · |ds| �

∫ |ϑ−π|

0

e−2u dτ +
∣∣∣∣∫ −r

−2

euσσK+h dσ

∣∣∣∣+∫ 2π

0

euσrK+h+1 dϕ

� u−K−Re h−1Γ(K + Re h + 1).

Hence the contribution of Γ∗
1 to F (u) yields the main term in the required formula

(2.18). We now need an upper bound for the contribution of Γ∗
2. By (4.6), we may

write

|λ(s)| � |sa| exp
{
− 1

2κ
e|σ|

|σ|
}

(s ∈ Γ∗
2)

whence ∫
Γ∗

2

λ(s)
eus

s
ds � e−u.

This is plainly sufficient, and completes the proof of (2.18) when h /∈ Z+. Indeed, if
−h ∈ Z+, the contributions of the straight lines of the Hankel contour cancel and
one only has to consider the contribution of a small circle around the origin ; the
result then follows from Hankel’s formula — which in this case reduces to Cauchy’s
formula.

When h ∈ Z+, we use the fact that F (u) is a continuous function of h — see
Remark (ii) in Section 2.

4. The Laplace transform of f(u)
Let f(u) be as in Theorem 2. In this section we investigate the Laplace transform

of f(u) defined by

(5.1) f̂(s) :=
∫ +∞

u0

f(u)e−us du.

Here s is a complex variable, and we denote its real and imaginary parts by σ and
τ , respectively. We begin with the following lemma which shows that the integral
in (5.1) is absolutely convergent in the half-plane σ > 0.
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Lemma 3. There exist positive constants c1 and c2 depending on f such that for
all u � u0

(5.2) |f(u)| < c1u
c2 .

Proof. Since, by the hypotheses of Theorem 2, u0 > 0 and f(u) is continuous on
[u0,+∞), (5.2) holds for u ∈ [u0, u0 +1] with suitable positive constants c1 and c2,
where we may assume that

(5.3) c1 � 2|f(u0 + 1)(u0 + 1)a|, c2 � 2|b| − Re a.

Now suppose that n � 1 and that (5.2) is valid in the interval [u0, u0 + n]
with constants c1 and c2 satisfying (5.3). Using (1.7′) we then obtain, for u ∈
[u0 + n, u0 + n + 1],

|f(u)ua| � |f(u0 + 1)(u0 + 1)a| + |b|
∫ u

u0+1

|f(v − 1)va−1|dv

� 1
2c1 + c1|b|

∫ u

u0+1

(v − 1)c2v Re a−1 dv

� 1
2c1 + c1|b|

uc2+ Re a

c2 + Re a

� 1
2c1

(
1 + uc2+ Re a

)
� c1u

c2+ Re a,

and hence (5.2) for u0 � u � u0 + n + 1. By induction it follows that (5.2) holds
for all u � u0, and the lemma is proved.

We next give an explicit representation of f̂(s) in terms of the parameters a and
b and the initial function ϕ(u). For s ∈ C � C we set

Q(s) :=
∫ +∞

s

Φ(z)
λ(z)

dz,

where
Φ(s) := u0ϕ(u0)e−u0s − b

∫ u0

u0−1

ϕ(u)e−(u+1)s du,

λ(s) = shebI(−s) is defined as in Section 2 and the integral may be taken over any
path within the domain C � C going from s to a point on the positive real axis and
then to infinity along this axis. The integral along the infinite portion of this path
is absolutely convergent, since

(5.4)
|Φ(s)| � |u0ϕ(u0)e−u0s| + |b|

∫ u0

u0−1

∣∣∣ϕ(u)e−(u+1)s
∣∣∣ du

� u0‖ϕ‖e−u0σ + ‖ϕ‖
∫ u0

u0−1

e−(u+1)σ du � ‖ϕ‖e−u0σ
(
1 + e−σ

)
for all s ∈ C, and by (4.4), |λ(s)| � |sa| for σ � 1. Hence Q(s) is well-defined and
analytic in C � C.
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Lemma 4. For Re s > 0 we have

(5.5) f̂(s) =
1
s
λ(s)Q(s).

Proof. An integration by parts yields

f̂(s) =
∫ +∞

u0

f(u)e−us du = f(u0)
e−u0s

s
+

∫ +∞

u0

f ′(u)
e−us

s
du.

By (1.6) and (1.7) it follows that

(sf̂(s))′ = −u0f(u0)e−u0s −
∫ +∞

u0

uf ′(u)e−us du

= −u0f(u0)e−u0s +
∫ +∞

u0

(af(u) + bf(u − 1))e−us du

= −u0ϕ(u0)e−u0s + a

∫ +∞

u0

f(u)e−us du + b

∫ +∞

u0

f(u)e−(u+1)s du

+ b

∫ u0

u0−1

ϕ(u)e−(u+1)s du

=
(
a + be−s

)
f̂(s) − Φ(s).

This shows that f̂(s) is a solution to the first order linear differential equation

f̂(s)′ + f̂(s)
1 − a − be−s

s
= −Φ(s)

s
.

The general solution to this equation is of the form

(5.6) f̂(s) = e−J(s)R(s)

with

J(s) =
∫ s

1

1 − a − be−z

z
dz, R′(s) = −Φ(s)

s
eJ(s).

Writing

J(s) = (1 − a − b) log s + b

∫ s

1

1 − e−z

z
dz

= (1 − h) log s − b

∫ −s

−1

ez − 1
z

dz

= (1 − h) log s − b
(
I(−s) − I(−1)

)
,

we obtain

e−J(s) = sh−1eb(I(−s)−I(−1)) =
e−bI(−1)

s
λ(s)
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and

R′(s) = −Φ(s)
s

eJ(s) = −Φ(s)
λ(s)

ebI(−1) = Q′(s)ebI(−1).

Thus (5.6) implies

f̂(s) =
1
s
λ(s)(Q(s) + A)

with some constant A. Now observe that, by (5.1), (5.2), (4.4) and (5.4), f̂(s) and
Q(s) tend to zero exponentially as s → +∞ through positive values, whereas, by
Lemma 2, |λ(s)| � |sa| for s � 1. Thus the constant A must be zero, and (5.5)
follows.

Equation (5.5) provides an analytic continuation of f̂(s) into the domain C � C,
and we shall henceforth regard f̂(s) as being defined throughout this domain.

In the remainder of this section, we shall establish some auxiliary estimates for
the proof of Theorem 2. The implied constants here are allowed to depend at most
on the parameter ε in (1.9) and (3.1). We suppose throughout that s ∈ C � C, so
that the functions λ(s), Q(s), and f̂(s) are well-defined.

Lemma 5. For σ < −1 and any integer n let τn = τn(σ) be the unique solution
to the equation

(5.7) τn − ϑ + arctan
τn

σ
= nπ,

where the arctangent is taken as principal value. Then we have, for any σ < −1,

(5.8)
∂

∂τ
log |λ(s)|

{
� O(1/|s|) if τ2n−1 � τ � τ2n,

� O(1/|s|) if τ2n � τ � τ2n+1.

Moreover, for σ � −2 and any integer n, we have

(5.9) |τ ′
n(σ)| � 1

and

(5.10)
d
dσ

log |λ(σ + iτ2n(σ))| = − κ

|s|
(
e|σ| + O(1)

)
.

Proof. We have

log |λ(s)| = Re
(

h log s + b

∫ −s

0

ez − 1
z

dz

)
,
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whence

(5.11)

∂

∂τ
log |λ(s)| = Re

(
i
h

s
− ib

e−s − 1
−s

)
= − Im b

e−s

s
+ O

(
1
|s|

)
= −κ

e−σ

|s| sinψ(s) + O

(
1
|s|

)
with

ψ(s) := τ − ϑ + arctan
τ

σ
,

since for σ < 0, −s = |s| exp{i arctan(τ/σ)} with | arctan(τ/σ)| < 1
2π. Similarly

we obtain

(5.12)
∂

∂σ
log |λ(s)| = −κ

e−σ

|s| cos ψ(s) + O

(
1
|s|

)
.

The equation (5.7) is equivalent to ψ(σ + iτn) = nπ, and since

∂

∂τ
ψ(s) = 1 +

σ

σ2 + τ2
� 1 +

1
σ

> 0

for σ < −1, this equation has indeed a unique solution τn = τn(σ) for any positive
integer n. Moreover, the numbers τn form an increasing sequence with

lim
n→−∞

τn = −∞, lim
n→+∞

τn = +∞,

and we have ψ(s) ∈ [nπ, (n+1)π] if and only if τ ∈ [τn, τn+1]. Hence the main term
in (5.11) is � 0 if τ ∈ [τ2n−1, τ2n], and � 0 if τ ∈ [τ2n, τ2n+1]. This proves (5.8).

Taking the derivative with respect to σ in the equation ψ(σ + iτn(σ)) = nπ, we
obtain

−τn(σ)
σ2 + τn(σ)2

+ τ ′
n(σ)

1 +
1

σ
(
1 +

(
τn(σ)/σ

)2
)

 = 0,

whence, for σ � −2,

(5.13) |τ ′
n(σ)| =

|τn(σ)|
σ2 + σ + τn(σ)2

� 1,

which proves (5.9).
The estimate (5.10) follows from (5.11), (5.12), (5.13), and the relation

d
dσ

log |λ(σ + iτ2n(σ))| =
(

∂

∂σ
+ τ ′

2n(σ)
∂

∂τ

)
log |λ(σ + iτ2n(σ))|.



24 A. Hildebrand and G. Tenenbaum

Lemma 6. We have

(5.14) |Q(s)| � ‖ϕ‖e−u0σ

|sa| (σ � −1, |s| � 1),

(5.15) |Q(s)| � ‖ϕ‖e(u0+1)|σ|
{

(|τ | + 1)−Re a + |λ(s)|−1
}

(σ < −1).

Moreover, for a suitable positive constant c3, any integer n, and s in the range

(5.16) |τ − ϑn| < π, σ � −c3(|n| + 1),

we have

(5.17) Q(s) = αn + O

(‖ϕ‖e(u0+1)|σ|

|λ(s)|

)
,

where αn is as defined in Theorem 2.

Proof. Suppose first that σ � −1. If |τ | � 1, then writing Q(s) as an integral over
Φ(z)/λ(z) along the path [s, s + T, σ + T, +∞], and estimating the integrand by
(4.4) and (5.4), we obtain

|Q(s)| � lim
T→+∞

∫ T

0

∣∣∣∣Φ(s + t)
λ(s + t)

∣∣∣∣ dt + lim
T→+∞

∫ τ

0

∣∣∣∣Φ(σ + T + it)
λ(σ + T + it)

∣∣∣∣ dt

� ‖ϕ‖e−u0σ

{∫ +∞

0

e−u0t

|(s + t)a| dt + lim
T→+∞

∫ τ

0

e−u0(σ+T )

|(σ + T + it)a| dt

}
� ‖ϕ‖e−u0σ

|sa| .

If |τ | < 1 (and σ � −1, |s| � 1), we get the same bound by integrating first from s to
σ+i (if τ � 0) or σ−i (if τ < 0) and then along the path [σ±i, σ+T±i, σ+T, +∞],
and letting T tend to infinity. This proves (5.14).

Now suppose that σ < −1. If −2 � σ < −1, we obtain (5.14), and hence (5.15)
by integrating first over the path [s,−1+ iτ ] and then applying (5.14) with −1+ iτ
in place of s. We may therefore suppose that σ < −2. In this case we choose n
such that τ2n−1(σ) � τ < τ2n+1(σ), where τn(σ) is defined as in Lemma 5, set
sn(v) = v + iτ2n(v), and evaluate Q(s) by integrating first over [s, sn(σ)] and then
over the path sn(v), σ � v � −2. This gives

(5.18) Q(s) = i

∫ τ2n(σ)

τ

Φ(σ + it)
λ(σ + it)

dt +
∫ −2

σ

Φ(sn(v))
λ(sn(v))

s′n(v) dv + Q(sn(−2)).

Since Re sn(−2) = −2 and, by (5.7),

Im sn(−2) = τ2n(−2) = 2nπ + O(1) = τ2n(σ) + O(1) = τ + O(1),
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the last term in (5.18) may be estimated by (5.14) and is seen to be bounded by
the right hand side of (5.15). By (5.8) and our choice for n, we have in the first
integral |λ(σ + it)| � |λ(s)|. Moreover by (5.10), we have for v � −2

|λ(sn(v))| � |λ(sn(−2))| � (|τ | + 1)Re a.

Together with the bounds (5.4) and (5.9), this shows that the integrals in (5.18)
are bounded by

� ‖ϕ‖ e(u0+1)|σ|
(
|λ(s)|−1 +

∫ −2

σ

e(u0+1)(σ−v)|1 + iτ ′
2n(v)|

(|τ | + 1)Re a
dv

)
� ‖ϕ‖ e(u0+1)|σ| (|λ(s)|−1 + (|τ | + 1)−Re a

)
and completes the proof of (5.15).

To prove (5.17), we first note that, by (3.3) and (2.6),

αn =< ϕ, Gn >= u0ϕ(u0)Gn(u0) − b

∫ u0

u0−1

ϕ(u)Gn(u + 1) du

= u0ϕ(u0)
∫

∆n

e−u0s

λ(s)
ds − b

∫ u0

u0−1

(
ϕ(u)

∫
∆n

e−(u+1)s

λ(s)
ds

)
du

=
∫

∆n

Φ(s)
λ(s)

ds.

Recall that the integration path ∆n is equal to the line [−∞ + iϑn,+∞ + iϑn],
where the segment [−1 + iϑn, 1 + iϑn] is deformed in the case n = 0 in order
to avoid the vertical portion of the branchcut C. By Lemma 2 and (5.4) the
integrand Φ(s)/λ(s) tends to zero uniformly in τ if σ → +∞, and uniformly in
|τ −ϑn| � 1

2π− δ for any fixed δ > 0 if σ → −∞. Thus we may replace the portion
[1 + iϑn,+∞+ iϑn] of ∆n by the path [1 + iϑn, 1,+∞], and the portion to the left
of the line Re s = −2 by the curve sn(v), −∞ < v � −2 together with the straight
line segment [sn(−2),−2 + iϑn] and obtain

(5.19) αn = lim
v→−∞

Q(sn(v)).

Now let s in the range (5.16) be given. Suppose first that |τ − ϑn| � 2
3π. If the

constant c3 in (5.16) is sufficiently large, then (5.7) implies that |τ2n−1−(ϑn−π)| <
1
3π and |τ2n+1−(ϑn+π)| < 1

3π, so that τ ∈ [τ2n−1, τ2n+1]. We then obtain as before

(5.20) Q(s) = Q(sn(σ)) + O

(‖ϕ‖e−(u0+1)σ

|λ(s)|

)
.

Moreover, for v � σ and in the range (5.16) we have by (5.10)

d
dv

log |λ
(
sn(v)

)
| � −(u0 + 2)



26 A. Hildebrand and G. Tenenbaum

and hence

|λ(sn(v))| � |λ(sn(σ))|e(u0+2)(σ−v) � |λ(s)|e(u0+2)(σ−v),

provided the constant c3 in (5.16) is sufficiently large. Thus (5.19) yields

|Q(sn(σ)) − αn| =
∣∣∣∣∫ σ

−∞

Φ(sn(v))
λ(sn(v))

s′n(v) dv

∣∣∣∣
� ‖ϕ‖ e−(u0+1)σ

∫ σ

−∞

e−(u0+1)(v−σ)

|λ(sn(v))| (1 + |τ ′
2n(v)|) dv

� ‖ϕ‖ e−(u0+1)σ

|λ(s)|

∫ σ

−∞
ev−σ dv � ‖ϕ‖e−(u0+1)σ

|λ(s)| .

This, with (5.20), proves (5.17) in the case |τ − ϑn| � 2
3π. For 2

3π < |τ − ϑn| < π,
(5.17) follows from (5.15), since then, by (5.16) and Lemma 2, |λ(s)| � (|τ | +
1)Re a � |λ

(
sn(σ)

)
| and

|αn| � |Q(sn(σ)) − αn| + |Q(sn(σ))| � ‖ϕ‖e−(u0+1)σ

|λ
(
sn(σ)

)
| � ‖ϕ‖e−(u0+1)σ

|λ(s)|

by Lemma 2 and (5.15) applied to Q(sn(σ)). The proof of Lemma 6 is therefore
complete.

Lemma 7. We have

(5.21) |f̂(s)| � ‖ϕ‖ e−u0σ

|s| (σ � −1, |s| � 1),

(5.22)

|f̂(s)| � ‖ϕ‖ e(u0+1)|σ|

|s|

(
1 + exp

{
Re

(
b
e−s

−s
T (−s)

)
+O

(
e|σ|

|s|4 + 1
)})

(σ < −1),

and in the range (5.16),

(5.23) f̂(s) = αn
λ(s)

s
+ O

(‖ϕ‖e(u0+1)|σ|

|s|

)
.

Moreover,

(5.24) f̂(s)′ = −Φ(s)
s

+ O

(
|f̂(s)|e|σ|

|s|

)
(σ � −1).

Proof. The first three estimates are immediate consequences of Lemmas 2, 4, and
6, and the relation

|sa|(|τ | + 1)−Re a � exp
{

O
(
e|σ||s|−4

)}
(σ � −1).
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The last estimate follows from the relation

f̂(s)′ = −Φ(s)
s

− f̂(s)
(be−s + a − 1

s

)
,

established in the proof of Lemma 4.

Lemma 8. Suppose h �∈ Z+. Then there is an entire function E(s) such that

(5.25) f̂(s) =
Γ(1 − h)αλ(s)

s
+ E(s) (s ∈ C � C).

Proof. Let s ∈ C � C and consider

Q(s) = lim
T→+∞

∫ T

s

Φ(z)
λ(z)

dz,

where the integral may be taken over any path from s to T (T ∈ R+) within
C � C. Since zhΦ(z)/λ(z) = Φ(z)e−bI(−z) is an entire function, we have

Φ(z)
λ(z)

= z−h
∑
k�0

γkzk,

where z−h is defined using the same branch of log z as in the definition of λ(z) and
the series

∑
γkzk has an infinite radius of convergence. Integrating termwise, we

obtain

(5.26) Q(s) = A + s1−hE1(s),

with
E1(s) := −

∑
k�0

γk

k − h + 1
sk, A := Q(1) − E1(1).

Since h �∈ Z+, the coefficients in the last series are � |γk| and E1(s) is an entire
function. In view of the formula f̂(s) = λ(s)Q(s)/s, we obtain hence

f̂(s) = A
λ(s)

s
+ E(s)

with
E(s) := λ(s)s−hE1(s) = ebI(−s)E1(s),

which is an entire function.
Thus (5.26) implies (5.25) provided we can show that

A = Γ(1 − h)α.
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In order to evaluate A, we introduce the function

Q0(s) = lim
T→+∞

∫ T+i0

s

Φ(z)
λ0(z)

dz.

where λ0(z) is defined as in Section 2, and the integral is taken over an arbitrary
path from s to T + i0 within C �

(
R+ ∪ {0}

)
. An argument similar to that giving

(5.26) yields

(5.28) Q0(s) = B + s1−hE1(s),

where s1−h is now defined using the determination of arg s in (0, 2π). Since the
argument has the same value on R+ + i0 in (5.26) and in (5.28), we have

Q(T ) = Q0(T + i0)

for all positive T , and hence A = B.
Next, we may write

Q0(T − i0) = A + e−2πhiT 1−hE1(T )

= A + e−2πhi
(
Q0(T + i0) − A

)
.

This yields

A =
Q0(T − i0) − e−2πhiQ0(T + i0)

1 − e−2πhi
(T > 0).

Letting T → +∞, we get

A =
L

1 − e−2πhi
,

with

L := Q(+∞− i0) =
∫

∆∗

Φ(z)
λ0(z)

dz

= u0ϕ(u0)
∫

∆∗

e−u0z

λ0(z)
dz − b

∫ u0

u0−1

ϕ(u)
(∫

∆∗

e−(u+1)z

λ0(z)
dz

)
du

=
2πi e−πhi

Γ(h)

{
u0ϕ(u0)G(u0) − b

∫ u0

u0−1

ϕ(u)G(u + 1) du

}
=

2πi e−πhi

Γ(h)
α.

Hence
A =

πα

Γ(h) sin(πh)
= αΓ(1 − h),

as required, by the reflection formula for the Γ-function.
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5. Proof of Theorem 2
For ease of exposition we only consider here uniform convergence in the sense of

Cauchy’s principal value for the series in (3.2). It will be clear to the reader that
the proof extends, in a straightforward manner, to usual uniform convergence.

Since f(u) has a continuous derivative for u > u0 and by (5.2) the Laplace
integral (5.1) is absolutely convergent for σ > 0, we have by the Laplace inversion
formula

(6.1) f(u) =
1

2πi

∫ 1+i∞

1−i∞
f̂(s)eus ds (u > u0).

Let N be any given nonnegative integer. We put

T+ := ϑN + π, T− := ϑ−N − π,

and define the paths

W+ := [−∞ + iT+,−1 + iT+,−1 + i∞],

W− := [−1 − i∞,−1 + iT−,−∞ + iT−].

Then, the analytic properties of f̂(s) established in the previous section enable us
to derive from (6.1) the formula

(6.2) f(u) = A(u) +
∑

|n|�N

An(u) + R+
N (u) + R−

N (u),

with
A(u) :=

1
2πi

∫
Γ∗

f̂(s)eus ds,

An(u) :=
1

2πi

∫
Γn

f̂(s)eus ds,

R±
N (u) :=

1
2πi

∫
W±

f̂(s)eus ds.

Indeed, this follows from the residue theorem, observing that, by Lemma 7,
|f̂(s)| → 0, as |τ | → +∞, uniformly for |σ| � 1, and that, by (5.22), |f̂(s) eus|
is exponentially decreasing , for any fixed u > u0 + 1, along the infinite horizontal
branches of the paths Γn (|n| � N) or W±.

We are going to prove that we have for u > u0 + 1

(6.3) A(u) = αF (u),

(6.4) An(u) = αnFn(u),



30 A. Hildebrand and G. Tenenbaum

and the error terms R±
N (u) satisfy

(6.5) R±
N (u) �δ

‖ϕ‖
N + 1

(u � u0 + 1 + δ),

(6.6)
|R±

N (u)| � ‖ϕ‖
[
exp

{
−uZ+

}
+ exp

{
−uZ−} ]

exp
{
O

(
u/ξ3

)}
(u � u1(N)),

with Z± := Re (ζ∓N∓1−T (ζ∓N∓1)).
Applying Theorem 1 and Corollary 1, we see that (6.6) implies the estimate (3.5)

for the error term RN (u) in (3.4) and thus we obtain the assertions of Theorem 2
from (6.2)–(6.6).

To prove (6.3), we first assume that h �∈ Z. In this case we can apply Lemma 8
and obtain

A(u) =
αΓ(1 − h)

2πi

∫
Γ∗

λ(s)
s

eus ds = αF (u),

since the integral of the entire function E(s) is trivially zero. The above relation
remains valid in the case h ∈ Z, since, by Remark (ii) of Section 2, both sides
are continuous functions in a and b, and hence in h. Thus (6.3) holds in every
circumstance.

Next we show (6.4). By the residue theorem we have An(u)=limσ→−∞ An(u, σ)
with

An(u, σ) :=
1

2πi

∫ σ+i(ϑn+π)

σ+i(ϑn−π)

f̂(s)eus ds.

Estimating f̂(s) by (5.23), we obtain for σ � −c3(|n| + 1)

An(u, σ) = αn
1

2πi

∫ σ+i(ϑn+π)

σ+i(ϑn−π)

λ(s)
s

eus ds + O

(‖ϕ‖e(u−u0−1)σ

|σ|

)
.

Since u > u0 + 1, the error term here tends to zero as σ → −∞. The main term
tends to αnFn(u), by another application of the residue theorem. This completes
the proof of (6.4).

For the proof of (6.5) and (6.6), we restrict ourselves to R+
N (u), the other case

being similar. We begin with (6.5). We select σ = −1, and obtain by partial
summation∣∣∣∣∫ +∞

T+
f̂(s)eus dτ

∣∣∣∣ � 1
u

∣∣∣f̂(−1 + iT+)e−u
∣∣∣ +

1
u

∣∣∣∣∫ +∞

T+
f̂(s)′eus dτ

∣∣∣∣
� |f̂(−1 + iT+)| +

∣∣∣∣∫ +∞

T+

Φ(s)eus

s
dτ

∣∣∣∣ +
∣∣∣∣∫ +∞

T+

(
f̂(s)′ +

Φ(s)
s

)
eus dτ

∣∣∣∣ .

By (5.21) and (5.24), the first and third terms are

(6.7) � ‖ϕ‖
T+

� ‖ϕ‖
N + 1

.
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Moreover, the second term is plainly

� |u0ϕ(u0)|
∣∣∣∣∫ +∞

T+

e(u−u0)s

s
dτ

∣∣∣∣ + |b|
∫ u0

u0−1

∣∣∣∣ϕ(v)
∫ +∞

T+

e(u−v−1)s

s
dτ

∣∣∣∣ dv,

which, by a further integration by parts, is also seen to be of the size (6.7) under
the hypothesis u � u0 + 1 + ε. This yields the required bound for the contribution
to R+

N (u) of the vertical part of the path W+. The contribution of the horizontal
part can plainly be bounded by

� max
σ�−1

{|f̂(σ + iT+)|e−|σ|(u0+1)
} ∫ −1

−∞
e(u−u0−1)σ dσ

� max
σ�−1

{
|f̂(σ + iT+)|e−|σ|(u0+1)

}
.

By the estimate (5.22) of Lemma 7 this is

(6.8) � ‖ϕ‖
1 + |T+|

(
1 + eM(−1,T+)

)
with

(6.9) M(v, T ) := max
σ�v

Re
{

b
e−s

−s
T (−s) + c4

(
e−σ

|s|4 + 1
)}

for a suitable constant c4. Now, for s = σ + iT+ = σ + i(ϑN + π), σ � −1, we have

(6.10) Re
{

b
e−s

−s
T (−s)

}
= −κe|σ|

|s|

{
cos ϕ − 1

|s| cos(2ϕ) +
2
|s|2 cos(3ϕ)

}
,

where ϕ := arctan(τ/σ). It is easy to check that, for |ϕ| � 1
2π, the expression in

parantheses is � c5/|s|2 for a suitable positive constant c5, provided |s| is sufficiently
large. Hence the right-hand side of (6.9) is � O(1) for v = −1, and this completes
the proof of (6.5).

Finally, we prove (6.6). Since |f̂(s)| → 0 as |τ | → +∞ uniformly for σ in any fixed
vertical strip σ1 � σ � σ2, we may replace in the definition of W+ the number −1
by any real number r. We select r = −z, with z := Re ζ−N−1. The argument used
above in (6.8)–(6.10) works equally well in this context and yields the bound

� ‖ϕ‖ e−(u−u0)z

for the contribution of the horizontal branch of the new path, and this is sufficient
for (6.6). It remains to evaluate the contribution of the vertical part of the path.
Using the same argument again, as well as Lemmas 2 and 7, we obtain the bound

� ‖ϕ‖e−(u−u0)z max
t�T+

|f̂(−z + it)| � ‖ϕ‖ exp{−(u − u0)z + N(−z, T+)}
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with

N(σ, T ) := max
t�T

Re
{

b
e−s

−s
T (−s) + c4

(
e−σ

|s|4 + 1
)}

.

Thus, to prove (6.6), it suffices to show that

N(−Re ζ−N−1, T
+) � u

(
T (ζ−N−1) + O

(
1
ξ3

))
,

If u is sufficiently large in terms of ε and N this may easily be deduced from
the representation (6.10), the definition of ζ−N−1, and Lemma 1. This finishes the
proof.
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