MULTIPLICATIVE FUNCTIONS IN LARGE ARITHMETIC
PROGRESSIONS AND APPLICATIONS*

ETIENNE FOUVRY AND GERALD TENENBAUM

ABSTRACT. We establish new Bombieri-Vinogradov type estimates for a wide
class of multiplicative arithmetic functions and derive several applications,
including: a new proof of a recent estimate by Drappeau and Topacogullari
for arithmetical correlations; a theorem of Erdés-Wintner type with support
equal to the level set of an additive function at shifted argument; and a law
of iterated logarithm for the distribution of prime factors of integers weighted
by 7(n — 1) where 7 denotes the divisor function.
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1. INTRODUCTION

The idea of this paper came up to our minds on studying the work of Drappeau
and Topacogullari [5], in which the authors investigate sums of the form

T f):= Y fyr(n—=1) (& o0),

1<nLe

where f is a multiplicative function, periodic over the primes (see Definition 1.1
and Remark 1.2 below) and 7 is the standard divisor function. In this work, an
asymptotic formula for the sum T(xz; f) is derived with error term < z/(logz)",
for arbitrary N > 1. Our approach consists in shifting this question to the problem
of the level of distribution of such multiplicative functions f.

As a consequence, we obtain an alternative proof of the results of [5] briefly
described in Section 2 and, in a more innovative way, we obtain new information
on the joint distribution of (f(n), g(n — 1)), for certain additive functions f, g.

We first describe the general framework for various types of levels of distribution.

To study the statistical behaviour of the arithmetical function f over the arith-
metic progression a (mod q), with (a,q) = 1, it is natural to introduce the error
term

L) Aeea= Y fm-om X fm) @2,
n<x n<e
n=a (mod q) (n,q)=1
Whenever f is suspected to be well distributed among arithmetic progressions, the
challenge is to prove that, for any A > 0, there exists a constant ¢(A) such that, for
any z > 1, all ¢ in some specific range (depending on z and as large as possible),
and any integer a coprime to ¢, we have

, c(A)vT i
(12 A0 < S (S Irwp)

n<e

where .Z := log 3z. A general presentation of these topics is displayed in [2, p.205—
210].

A more tractable form of the question is obtained by studying the average dis-
tribution of f. For instance

(a) Find (large) values of Q = Q(x, A), such that the bound

1.3 max max |[Af(y;q,a)| <4 —~ n xz=1),
03 3 max 1)l <o ( 10 (w>1)
holds for any A > 0.

(b) Given a fized integer a # 0, determine a large range of validity for the weaker
requirement

NG 1/2
(1.4) >, |As(@30,0)] <4 o7 > (x> 1).
4<Q n<w
(g,a)=1
Some classical results assert that, for many arithmetical functions such as the
indicator 1p of the set of primes, standard multiplicative functions and others, the
bound (1.3) does hold with

n<e

Q= Va/ZPW,
the key point being that f should present some valuable combinatorial structure
(in order to apply the large sieve inequality) and should already satisfy (1.2) when
q does not exceed some power of .Z—a Siegel-Walfisz type property.
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The threshold @ = /z has been overpassed only in very few examples for f,
even in the case of the simpler inequality (1.4). These difficult results require
sophisticated tools.

An apparently much easier problem is:

(c) Find (large) values of @ = Q(x, A) such that the bound

\/5 1/2
(1.5) > Ar@ige) <usox (L @E) T @21
q<Q n<e
(q,a)=1
holds for any A > 0 and any integer a # 0.

Compared to (1.4), this question seems simpler because the sign oscillations
of Af(z;q,a) as ¢ varies may be exploited. Furthermore, Dirichlet’s hyperbola
technique opens the way to reach much larger value of ). Indeed, writing the
congruence condition n = a (mod ¢) appearing in (1.1) as

n=a-+qr, n<ax,

we may replace the smooth summation over ¢ in (1.5) by a smooth summation
over r. This method is highly efficient when g runs over all integer values from
an interval included in [\/z,z|. Indeed, the variable r is then also smooth and,
furthermore, bounded above by /z. As a consequence, for adequate functions f,
the proof of (1.5) for some Q(z, A) > /z may be reduced to the case Q < v/z.
This will be illustrated in our approach—see §7. Note that (1.4) is not yet known
to hold for Q(z, A) = /z when f = 1p. However, we have the following theorem.

Theorem A. ([2, th. 9], [4], [7, cor. 1]). Let f := 1p. For every A and suitable
B = B(A), C = C(A), the inequality

Cz
Z Ag(r;q,a) <@ (x>1)
q<Q
(g,a)=1

holds for all Q < x/£B and any integer a such that 1 < |a] < Z4.

This theorem is sufficiently strong to enable further progress in the well-known
Titchmarsh divisor problem: if A denotes the von Mangoldt function, an asymptotic
expansion for the sum

Tz A) = Y A(n)r(n—1),

2<n<x

is now available with error term < /.2 for arbitrary, fixed A: see [2, cor. 1] and
[7, cor. 2].
Actually Bombieri, Friedlander and Iwaniec proved a stronger form of Theorem A

which may be interpreted as an answer to a compromise between questions (b)
and (c).

Theorem B. ([2, th. 9]). Let f := 1p. Then, for all A > 0, € > 0, and suitable
B =B(g,A), C =Cl(e,A), the inequality

Z Z Ay (z;qr,a)

r<R q<Q
(r,a)=1 (g,a)=1

Cx

(2> 1)

holds for every Q and R satisfying 1 < R < 2'/197¢ QR < /%P, and every
integer a such that 1 < |a| < £4.
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The first aim of this paper is to establish an analogue of this theorem in the
context of multiplicative functions f that are essentially periodic on the set of
primes. As mentioned above, we subsequently apply this result to various problems,
related to joint distribution of pairs of additive functions, one of them being sampled
at a shifted argument.

It is now time to state our central result, providing sufficient conditions to ensure
that the statement of Theorem B remains true for multiplicative functions f of the
above mentioned type. Since we aim at a large uniformity over f, our hypotheses
require specific notations used both in the proofs and in the applications.

1.1. Conventions and notations. The following notation will be used through-
out this paper.

e 7y is Euler’s constant.

e N is the set of non-negative integers, N* := N~ {0}.

e For arbitrary sets X, Y, the set of mappings X — Y is denoted as YX.

e The lower case letter x denotes a real number > 1 and . is implicitly defined
by £ :=log 3z. In some instances it will be implicitly assumed that z is sufficiently
large.

e Throughout this work, we let log; denote the k-th iterated logarithm.

e The letter p is reserved to denote a prime number.

e PT(n) (resp. P~(n)) denotes the largest (resp. the smallest) prime factor of
a positive integer n, with the convention that PT(1) =1, P~ (1) = co.

e The notation (especially in a subscript) n ~ N means that the integer variable
n satisfies the inequality N < n < 2N, while we use n ~ N to indicate that n
belongs to some (usually unspecified) interval included in |N, 2N].

e The letter ¢ denotes a constant depending on various parameters such as e > 0,
K > 0, etc., and whose value may change at each occurence.

e (Cj denotes an absolute constant, whose effectively computable value may
change at each occurrence. It will mainly appear in upper bounds containing the
factor D.

e Given a complex sequence o = (@ )m>1 and a real number M > 1, we define

the £2-norm of (cy,)m~ns by
el o= loml.

m~M
e For integers v > 0, n > 1, and primes p, we write p”||n to mean that p” | n
but p**! {n. The notation d | n° means that p | n whenever p | d.
e A strongly multiplicative (resp. strongly additive) arithmetical function is a
multiplicative (resp. an additive) function such that f(p”) = f(p) for all v > 1.
e w(n) is the number of distinct prime factors of the integer n > 1. More
generally, given integers D > 1 and t € Z, we put

(1.6) wpi(n)i= Y 1

pln
p=t (mod D)
We also define
(1.7) win,t):=Y 1 (n>1,t>3).
pln
p<t

e Given a subset A of N*| we let 14 : N* — {0, 1} designate the indicator function
of A. We simply write 1 for 1n.. For Yy > 2, we put

(1.8) Do = 1(n>1.P (n)>Ye}s
so that )¢ = 1 whenever Yy < 2.
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e For k > 1, we write wg := L{p>1.0(n)=k}- In particular, wy is the characteristic
function of the set of prime powers. The summatory function of wy is denoted by

g ().
e The Mobius function is denoted by p is, the von Mangoldt function by A, and,
given a > 0, we put

(1.9) ba(n) =TT (1+ ia) (n>1).

p
pln

e For n € N* and z € C, we define the Piltz divisor function n — 7,(n) by the
Dirichlet series expansion of ((s)* = 3, 5, 72(n)/n®, converging in the half-plane
Rs > 1. We often simply note 7 = 5.

o Given coprime integers ¢ > 1 and a, we define g,(n;a) for n > 1 by the formula

1-1/¢(q) if n=a(modg),
9q(n;a) := ¢ —1/¢p(q)  if n#a(modg) and (n,q) =1,
0 if (n,q) > 1.
This notation will be used to shorten some formulae. For instance, we have
Ay(z;q,a) Zf n)gq(n;a) (x=1).
n<x

e Given an an arithmetical function f and two positive integers, b, ¢, we denote
by fy . the arithmetical modification of the function f defined by

fb’c(n) = {f(bn) if (n7c) = la

(1.10) ]
0 otherwise.

1.2. Definitions. Our central definition is the following (see [5, §1]).
Definition 1.1. [F(D, K)| Let D € N* and K > 0. We denote by F(D, K) the set
of those multiplicative functions f verifying the following properties:

(i) There exists a sequence of real numbers
2=T1<YTo<T3<"--
such that
n+1 1

>14+ > 1),
T, T log 21, K (n>1)

(ii) For any pair of primes p, p’ with T,, < p,p’ < Tp41 and p = p’ (mod D),

we have
(1.11) fp) = ),
(1ii) We have
(1.12) l[fM) < tr(n)  (n21).

Remark 1.2. Some comments are in order regarding hypothesis (ii) above. A sim-
ilar regularity condition actually appears in many works dealing with Bombieri—
Vinogradov type theorems for multiplicative functions, e.g. in Wolke’s [28, Satz 1,
cond. 1.1.2], where the f(p) are assumed to be close, on average, to a fixed num-
ber 7, or in the definition of the set Fp(A) given in [5, p.2384]. As mentioned
earlier, an hypothesis of this type is needed to get a Siegel-Walfisz property for
the restriction f|p. Now this Siegel-Walfisz hypothesis alone is not sufficient to
reach high levels of distribution for the function n — f(n): see the instructive
example provided in [13, Prop 1.3]. For our present purposes, hypothesis (ii) in
Definition 1.1 turns out to be also crucial in Subsections 5.3.1 and 5.3.2. Indeed,
various combinatorial transformations and reductions lead to handle the exponent
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of distribution in arithmetic progressions of the sequence f(p1)f(p2)f(ps) where
the primes p; satisfy pipops < = and p; > x2/7. Since f|p is assumed to be es-
sentially constant, this amounts to handle the level of distribution of the product
A(n1)A(n2)A(ns), where the integers n; satisfy ninong < = and n; > 227, Fur-
ther combinatorial transformations enable to reduce the problem to studying the
exponent of distribution of the products ninons < x with n; > 22/7. At that point,
we may conclude by appealing to the deep result concerning the distribution of the
function 73 in arithmetic progressions—see Lemma 4.13.

We note incidentally that the insertion of the sequence {Y,,}52; will be of crucial
importance in some applications, for instance Theorem 2.5 below.

For f € F(D, K) the restriction f|p of f to the set P of all primes is uniformly
bounded since

(1.13) lfp) <K  (peP).

Conditions (i) and (ii) imply that the function p — f(p) is equidistributed among
the arithmetic progressions {p € P: p < z, p = a(mod ¢)}, when (aD,q) = 1 and
q < Z4 for any fixed A. This is a Siegel-Walfisz type assumption, as presented
in Definition 1.4 below. The periodicity of p — f(p) is crucial in §5.3.2 where we
need results concerning the distribution levels of 7 and 73.

Typical examples of elements of F(1, K') for some K are provided by the functions
n 2% and 7., with |z| < K.

More elaborate is the case of the characteristic function 14 of the set of those
integers representable as the sum of two squares. This function belongs to F(4,1)
but not to F(1, K) for any K. This follows from Fermat’s theorem for primes in
9. However 14 is not of Siegel-Walfisz type SW(1, K) in the sense of Definition
1.4 below. Indeed, for instance, given any integer ¢ divisible by 4 but not by 3, we
have 15(n) = 0 whenever n = 3 (mod ¢).

To circumvent this difficulty, we introduce a new definition extending that of
Ay¢(z;q,a). Given an arithmetic function f, a real number z > 1 and integers
q=>1and D > 1, we put

q
(1.14) qp := (¢, D>®) = H P, qp = qf = H Y,
7" llq D g
p|D ptD

and, for integer a # 0,

Ap(wqDya)i= S fln) - 1D S i)

!
= vlap) =
n=a (mod q) n=a (Iflod t{D)
(1.15) 1 e
= Y -~ Y f),
<z ¢(qp) n<a
n=a (mod ¢p) n=a (mod qp)
n=a (mod gp,) (n,qp)=1
since (¢p,¢p) = 1.
When (¢, D) = 1, we have
(1.16) Af(w;q,D,a) = Ag(x;q,a).

When (D, a) = 1 formula (1.15) can be expressed in terms of Dirichlet charac-
ters x modulo gp, viz.

1 S
(1.17) A¢(x;q,D,a) = Z x(a) Agy (25 qp, a),
#lap) x (mod gp)
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since the function

e —— Y X@xm)

¢(qp) (o an)

is the characteristic function of the arithmetic progression {n : n = a (mod ¢p)}.

Another important definition is the following. We recall the definition (1.6) for
the function wp ;.

Definition 1.3. [xpge| Let D € N*, T C (Z/DZ)* and ® € N7 be a function
defined on T with non-negative integral values. We denote by

XD,7,®
the characteristic function of the set of those integers n > 1, such that
(VteT) wp(n) = (1).

If T =9, then xpgo =1.If D=1, T = {0} and ®(0) = k is a fixed non-
negative integer, then xp 7 ¢ is the characteristic function wy, of those integers with
k distinct prime factors, as introduced in §1.1. More generally, x p 7,o detects those
integers n with prescribed number of distinct prime divisors in some fixed reduced
classes modulo D. The function xp g is linked to elements of F(D, K) via the
identity given in (3.3) infra.

We next bring up the Siegel-Walfisz condition to express equidistribution of
sequences among reduced arithmetic progressions, with modulus coprime to D.

Definition 1.4. [Siegel-Walfisz condition SW(D, K)] Let D € N* and K > 0 be
given, and let B = (B,) € CY' be a compler sequence. We say that B satisfies the
Siegel-Walfisz condition SW (D, K), and write 3 € SW(D, K), if for all A > 0, we

have

1 18]y T(d)* VN
D,K ) _ 3 18y 7()* VN
n~N, (n,d)=1 n~N
n={ (mod k) (n,dk)=1

uniformly for N> 1,d>1, k> 1, (D, k) =1.

1.3. The central results. First of all, we establish an analogue of Theorem B
concerning multiplicative functions f in the class F(D, K).

Theorem 1.5. The following statement holds for suitable, absolute Cy. Let A > 0,
€>0,K >0. There exist B= B(A,e,K) and C = C(A, ¢, K) such that, uniformly
for
D>1, feFD,K), xz>1, R<az'/1%¢
QR <

1
<m/vng (a,D)=1, 1< |af

we have

CD%
(1.18) Z Z Ag(z;qr, D, a) QW‘

r<R q<Q
(ra)=1 (q,a)=1
We deduce the following two corollaries.

Corollary 1.6. The following statement holds for suitable, absolute Cy. Let A > 0,
e >0, K >0. There exist B= B(A,e,K) and C = C(A, ¢, K) such that, uniformly
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for
D>1, feFD,K), z
R < at/10%¢ QR@/%B, & < i (r) (1< < R),
(a,D) =1,1<|a| < 24,

we have

(1.19) Z £, Z Ay(z;qr, D, a) S%ﬁ:aj~

r<R q<Q
(ra)=1  (g,a)=1

The second corollary deals with the function xp 7 ¢ from Definition 1.3.
Corollary 1.7. The following statement holds for suitable, absolute Cy. Let A > 0,
e >0, K >0. There exist B= B(A,e,K) and C = C(A, ¢, K) such that, uniformly

for
D>1,T7cC(Z/DZ)*, ® N7, (a,D) =1

and
(1 20) .T} 1’ R<CE1/10575, QRéx/gB,
' 6] < mr(r) 1< r<R), 1<]al <24,
we have
CDC% g
(1.21) Z & Z Ay yo(xigr,D,a)| < 7
r<R

(r,a)=1 (q7) 1

In particular, for all A > 0, & > 0 there exist B = B(A,¢e) and C = C(A,¢), such
that, under conditions (1.20) and uniformly for k > 1, we have

Y& > Ay (wigria)

r<R ‘N

(ra)=1  (q,a)=1

The structure of the upper bounds in (1.18), (1.19) and (1.21) allows selecting
D = D(z) tending to infinity with z, but not faster than a bounded power of log x.
For k = 1, the upper bound in (1.22) is a weaker form of Theorem B. Note that
this inequality is actually useless whenever k/log, x — o0, since, for such k, the
level set {n < z : w(n) = k} is so thin—see for instance [24, pp. 311-312]— that
the stated upper bound does not enable to recover those of (1.4) or (1.5).

Cx

(1.22) <2z

1.4. Back to the original question. We now address the problem of the average
distribution of a function f in F(D, K) as stated in (1.3). In §8, taking advantage of
the combinatorial preparation leading to Proposition 5.1, we provide a condensed
proof of the following theorem, which may be seen as a variant of a result of Wolke
[28, Satz 1].

Theorem 1.8. The following statement holds for suitable, absolute Cy. Let A > 0,
K > 0. There exist B= B(A,K) and C = C(A, K) such that, uniformly for

D>1, feFD,K), z>1, Q<Vz/ZL",
we have

CDC oy
Ag( D < —
> i [ Dl < T
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We note here that, at the cost of mild modifications in the arguments, this
statement could be used in place of Corollary 1.6 for the proofs of Theorems 2.1,
2.3 and 2.5 stated infra. Indeed, in all three instances, one may manage to use a
level of distribution < % (actually any strictly positive value suffices for Theorems
2.1 and 2.3 while the proof of Theorem 2.5 requires a level arbitrary close to %)
and appeal to Cauchy-Schwarz or Holder’s inequality in order to deal with weights
bounded above by some function 7x. However, applying Corollary 1.6 turns out to
be simpler and more straightforward.

1.5. Comments. Fouvry and Radziwitt [9, cor. 1.3] proved that, for any multi-
plicative function f, satisfying, instead of condition (1.11), the more general as-
sumption that p — f(p) is of Siegel-Walfisz type (see Definition 1.4 above), we
have the bound

x

(1.23) Z |Af(ac;q,a)| La,e Fie

Q<qs2Q

(q,0)=1
for any integer a # 0 and any € > 0, provided Q < x'7/33—%. At first sight
this result may seem deeper than (1.18) since the error terms Ay are summed
in modulus. However the upper bound in (1.23) appears to be too weak for the
applications described in the next section.

2. APPLICATIONS

We list here, among many possible ones, four applications of our main results.
The first is a quick, natural proof of theorems 1.3, 1.4 and 1.6 of [5] and their
corollaries.

Let us start with sketching the proof of a weaker form of [5, th. 1.3] in this
framework, namely show that, for all A > 0, N > 1, and uniformly for |z| < A,
x>2,1<|h| < £, we have

(2.1) Z T.(n)T(n 4+ h) = z(log x)z{ Z aggjgz +0 ( (og ;)NH ) },

|h|<n<x 0<iSN

where the Aj, ; are entire functions. Note that the error term above is actually
slightly more precise than stated in [5].

Let S denote the left-hand side of (2.1). Using the symmetry of the divisors of
n + h around vn + h, we may write, for any ¢ > %,

S =2 Z 7.(n) Z 1+0(z°)

|h|<n<z d|n+h
d<v/n+h

=2 Z Z Z 7.(nt) + O(z°).
t]|h] m<VaFh/t max{|h|/t,m*t—h/t}<n<z/t
(m,h/t)=1 n=—h/t (modm)

From this point on, the strategy is clear and so we omit the computational details:
(i) show that if m < M := z'/% say, then one can ignore the lower constraint in the
inner n-sum; (ii) split the m-sum into intervals |M A, MAI 1] with A := 1+1/.2¢
and C sufficiently large in terms of N; (iii) show that, to within the required
accuracy, one can replace, in the n-sum, the lower limit m?t by M2A2%t; (iv) apply
Theorem 1.5 with R = 1, Q = MAJ and Q = MAJT!; (v) apply the Selberg-
Delange method as displayed in [24, ch. IL.5] to sum 7. (nt) over integers coprime
to m (see [24, (5.36) p. 287]); (vi) rearrange the main terms by expanding the
various powers of log(x/t) and log(MA7).
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Observe that the assumptions of [5, th. 1.3] are more flexible than those of
the above statement, inasmuch they assert that (2.1) holds in the larger domain
1 < |h| < 2° for some small constant § > 0. Such uniformity may also be derived
from our approach. We now describe which modifications should be incorporated in
order to reach this goal. The key-point concerns Lemma 4.7 below. Following the
original proof of [2, Theorem 6] and tracking the dependency upon the congruence
class a (particularly in applying bounds for sums of Kloosterman sums), it can be
seen that the estimate (4.10) remains true if the list of conditions (4.8) is replaced
by

D,M,N,Q,R>1, |af*RX° <N <|a| "X 5(X/R)*3 Q°R<X,

where & is a suitable absolute constant. Under the hypothesis 1 < |a| < X?, where
§ is a small positive constant, the effect of the factors |a|** in the above conditions
is absorbed by other terms provided some exponents in the sequel of the proof of
Theorem 1.5 are slighted modified. In conclusion, we claim that, provided condition
R < x'/105=¢ js replaced by R < 2'/1%6=¢ Theorem 1.5 still holds true if hypothesis
1 < Ja| < £4 is relaxed to 1 < |a| < 2°.

Our second application is a theorem of Erd6s—Wintner type conditional to the
level set of an additive function at shifted argument. As a typical illustration, we
prove the following statement, corresponding to the case when the additive function
employed to define the support is the number of prime factors function, w.

Let us recall that the classical Erdés—Wintner theorem (see, e.g., [24, th. 1I1.4.1])
states that the convergence of the following three series is necessary and sufficient
for a real, additive function f to possess a limiting distribution F:

1 f(p)? f(p)
(2:2) > e > ar > e
[f(p)[>1 If(p)I<1 If(p)I<1
When this is the case, the characteristic function of F' is given by the formula
) 1 i f(p")
er(9) = / AR (t) = H (1 — f) Z ¢
R

174
» pr =y P

(¥ € R),

where the convergence of the infinite product is a consequence of that of the three
series (2.2).

We shall consider the family of distribution functions F). (r > 0) with character-
istic functions

1 eiﬂf(p”) —1
(2.3) er, (V) = ];[ (1 + (1 - ];) V; pvl(p_1+r)>’

so that F; = F. From a classical theorem of Lévy (see, e.g. [24, th. II1.2.7], it
follows that F. is continuous if, and only if

(2.4) > 1/p=oc.
f(p)#0
and that the set of discontinuities is otherwise included in f(N*). We henceforth

define a common continuity set C(f) := R if (2.4) holds and C(f) := R ~\ f(N¥)
otherwise.

Theorem 2.1. Let f be a real, additive function satisfying (2.2). Then, uniformly

for
0<r:=(k-1)/logyz <1,



MULTIPLICATIVE FUNCTIONS IN LARGE ARITHMETIC PROGRESSIONS 11

we have
1
(2.5) 1=F.(t)+o(1) teC(f), z— o00).
w2 ( )
w(n—1)=k
f(n)<t

The proof is given in Section 9. From general results on weak convergence of
distribution functions, it follows that formula (2.5) is actually uniform with respect
to t on any compact subset of C(f) and valid uniformly for ¢ € R if (2.4) holds.

For k = 1, we recover, in a slightly more general setting, a result of Kétai [18].

It is of interest to observe that if w(n — 1) is replaced by w(n) in (2.5) then, as
shown in [27], a limiting distribution still occurs but has a different value for r # 1:
when, for instance, f is strongly additive, the corresponding characteristic function
turns out to be

r(e1® _ 1)

(2.6) 11 (1 - p_1+r>

p

whereas in this case

(2.7 on ) =[T (1+51).

. p—14r

Qualitatively, these results tell us that, as expected, the perturbation is more sig-
nificant in the case when the same variable is used for the additive function and the
definition of the level set, as is clear from comparing the coefficients of e??/®) — 1
in (2.6) and (2.7). In the case of a shifted argument, the distributions of w(n — 1)
and f(n) are “almost” independent.

Of course (2.5) opens the way to estimating the distribution function of an ad-
ditive function satisfying (2.2) with respect to various probability measures related
to the function w(n — 1). As an illustration, we state without proof a standard
consequence, the proof of which simply involving a re-summation procedure and,
say, a weak version of [24, th. 11.6.1].

Corollary 2.2. Let y > 0 and let f be a real, additive function satisfying (2.2).
Then, we have

Z yW(n—l) _ {Fy(t) + 0(1)} Z yw(n) (t €C(f),z— oo)

l<n<x n<x
Fn)<t

A third application, which we shall not develop here in full generality, is the
variant of the previous one consisting in establishing an Erdés-Kac theorem over
the level set of an additive function at shifted argument. Letting ®(¢) denote the
normalized Gaussian distribution function, a typical statement in this direction is
as follows.

Theorem 2.3. Let f be a real, strongly additive arithmetical function such that

(2.8) B? ;:ZLP)Q — 00 (z— 00),

(2.10) Z /() =0(B,), (Ve>0) Z /() =o(B2) (z— ).

y<p<zT pPsT
|f(p)|>eB.
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Then, uniformly for x — oo, 1 < k < logyx and t € R, we have

1
1=®(t) + o(1),
R 2
w(n—1)=k
F(n)<A+tB,

with Ay ==Y, f(p)/p-

This result generalizes to a natural framework a recent work of Goudout [12] in
which f = w. When k = 1, it follows from a general theorem of Barban, Vinogradov
and Levin [1].

The hypotheses of the above theorem could be lightened further with some ex-
tra work. Note that (2.8) is classical, that (2.9) is a slight strengthening of the
requirement in Kubilius’ class H (see [19, ch. IV]), and that the second condition
in (2.10) coincides with the usual Feller-Lindeberg condition—see, e.g. [6, lemma
1.30].

As in the case of Theorem 2.1, we can derive, by re-summation over k, a number
of estimates from Theorem 2.3. The following statement, the proof of which we
leave to the reader, is emblematic.

Corollary 2.4. Let f be a real, strongly additive arithmetical function satisfying
(2.8), (2.9) and (2.10) and let p, denote a probability measure on |1,z ascribing
to each integer n a weight depending only on w(n — 1). Assume furthermore that
9o (w(n —1) > Tlog, x) = o(1) (T, x — ).
Then, uniformly for t € R, we have
po(f(n) <Ay +1tB,) = ®(t) +o(1)  (t — o0).

Our fourth application is a law of iterated logarithm for integers weighted with
7(n—1). More precisely, given a function £(z) — oo, this deals with the behaviour
of the quantities

w(n,t) —logyt

A(nvt) = t > g(l') s M(n,f) = sup |A(n7t)|7
(2.11) 2logy tlogyt ( ) £(x)<t<a
M*t(n,&):= sup A(n,t), M (n,§):= inf A(n,t).
E(z)<t<z £(x)<t<z

It will be convenient to equip {1 < n < z} with the probability P, ascribing to
each integer n a weight proportional to 7(n — 1). With this setting, we prove the
following result in Section 11.

Theorem 2.5. Let € > 0. If £(x) tends to oo with x sufficiently slowly, then we

have

(2.12) P, (M(n,f) <1+ a) —1+0(1) (z— o0).
Moreover,

(2.13) P, <M+(n,§) >1- e) —110(1) (z— o0),
(2.14) P, (M—(n,g) <-1+ 5) =1+0(1) (z— o0).

It is well-known that the sum
Z 7(n) = zlogx 4+ O(x)
n<x

is dominated by integers with w(n) ~ 2log, . Moreover, these prominent integers
actually satisfy w(n,t) ~ 2logyt uniformly for {(z) < t < z, and so a twisted
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version of the law of iterated logarithm could be proved for the probability on [1, z]
ascribing to each integer n a weight proportional to 7(n). Thus, from a qualitative
perspective, Theorem 2.5 tells us that, unlike the weight 7(n) which has the effect
of recentering averages on integers for which w(n,t) is roughly twice its normal
order, the weight 7(n — 1) involves very little perturbation on the fine structure of
the sequence of prime factors of n.

3. PROOFS OF COROLLARIES 1.6 AND 1.7

3.1. Proof of Corollary 1.6. We show here how Corollary 1.6 may be deduced
from Theorem 1.5.
By the Cauchy—Schwarz inequality and the size hypothesis for the &,., we have

2

(3.1) Z & Z A¢(z;qr,D,a)| < 31X,
r<R q<Q
(r,a)=1 (g,a)=1
with
¥ = Z T2 (r) Z Ay (z;qr, D, a)|, Yo = Z Z Ag¢(z;qr,D,a)|.
r<R q<Q r<R q<Q
(r,a)=1 (g,a)=1 (r,a)=1 (q,a)=1

From Theorem 1.5, we get
(3.2) Yy < DY x/ LA

We bound ¥ trivially as in Lemma 4.2, equation (4.1), infra. Selecting S = QR,
we get

21 < i (ja))QRLE + 2.2,

where ¢ = ¢(¢, K). Inserting this last bound and (3.2) into (3.1) completes the
proof.

3.2. Proof of Corollary 1.7. For t € T, choose z; € C with |z| = 1. Define
z = (zt)te7 and define the strongly multiplicative function f, by its values on
primes as follows

_Jz ifp=t(modD) (t€7T),
fz<p)_{1 if (Vt € T) p % t (mod D).

The function f, belongs to F(D,1) and, as a consequence of Cauchy’s integral
formula, we have the equalities

1 Z:-’D,t(n)*q)(t)

(3.3) teiTl . o
- (Tm) %zﬂ:l %dza
i e 2

(teT)

Now, let us insert this expression into the left hand side of (1.21), interchange
summation and integration, apply bound (1.19), and finally integrate trivially over
the product of the units circles |z;| = 1. This completes the proof of (1.21).
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4. LEMMAS

4.1. Classical lemmas. Our first lemma provides a bound for short sums of pow-
ers of the Piltz divisor function over arithmetic progressions—see [22, Theorem 2]
for instance.

Lemma 4.1. Let K € N* ¢ € N*, and € > 0 be fired. Then, uniformly for
¥ <y<z, 1<qg<y/a8, (a,q) =1, we have

Yo o) < Y -1,
r—y<n<zx q
n=a mod q

We next consider the general sum G = G(c, f, S, z) defined by

o X X o o X v}

s<S n<x n<x
(s,a)=1 n=a mod s (n,s)=1

It will be useful to dispose of a bound for G when the summation variables n or s
are restricted to a sparse set.

Lemma 4.2. Let K > 1 be an integer and € > 0 be given. There exists ¢ = c(e, K)
such that, uniformly for

r>1, SeN‘n[l,2'¢], 1<a| <10z, ec=(c)eC? feCV,
and assuming that both ¢ and f satisfy (1.12), we have
(4.1) G < [IN|V3223.2° + 74 (|a])SZ°,
where N :={n < x: f(n) # 0}. Moreover, we also have

1/2
1 C
(4.2) ik ( Z;g <p(s)> L.

c:#0

Proof. We have
G<Y () Y )+ (D SL+ Y mie(m) 3 K

S
s<S neN, n#a neN s<S <P( )

n=a mod s

1/2
< ) TK(n)TK+1(In—a|)+Tz<(|a|)5-=5f‘+$‘<|N|ZT%(H))

neN, n#a n<x

1/3 1/3
< (INI ZTK(W) (ZTK+1(|”_‘L|)3> + 7x(la])SZ° + /x| N|.Z*.

n#a

Appealing to Lemma 4.1, this furnishes (4.1).
To prove (4.2), let us denote by 8 the set of those integers s < S such that ¢; # 0.
Applying Lemma 4.1 and the Cauchy—Schwarz inequality, we obtain

g < < 3o TKs) )x.ﬁf‘

SES QO(S)
- Z TK(S)2 1/2( Z 1 )1/2x$‘ < ( Z 1 )1/2173(
= o) = o(s) = o(s) ’

as required. O
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The following lemma (see, e.g., [24, ex. 293], [26, ex. 293]) provides a quantita-
tive form of the assertion that the product of small prime factors of an integer is
usually small.

Lemma 4.3. Uniformly for 2 < y < z < x, we have

1
Hngx: Hp”>z} <<xexp(f g2 )

2logy
p¥[|n
Py

The next lemma is proved via a standard application of Rankin’s method. We
recall the notation (1.9) for the multiplicative function b,.

Lemma 4.4. Uniformly for integers m > 1, n > 1, and real y > 1, we have

R

o<y plm
3|m=2, (6,n)=1 pin

Proof. The main term of the stated formula coincides with the limit of the left-hand
side as y — oo. The remainder is

1 1/0\1/4
S oley 9"
0>y 0 §lm™ 0 Yy
§lm=, (6,n)=1 (6,n)=1

d

Finally we apply an identity due to Heath-Brown—see [17, prop. 13.3]— in order
to split the von Mangoldt function into sums of bilinear forms.

Lemma 4.5. Let y > 1 and let n, J, be two integers such that J > 1, 1 < n < 2y.
We have

-
A(n) = Z (—1) 1() Z H wu(mp) logn;.
1< T mnnnen 1<h<G
maxihg; M gyl/J

4.2. Lemmas of Siegel-Wallfisz type. Recall that w; denotes the indicator func-
tion of the set of prime powers. The classical Siegel-Walfisz theorem asserts that
the bound

(4.3) Ay, (239,0) <a 0/ L

holds for any fixed A and all coprime integers a, q.
A Siegel-Walfisz theorem for the Mobius function is also known, viz.

Au(os;q,a) <4 I/D?Aa

see for instance [17, cor. 5.29].
We shall need extensions of these two results. Recall the definition of 9)g in (1.8).

Lemma 4.6. For every A > 0, there exists a constant C(A) such that, for all
Yo > 1, z > 1 and coprime integers a and q with ¢ > 1, we have

(4.4) | Ay, (z5q,a) | < C(4) :c/.,fA,

(4.5) |A#@n(x;q,a) ’ < C(A) m/.fA.

Proof. To prove (4.4), it is plainly sufficient to establish a bound of same type for
Ny, (w:,a) = Ay, (w:,a) — Ag, (/25 ,0).

Every integer n €]x/2, 2] may be uniquely represented as

n = pm, with PT(m) < p < z/m.



16 ETIENNE FOUVRY AND GERALD TENENBAUM

Let & be the set of those integers n €]z/2,z] such that x/m < y := eV'°8% and
hence such that p = P (n) < y. Lemma 4.3 then yields that & is a thin set, indeed

(4.6) €] < z/\/y.

Now we have

Ay (z50,0) = > Yo(m > 9q(p; aim),
m<x max(az/(Qm),YD,P*(m))gpgm/m
(m,q)=1

where 7 is the multiplicative inverse of m modulo ¢. From (4.6) and (4.3) we
deduce that

/ Q.)O(m)x €
Ay (x5q9,0)] < —_—+ —,
| %( @.0) mgz:/y m(log(x/m))A VY

(m,q)=1

where A is arbitrary. Summing over m furnishes the required estimate.
The proof of (4.5) is similar.
O

4.3. Lemmas from the dispersion technique and bounds on Kloosterman
sums. Let a = (a,,) and B8 = (B,,) be complex sequences. For M, N > 1 we
consider

(47) Aa,,@(M7 N7 q, Cl) = Z Z amﬁn - Z Z amﬁn

m~M,n~N m~M n~N
mn=a (mod q) (mn,q) 1

which is a variant of Ay (see (1.1)) where the sizes of the variables m and n in the
convolution « * B are restricted to dyadic intervals. We also introduce

X := MN,

and for 1 < u < v the shortened sum A_'3(M, N;q,a)

AUU(MN q,a )': ZZ amf ZZ amBn,

m~M,n~N mNM n~N
mn=a (mod q) (mn, q) 1
u<mn<o u<mn<v

where the variables m and n satisfy the extra multiplicative constraint u < mn < v.
Note that A ’;3 vanishes when u > 4X or v < X.

We now list several lemmas providing instances in which the X z-barrier for the
level of distribution of the convolution a * B can be overpassed. The proofs of
Lemmas 4.7 and 4.8 below are both based on Linnik’s dispersion method and on
bounds of various types of Kloosterman sums.

The first part of the following statement is a weak version of [2, Theorem 6,
p. 242] which however will be sufficient for our purpose. Extending the validity to
Aivﬁ is now standard by using the Mellin transform of a smooth approximation
to 1j,,) in order to separate the variables m and n in the summation condition
u < mn < v—see for instance the proof of [9, cor. 1.1] or [3, p. 371-372]. Therefore,
we omit the proof of this extension.

Similarly, albeit [2, Theorem 6] only deals with the case D = 1, we omit the
straightforward proof of the extension to general D.



MULTIPLICATIVE FUNCTIONS IN LARGE ARITHMETIC PROGRESSIONS 17

Lemma 4.7. Let A >0, K >0, € > 0. Uniformly for
D,M,N,Q,R>1 1< la|< (logX)*,

RX* < N< X S(X/R)Y3 Q*R<X

all B = (B,) € CY NSW(D, K) satisfying the sifting condition

(4.9) P~ (n) <elloe™" = 3. — 0,

and all o = () € CV', we have

a0 5| ettt | _llally 185 VX

= (log X)4
(raD) 1 (q, aD) 1

(4.8)

Under the same assumptions, the bound (4.10) persists, uniformly for 1 < u < v,
on replacing Aa.g by AL
In particular, estimate (4.10) and its extension to A" s hold uniformly for

DvaNvaRZL 1\‘a|\(10gX) 9
X1/105 < N< )(2/77 1 < R< X1/105—€, Q2R< X.

Fouvry [7, Proposition 1, p. 61] proved a similar result in the special case 3 = u
or 1. These special cases are sufficient to derive Theorem A above.

When N = X°(1)| Lemma 4.7 does not allow selecting R = X?°, for some fixed
d > 0. The following result, due to Fouvry and Radziwitt[9, cor. 1.1,(i) & Propo-
sition 8.1(i)], fills this gap when D = 1. Here again the extension to general D > 1
is straightforward. Accordingly, we state the following lemma.

Lemma 4.8. Let A >0, K >0, € > 0. Uniformly for

D, ]\47 ]\/'7 Q > 17 |CL| 12X e(logX)E <N Q711/12X17/3676.
and all complex sequences o = (a,) € CV', B = (B,) € CY'NSW(D, K) such that
(4.11) ] < 7i(m) (M2 1), |8l <7rcln) (0> 1),
we have
4.12 A M, N; _—
(4.12) > [Aap(M,Niqa)| < (o8 )7
qSQ

Under the same hypotheses the bound (4.12) persists, uniformly for 1 < u < v,
on replacing Aag by A3
In particular, for alle >0, A > 0, the estimate

X
(413) Z ’ Z AQ,B(M,N;QT,CL) < m,

r<R q~Q
(r, aD) 1 (¢g,aD)=1

holds uniformly for
D,M,N,Q,R>1, 1<]a|<5X,
exp {(log X))} < N < XV 1 <R XYV Q?R< X.
Under the same conditions, the estimate (4.13) persists, uniformly for 1 < u < v,

on replacing Aa,g by AL -

The derivation of (4.13) from (4.12) is standard and follows lines similar to those
described in the proof of Corollary 1.6 above.
The next statement is obtained by combining Lemmas 4.7 and 4.8.
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Lemma 4.9. Let A >0, K >0, € > 0. Uniformly for
D,M,N,Q R>1, 1<]la|< (logX)*,
exp {(log X)"/*} < N < X¥7, 1< R< XY @Q’R<X,

and all complex sequences a = (ay,) € CY | B = (B,) € CNV NSW(D, K) satisfying
conditions (4.9) and (4.11), we have

(4.14) S ‘ S Aap(M,Niqr,a) <<(10;§()A

r<R ~Q
(raD)=1 (gaD)=1

On replacing Aa g by AZ’,”B, the estimate (4.14) persists, uniformly for 1 < u < wv.

As will be explained in §7, it turns out that condition Q>R < X in Lemmas 4.7,
4.8 and 4.9, may be relaxed to the weaker condition QR < X/(log X)? for some
B = B(A) by exploiting an idea due to Dirichlet.

4.4. The convolution principle. We recall here a by now classical principle which
is implicit in many works related to the Bombieri—Vinogradov theorem. This prin-
ciple asserts that the convolution of two well-behaved sequences has an exponent
of distribution equal to 1/2. The following statement is a straightforward variation
of [2, Theorem 0(b)].

Lemma 4.10. Let A >0, K >0, ¢ > 0. There exists B = B(A, K,¢) such that,
uniformly for

D>1, M, N >el*e%" Q< X'/?/(log X)*,

and all complez sequences a = () € CV', B = (B,)CN'NSW(D, K) satisfying
(4.11), we have

X
4.15 max |Aqg(M,N;q,a)| € ———-
(419 iy | e N0 )l < o
<@
(¢,D)=1

Under the same hypotheses, the bound (4.15) persists, uniformly for 1 < u < v,
on replacing Aa.g by AL

4.5. Lemmas from the theory of algebraic exponential sums. Recall from
§ 1.1 the definitions of the functions g, and )y, the latter being associated to the
positive number Yy. The following lemma is trivial when Yy = 2. When Yy > 2, it
is a standard consequence of the fundamental lemma from sieve theory.

Lemma 4.11. The following statement holds for suitable, absolute constant Cy.
For each € > 0, suitable 6 = 6(g), c(e) > 0, and uniformly for x > 1, M > 1,
Yo = 2, and integers integers a, q, t, D such that

2< Yy <2/ « M <x, 1<qg<a’™, (¢qaD)=1, (t,D)=1,

we have
DCo
Z gq(m;a) <« ——a17°6E),
ma~M W(Q)
m=t (mod D)
and, more generally,
Co

pl—e(e)/log Yo

> galmia)Yo(m) <

mo~ M
m=t (mod D)

©(q)
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Lemma 4.11 deals with the distribution of the function 71 = 1 in arithmetic
progressions. The following two lemmas concern the distribution of the functions
79 and 73. They assert that the exponent of distribution of these functions can
be taken > 1/2. It remains a challenging problem to extend these results to the
function 74.

Lemma 4.12. The following statement holds for suitable, absolute Cy. For each
e > 0, suitable 6 = §(¢), c(e) > 0, and uniformly for x > 1, My, Ms > 1, Yy > 2,
and integers a, q, ty, to, D , such that

2< Yy <210 < My < My, MM, < z,
1< g<a?37% (q,aD) =1, (t1t2,D) =1,

we have
DS
(4.16) Z Z gg(mima;a) < s0((])351—5(6),

my~M,, ma~M,
m;=t; (mod D) (i=1,2)

and, more generally,
D%
(4.17) Z Z gq(mlmQ;a)gjO(mlmQ) < Wq)xlfc(s)/log%.

my My, mao~M,
m;=t; (mod D) (i=1,2)

Lemma 4.13. The following statement holds for suitable, absolute Cy. For each
e > 0, suitable 6 = (), c(e) > 0, and uniformly for x > 1, My, My, M3 > 1,
Yo = 2, and integers a, q, t1, ta, t3, D such that

2 < Yo < a1 < My < My < Ms, MyMyM; <
1< q<a?/e, (¢g,aD) =1, (t1tats3, D) =1,

/

N

we have
Co

M1Moms; a D—xl_‘s(e)
(4.18) o> D galmimams; )< 2 :

my My, ma~My, ma~M;
m;=t; (mod D) (1<:<3)

and more generally

Co

(4.19) Z Z Z gq(maimams; a)Po(mimams) < Lxl_c(g)/logYO.

my~ My, ma~My, mz~M; QD(Q)

m;=t; (mod D) (1<:<3)
Proof of Lemmas 4.12 and 4.13. First consider the case where D = 1. The bound
(4.16) is then a classical consequence of Weil’'s bound for Kloosterman sums. As
for (4.18), the first result with an exponent > 1/2 in the upper bound for ¢ is due
to Friedlander and Iwaniec [10, th. 5] and it appeals to Deligne’s deep bounds for
multidimensional exponential sums. We use here Heath-Brown’s result [16, th. 1]
that any exponent < 21/41 is admissible. Note that if ¢ is assumed to be prime,
the best exponent to date is 12/23 — e: see [8, th. 1].

The bounds (4.17) and (4.19) are variants of (4.16) and (4.18) in which the
variables m; are slightly sifted. These extensions, useless if logY, > logx, are
classically obtained through the fundamental lemma of sieve theory—see, e.g., [3,
lemma 2%*].

Let us now consider the case where D > 1. The congruences m,; = t; (mod D)
may be detected by means of additive characters modulo D. It is standard to
incorporate these extra characters in the proofs of (4.16) and (4.18), which are
based on the study of the oscillations of additive characters modulo ¢. The proofs
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are identical with no loss up to the factor D¢. This factor turns out to be harmless
in our applications since D will be a fixed power of log z—see the comments after
Corollary 1.7. (|

4.6. Lemmas from complex analysis. The following stimate will be useful to
deal with some main terms appearing in § 7. We use the following notations

o 1 logp
=TI i) A= e

T - 210%?
o) =1l = ﬁ(”)"zw—nw—pu)‘

pln pln

Lemma 4.14. Uniformly for n € N* and R > 1, we have

(4.20)

B 1 bi/2(n)
(4.21)  T(R,n):= 2;% o) = et ){log R+ A +d(n }+O( T2/ )

(ryn)=1
Proof. For Rs > 0, consider the Dirichlet series

> =10+ g _11/p)2 ) = s+ DH(5)G(0,9),

= el ym
(r,n)=1

with
H(s) := 1;[(1 + m),

a 1— 1/ps+1 B 1 )
Gln, s) = 1|_£ 1+1/{pt (p—1)} 11 L+p/{(p—1p+t-1)}

Apply Perron’s formula in effective form (see, e.g., [24, cor. 11.2.4, p. 220]) and
move the line of integration to the abscissa ¢ = —5. Since, we have, uniformly for
o= —

l
3
1
27

G(n,s) < byja(n),

we obtain, uniformly for R > 1 and n > 1,

T(R,n) = Res(R*C(s + 1)H(s)G(n, s)/5;0) + o(bléiff))
= H(0)G(n,0){log R +~} + H'(0)G(n,0) + H(0)G' (n,0) + o(bﬁg’? ),
which coincides with (4.21). O

The above lemma may be exploited to evaluate the more general sum

T(R,m,n) := Z !

= wlmr)
(ryn)=1

We retain notation (4.20) and further introduce, for j = 0,1, integers m,n > 1,
and real u > 1,

(4.22) O;(m,n;u) == Z (log 9)’

)
o<u
§lm>, (6,n)=1
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Lemma 4.15. Uniformly for R > Ry > 1, and integers m,n > 1, we have

T(R,m, ({1 R+ M+ ﬁ(mn)}@o(m, n; Ry) — ©1(m, n; R0)>

log 2
+O(T( n)’ 01%4R>.
p(m)R,
Proof. Split the sum T(R,m,n) according to the value of ¢ := (r,m>) and write
r = ds. Since (s,md) = 1 we get, with notation (4.21),

1 1 T(R/d, mn
T(Rymn) = 3 v Loy W

§|m> <p(m(5) s<R/é (,0(8) §lm>
(6,n)=1 (s,mn)=1 (6,n)=1

(4.23)

To shorten this summation we use, for § > Ry, the trivial bound T(R/d, mn) <
log 2R. Since ¢(md) = dp(m), Rankin’s method eventually yields

w0 mane y T (s 1))

d< R, gp(m) §|mee J
8lm>=, (6,n)=1

Inserting (4.21) into (4.24), we obtain a formula for T'(R, m,n) with the stated
main term and error term
byj2(mn)bs 7(m)  bysa(m)log2R
< :
o(m )R2/7 o(m )R1/4

It can be checked that the order of magnitude of this expression does not exceed
that of the error term appearing in (4.23). O

5. PROOF OF THEOREM 1.5 WITH THE RESTRICTIONS Q*R < x AND (qr, D) =1

5.1. First step of preparation. When (¢r, D) = 1, we have Ay(z;¢r,D,a) =
Ay(z;qr,a) by (1.16). The purpose of this section is to establish the following
statement.

Proposition 5.1. Let K > 0. For suitable absolute constant Cy and all e, A > 0,
there exists C = C(g, A) such that, uniformly for

(5.1) D>1, feF(D,K), z=1, Q=>1, 1< R < g!/105—¢,
' @R<z, (a,D)=1, 1<|a|<24,
we have
C DSy
5.2 ‘ A <=~
62) S Y A< 2

r<R a<Q
(r,aD):l (¢,aD)=1

The same bound also holds, uniformly for integers b and ¢ with 1 < b, ¢ < L4, on
replacing f € F(D, K) by fpc, as defined in (1.10). Under the assumptions (5.1),
we therefore have

(5.3) > ‘ Z Ay, (z3qr,a)| < \Of;com

r<R
(r,aD)=1 (q,aD) 1
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In order to prove (5.2) under the assumptions (5.1) we first perform a dyadic
decomposition and define accordingly

VB = Y | Y (Alaigra) = As/2qr.a))|
r<R O 4<Q
(r,aD)=1 (q,aD)=1

(5.4) _ ( St - 3 f(n)>

s<S n~x /2 <p(s) newx/2
(s,aD)=1 n=a mod s (n,s)=1
with
(5.5) S:=QRandc,:= » &,
r<R, q<Q
s=qr

where &, is some coefficient satisfying |¢,| < 1. Note the bounds S < 2°3/105 and
les| < 7(s). Thus, the proof of Proposition 5.1 is reduced to that of the estimate
(5.6) V(Q,R) < D%x/ 24,

for both functions f and fj ..
Let us now fix
Yy :=exp (.,?1/4),
and recall from §1.1 the definition of the associated indicator function %)y. We
factorize integers n €]x/2, x] uniquely as

(5.7) n=rv, H p?],

INNVA A
with
vai= [0, Yo<m<pa<--<ps, a;21(L20,1<j< ).
P<Yo
pln

Since f is multiplicative, we have

(5.8) fo)=fn) I i)

and also

— f(an) H <I<In f(p’aj) if (Vna C) = 17
Joe(n) = {0 1] ’ if (v, ) > 1,

since we may assume 1 < b, ¢ < .Z4 and z sufficiently large.

5.2. Contribution of non typical variables n. In that subsection, we will not
appeal to the combinatorial structure of the coefficients cs. Let €y be the set of
those integers n €]x/2, z| such that, with notation (5.7),

max o, =2 or v, > Zo = exp (L34).
157 j = n 0 p( )

From the trivial estimate ). _ 1/p* < 1/z and Lemma 4.3 we infer that

p>z
€0 < wexp(—2*).

Combined with (4.1), this bound implies that the contribution from integers in &
to the left-hand side of (5.4) is

(5.9) < wexp(— 1YY 4 i (la))SLC < wexp(—1 2.
We now introduce the dissection parameter
(5.10) 0:=1+1/2P,
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where By will be specified later in terms of K and A, and define
Vi :=Yoo" (k=0,1,2,..).
Let &1 be the set of those integers n €]z/2, z] \ &y such that v, < Zy and
Yi <p1 <p2 < Yiqr

for some k > 0, so that the two smallest prime factors of n/v, are close to each
other. We plamly have

[€1] < g
Yo<pi<p2<op1

From (4.1), we deduce that the contribution to the left-hand side of (5.4) arising
from integers in &; is

xlog o T
< .
P1D2 Z D1 10%?1 < 75

x x
< ¥ Bo/3—¢ an/Sfc.

Taking (5.4), (5.9) and (5.11) into account, we can write

(5.12) Z > Vi@ Rit) +0(33/3 c)

=1 k>0 (21

(5.11) + 1 (|a))S.Z° <

where Vi, ¢(Q, R;t) is the subsum of V(Q, R) corresponding to the supplementary
conditions
aj=1(1<j<Jn), vn< Zo,

5.13
(5.13) p1 = t(modD), pi € Tiye :=|Ye, Y10 Y, Yora1], p2 > Yiga,

with notations (5.7), and where the Y, appear in Definition 1.1. The interval Jy ¢
may be empty, however the number of sums Vj ¢(Q, R;t) appearing in (5.12) is
< D£LPBo+E+2 We also observe that selecting By = 34 + 3¢ implies that the error
term in (5.12) is < x/.£4, sharper than required in (5.6).

From the above remarks, we see that (5.6) follows from showing that, for suitable
absolute Cy and all A > 0, we have

(5.14) Vieo(Q, Rit) < D%/ 24,

uniformly for D > 1, (¢,D) =1, k > 0, { > 1, for both f and f, . whenever
1<b, c< LA

Proving (5.14) is the purpose of the next subsection, where we will use, in a
crucial way, the fact that, if p belongs to Jx ¢ and satisfies p = ¢ (mod D), then f(p)
assume a constant value, noted as z;. Recall that, by (1.13), we have |z < K.
Regarding the importance of the periodicity of f|p, see Remark 1.2.

5.3. Estimating Vj ((Q, R;t). We consider two subcases according to the size
of Yk.

5.3.1. The case Y}, < 2?/7. In order to apply Lemma 4.9 to each sum Viee(Q, R; t)
we define

ziifne€P, n=t(modD), n € Ty,
Bn = .
0 otherwise.

Note that the sequence (5,,) satisfies the condition SW(D,1). Next, we define

f(m) if m = mh, P*(m) <Yy, P~ (h) > Yii1, m < Zo, u(h)* = 1,
e
" 0 otherwise.
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With these definitions we can rewrite Vj ,(Q, R;t) as

Vk,é(QaR; t) = Z Cs( Z O B — L) Z B )

s<S mn~x /2 LP(S mn~x/2
(s,aD)=1 mn=a mod s (mn,s)=1
We now appeal to the combinatorial structure of the coefficient ¢;—see (5.5)—and
apply Lemma 4.9 with N =Y, > Yy, M < 2/Yy, u = ©/2, v = . This furnishes
the bound

(5.15) Vine(Q, Rit) < x/ L4,

for any A.

Extending the validity of this bound to fp . is straightforward: it suffices to
replace f(m) by fy.(m) in the definition of ay,,. By (5.15) we see that (5.14) holds
(with Cy = 0) provided Y < 22/7. Thus, it remains to deal with the case when Y},
is large.

5.3.2. The case Y}, > 22/7. As a direct consequence of the inequalities Yk4 >z and
x/2 < n < z, we see that any n contributing to Vi ((Q, R;t) may be represented in
one of the following three ways

n ="VppP1, N =VppP1P2, N = VpP1P2pP3,

where v, and the p; are defined in (5.7), and satisfy conditions (5.13). The case
n = v,p1 is very similar to the case treated in Theorem B. We will restrict to the
situation when n = v, p1paps: indeed the other two cases are similar and actually
simpler from a combinatorial aspect.
In order to homogenize the notations in the following computations, we substi-
tute
k— khg — fl,t — t1.

With the above considerations in mind, it is natural to consider the expression

(5.16) Wi, o (QRit1):= > o Y gu(vpipaps, a)f(v)f(pipaps),
s<S V,P1,P2,P3
(s,aD)=1
where the summation variables satisfy the conditions

(5.17) x/2 <vpipaps <, v<Zy, PT(v)<Y,
' P1 €Tk, pr=ti(modD), Yi41 <p2 <ps.

The proof of (5.14) is hence reduced to showing that, for a suitable absolute Cy
and all A > 0, we have

(5.18) Wi 0, (Q, Rit) <4 D2 /.24,

uniformly for D > 1, (t;,D) = 1, ky > log(z*7/Yy)/log o, ¢1 > 1, for both f and
fo.e, With 1 < b, ¢ < £4,

However, the summation conditions given in (5.17) are not sufficient to determine
the value of f(p1peps) in (5.16). To circumvent this difficulty, we split further the
sum Wy, 0, (Q, R;t1) as

(5.19) kagl (Q,R;tl) = Z Z Z Wkl(Q,R; t) + &,
ka,ks £a,0s ts,t; mod D
with
o k= (ki, ko, k) satisfies ks > ko > ki (> log(2*7/Ys)/(log o)),
o £:= ({1,05,03) satisfies £y, 03 > 1,
o t:= (t1,tq,t3) satisfies (tat3, D) = 1,
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(5.20) Wi e(Q, R;t) := 2, 21,21, Z Cs Z gs(vp1paps, a) f(v),
s<S V,P1,P2,P3
(s,aD)=1
where the summation conditions of (5.17) are replaced by
x/2 <vpipaps < x, v < Zo, PY(v) < Yo, pi € Jn, ¢, pi = ti (modD) (1 <4 < 3),

and where the error term & arises from the contribution of those (p1,p2,ps) such
that Yz, < p2 < ps < Yi,4+1 for some ky > k1. Finally we denote by z;, the value of
f(p:;) when p; belongs to J, o, and p = t; (mod D).

By a computation similar to (5.12), we see that, if By is chosen sufficiently large,
the error term & (see (5.19)) is bounded as required in (5.18).

The number of terms in the multiple sum of (5.19) is < D?.#?Bo+2K+4 Hence
(5.18) follows from the validity of the bound

(5.21) Wi e(Q, R;t) < D%z 24,
for suitable, absolute Cy and all A > 0, uniformly for

ks > ko > k1 >log(z?7/Yy)/logo, min ¢; >1,
(5.22) s > ke > b Zlog(@™/¥o)/log e, min, £

D>1, (titats,D)=1.

It is time to replace, in (5.20), the characteristic function of the set of primes
P by the classical von Mangoldt function A and even better by the function A%)g.
Since these techniques classically generate an admissible error, the proof of (5.21)
is reduced to show that, uniformly under conditions (5.22), we have

(5.23) Wite(Q, R;t) <4 D%x/ L4,

where

(5.24) Whe(Q,R;t) = Z Cs Z gs(vningns, a)G(v,n1,n2, n3),
with

G(v,n1,n2,n3) = f([¥)Yo(n1)A(n1)Yo(n2)A(n2)Yo(n3)A(ns),

and where the summation variables in (5.24) satisfy the conditions

/2 <vninang <z, v<Zy, PT(v)<Z,

5.25
(5.25) N € J,0,, ny = t; (modD) (1 <4< 3).

Conditions (5.22) and (5.25) imply 2%/7 < n; < 2'/3 and nz < 2%/7. So we
can apply Lemma 4.5 to each of the factors A(n;) (1 < i < 3) with y := %7 and
J := 2. Thanks to this identity, the summation over each variable n; (1 < i < 3)
in (5.24) is replaced by two summations, respectively over

(5.26) pairs (m;1,n;1), and 4-tuples (m; 1, M2, 11,7 2).

Mixing all these cases leads to considering eight types of sums. Since the other cases
are similar, and actually simpler in the combinatorial aspect, we will concentrate
on those sums arising from the last cases in (5.26) for i = 1, 2 or 3. We therefore
consider the arithmetic function

(527)  gn)=>_flv) Y 1T #(mi)Do(mini;) T lognis,
v migMiy 1<i<3 1<i<3
(1<i<3;5=1,2) j=1,2
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with the summation conditions

n =]l icjcomiinig,
v < ZO7P+(V) < YO>

(5.28) miamianiing2 € Jg 0 (1 < i < 3),
mi1, M2 < 227 (1<i < 3),

™M 17 270,170, 2 = ti (modD) (1 § 7 < 3)

With this definition, we are led to consider the typical sum

629)  Gu@RD= Y e X a5 3 am).

= = o(s) =
(s ab):l n=a mod s (n,s)=1

Indeed, (5.23) will follow from the validity of
(5.30) Gre(Q,R;t) < D%z /L4,

for suitable absolute Cp, all A > 0, and uniformly under conditions (5.22).

The sum G ¢(Q, R;t) defined in (5.29) is over fourteen variables, namely s, v,
the m;; and the n; ;. In order to make the last twelve variables arithmetically
independent, we fix the reduced congruence class modulo D of each m; ; and n; ;.
This involves splitting sum Gy ¢(Q, R;t) into < D'? subsums where the last con-
dition in (5.28) is replaced by twelve conditions of the shape m;; = t; ; (modD)
and n;; = t; ; where the t; ;, t] ; are reduced classes modulo D. For notational
simplicity we will not recall these conditions in the sequel of the proof.

The presence of the factor involving )¢ in (5.27) implies that each variable m; ;,
n;,; is either 1 or > Y;. Therefore, G ¢(Q, R; t) contains subsums which can be han-
dled by Lemma 4.9 as was performed in §5.3.1. More precisely, let GS,’;)(Q, R;t)
denote the subsum of Gy ¢(Q, R;t) corresponding to the extra condition mq 1 > 1,
which implies Yy < my1 < 2%/7. We may then apply Lemma 4.9 to the variables

ni=myy, m:=v([[; ;.q1) mij) IIni;) , in (4.7) with

8, = {u(n)ﬁ})o(n) if n =t1,1 (mod D),

0 otherwise,

the definition of oy, being then obvious. By (4.5), the sequence f3,, satisfies SW (D, K).
Lemma 4.9 hence provides the bound

(5.31) G (Q R;t) < w).24.

Let us next consider the subsum G’Sf)(Q, R;t) corresponding to the extra hy-
pothesis m1,; = 1, my2 > 1, which similarly implies Yy < m; 2 < z2/7. We may
again apply Lemma 4.9 to deduce

(5.32) GiP Q. Rit) < w/ 2

Continuing this process on each of the variables m; ; yields upper bounds similar
to (5.31) and (5.32). Having dealt with these easy subsums, we reduce the proof of
(5.30) to that of the bound

(5.33) Gr.e(Q, Rit) < D%w /2%,

where Gy, ,(Q, R;t) is the subsum of G ¢(Q, R, t) corresponding to the extra con-
dition my; =1 (1<i<3,j=1,2).

The sum G*,;Z(Q,R; t) is then over eight variables, namely s, v < Z; and the
n;; which are equal to 1 or > Yy. By (4.4), we know that, whenever (¢,D) = 1,
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the functions

nis By = 2o (n)(logn)’ if n =t (mod D),
"] 0 otherwise,

satisfy SW(D, K) for j = 0 or 1. Hence Lemma 4.9 ensures that the bound (5.33)
holds for the subsum of G*,;’g(Q, R;t) corresponding to the case when at least one
of the variables n; ; (1 < j <3, 1< i< 2) lies in the interval Yy < n; ; < x2/7.

Thus, we can state that the proof of (5.33) is reduced to showing that, for suitable
absolute Cy and all A > 0, we have

(5.34) Gho(Q.Rit) < D%z /2™,

where GLZ(Q, R;t) is the subsum of G, ,(Q, R; ) in which the n; ; satisfy the extra
conditions
ni;=1lorn; >z (1<i<3,j=12).

Since all the the m; ; are equal to 1, we also have

%x<1/H Hm,jgx,

1<i<3 1<5<2

hence the number of variables n; ; exceeding z2/7 lies between 1 and 3, the others
being equal to 1.

The large variables n; ; are almost smooth, since the function )y only involves a
mild sifting. Therefore, we may apply Lemma 4.11 provided only one large variable
is involved, Lemma 4.12 when two are, and Lemma 4.13 when three are. These
lemmas substantiate respectively the equidistribution of the sequences

9s(01)Do (1), 9s(l1l2)Do(€1l2),  gs(l1l2l3)Do(L14203),

(where the integers ¢; belong to some intervals and satisfy congruence conditions
modulo D) in every congruence class a(mod s), with (s,aD) = 1, uniformly in the

respective range

s<z'™®, s<uz

—c(e) L%/t

2/3—¢ 21/41—¢
)

s<x

with error terms of the shape < De x/¢(q). Summing over s < S (note
the inequalities 1 > 2/3 > 21/41 > 53/105) and noticing that when actually
present, the factor logn;; may be treated by partial summation, completes the
proof of (5.34). This terminates the proof of Proposition 5.1 for the case of the
function f.

The extension to the function fj, . is straightforward on replacing f(m) by fpc(m)
in the definition of a,,, and f(v) by fi.(v) in §5.3.2. This yields (5.3).

6. PROOF OF THEOREM 1.5 WITH THE SOLE RESTRICTION Q?R < x

This section is devoted to deducing from Proposition 5.1 the following statement.

Proposition 6.1. Let K > 0. For a suitable absolute constant Cy and all A > 0,
e > 0, there exists C = C(e, A) such that, uniformly for
D>1, feFD,K), z>1, Q>1, 1<R<z/10=
Q*R<z, (a,D)=1, 1<|a|<L%,

C D%y
(6~1) Z Z Af(x;qT,D,a) <?'
r<R q<Q
(r,a)=1 (g,a)=1
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Under the same hypotheses, the same bound holds uniformly for integers b, c, with
1< b, e < L4, on replacing f € F(D,K) by fu.c, as defined in (1.10), viz.

C D%y
(6.2) S| Y. Ap (z9r,D,a) < Zi

r<R q<Q
(ra)=1 (g,a)=1

Proof. Let S and ¢, be defined as in (5.5). The sum studied in (6.1) may be written
as

V(Q,R; D) := Z cs Ay(z;s, D, a).
s<S
(s,a)=1
According to (1.14), we factorize s as
s = spsp, with sp = (s, D).
Splitting the sum V(Q, R; D) according to the value of sp, we get
V(Q,R; D) = Z Z cio Ay(x;to, D, a).

t|D> o<S/t
(o,aD)=1

The contribution of large t is estimated by Lemma 4.1: for T > 1 we have

Z Z co Af(z;0t, D, a) <<Z Z tUx,Z‘

t|D> o<S/t t|D> oS/t
t>T (0,aD)=1 t>T (0,aD)=1
7(t) 1/4 2L 2b3,4(D)?
+2 et /4
<aZ Z t Z ( ) < T1/4 '
t|D>
T<t<S

It remains to select T := .Z¢ with suitable C' = C(A) to obtain the bound
(6.3) RH(T) < Dx/ L4
We next turn our attention to the complementary sum

:Z Z cioAf(z;to, D, a).

t|D>* o<S/t
t<T (o,aD)=1

We now introduce Dirichlet characters modulo t—see (1.17)—to infer

(6.4) R (T)| < Z Z \ Y e Ap(aio,a)l.

t|DOo X(mod t) oS/t
t<T (0,aD)=1

Since f(p)x(p) is periodic modulo Dt, we have fx € F(Dt, K). In order to apply
Proposition 5.1 we must also check that the weight ¢ — c¢;, can be suitably factor-
ized. However, since (o,t) = 1, the equality gr = to implies a unique representation

q = qiqs, T = 1475 With ¢;r; =t and ¢,r, = 0.

Taking into account that (o,aD) = 1 < (0,aDt) = 1, we get that the absolute
value of the inner sum in (6.4) does not exceed

> Y An(@igere.a) <<Z Dtcox

@ri=t r,<R/m 9. <Q/q: qre=t
(rs,aDt)=1 (q,,aDt)=1
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by Proposition 5.1, where B is arbitrary. Inserting back into (6.4) we obtain

Dt CD:E DCU$T00+1 DSy
ey ¥ oyl o D%
t| D™ x (mod t) qm—t

X

for a suitable choice of B, considering our choice for 7. Combined with (6.3) this
bound furnishes (6.1).

Extending the above proof to obtain (6.2) is now standard and we omit the
details. g

7. APPLICATION OF DIRICHLET’S HYPERBOLA METHOD

In this section, we aim at completing the proof of Theorem 1.5 from Proposi-
tion 6.1. We may plainly assume that

(7'1) Qo := \/ﬁ <Q< x/R$B7 R< m1/105_5

where B = B(A,¢) has to be determined. Given & = (£,.),>; € C¥ such that
sup,. |&-] < 1, we introduce the quantity

Hp(Qo, Q. Ri&) == > & > Ap(x;qr,D,a).

r~R Qo<q<@Q
(r,a)=1 (g,a)=1

As a consequence of Proposition 6.1, it remains to prove that, for a suitable absolute
constant Cp, and all A > 0, e > 0, there exist B = B(A4,¢) and C = C(A,¢) such
that, the estimate

(7.2) Hp(Qo, Q, R; €)] < CD%x /L4,

holds uniformly for Qg, @ and R satisfying (7.1), 1 < |a| < £4, and & as above.
From (1.15), we may split Hp(Qo, Q, R; €) as

(7.3) Hp(Qo, Q, R §) =
where
(7.4) Gi= > & > > f),
r~R Qo<g<kQ n<w
(r,a)=1 (q,a)=1 n=a (mod qr)
and
1
(7.5) €= > & ATl >,
r~R Qu<g<@ T\IDD n<o
(r,a)=1 (g,a)=1 n=a (mod gprp)
(n,qprp)=1

is the expected main term.

7.1. Transformation of G. We tackle the sum & by Dirichlet’s hyperbola method
as follows. We express the congruence n = a (mod ¢r) as

(7.6) n = a+ uqr,

and consider this relation as a congruence condition modulo ur, which is convenient
since u < 2Qp by (7.1). However the condition (a,u) = 1 could now fail. This
induces technical complications which have been completely ignored in [2, pp. 239
240]—but, of course, disappear in the typical cases a = +1.

We address this difficulty by splitting & as

(7.7) S=> 6,

Ala
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where G is defined as & in (7.4) but with the extra constraint (n,a) = A. Since
(a,qr) = 1, we deduce from (7.6) that A | u. So we may write

(7.8) n=Am, a=Ab u=Av,

and deduce from (7.6) the equality

(7.9) m = b+ qur,

where the coprimality condition (m,b) = 1 is now satisfied. In order to simplify
some summation conditions in the sequel, we will frequently use the trivial fact
that this condition implies that any divisor of m — b is coprime to b.

The representation (7.9) implies that (b, ¢) = 1, but not necessarily that (a,q) =
1. So we introduce the integer

(7.10) a = ala,b) H p.
pla,ptb
Let e be any divisor of o and write ¢ = ew, so that (7.9) may be rewritten as

(7.11) m = b+ ewor.

In order to apply Mobius’ formula to take account of the condition (¢, ) = 1, we
perform the further split

(7.12) Ga = ZM(B)GA,e,

ela

g Y > f(am)

r~R Qo/e<w<Q/e m<a/A
(r,a)=1 (m,b)=1

D& D D fasm)

(:;)Iil Qo/e<w<Q/em<z/A

with

where fap is defined in §1.1 and the variable m runs through integers satisfying
(7.11) for some v—in other words m = b (mod ewr).

This is time to apply Dirichlet’s device in the form of summing over the smooth
variable v instead of w. Thus

Saci= > & > ST fasm),

r~R v<(z—a)/(AQor) m=bmod evr
(ra)=1

where the asterisk indicates that m satisfies the extra conditions
Qo< (m—=0b)/or<Q, m<z/A,

which we rephrase as

(7.13) b+ Qovr < m < min{z/A, b+ Qur}.

We would like to apply Proposition 5.1 to &4 . However the bounds appearing
in (7.13) are not fixed since they depend on the product vr. This difficulty may
be circumvented by appealing to a classical device in such context: to split the
summation on r and v into subsums over intervals of the form Jj, :=|o*, o*+!] with
0 as in (5.10). This leads to an estimate of the form

(7.14) ZZGA6+E

where
R< " <o < 2R, 1< <o < (z—a)/(AQoo" 1),
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the number of involved pairs (k, £) is < Z?5*+2 and

el=Y &% Y fasim),

redy veJ, m=b mod evr
(r,a)=1

where the dagger indicates the summation condition
(7.15) b+ Qoo™ <m < My, :=min{z/A, b+ Qo ),

and the error term E corresponds to the contribution of the triplets (r,v,m) con-
tributing to G . but to none of the 62?@.
Applying the bounds (4.1) and (4.2) in a classical way yields the estimate

E < x/ 24,

provided By is chosen sufficiently large.

We now consider two cases, according to the size of My, ¢, as defined in (7.15).
Case 1: My, < x/LAT3Bo+2,

The trivial bound given by Lemma 4.2 then furnishes the bound

(7.16) SR < ufpAT3Bm42,

Case 2: x/LAT3BA2 < My < .
We then apply the estimate (6.2) of Proposition 6.1, with the changes of variables
r—er,q—=uv, R—=ed? Q— o, b— A and c— b. Since (a, D) = 1 we also have
(evr)p = vprp and (evr)p = evprp.

That the required hypotheses are satisfied follows from (7.1). This gives that, for
all C', we have

Co
ek = Y6 Y 0 Y jaum +o(S).

reJy v€ed, gp(elerlD) (m,ev,ry)=1
(r,a)=1  (v,b)=1 m=b (modvprp)
Now observe that (7.17) actually also holds in Case 1 above because the main
term is then smaller than the error term—see (7.16).
Gluing back all estimates (7.17) for (k,¢) arising in (7.14) and suitably select-
ing C, we obtain

(7.18)

* Co
GA,e: Z gr Z # Z fA)b(m)‘i’O(%)

/ !
TR ece-aaqe PEDTD) G S
(ra)=1 (v,b)=1 m=b (modvprp)

We now insert (7.18) into (7.12), carry back into (7.7), revert summations, split
the sum according to the level sets rp := v and vp := v, and change 7/, into s and
v, into v, to obtain

(719) 6= > 3 &> Y fasm) > ule)

to|D> s~R/t Ala m<z/A ela(a,b)
(s,aD)=1 (m,s)=1 (e,m)=1
m=b (mod tv)
1 D%y
X — 0(7),
Z p(evs) * ZA
(v,bmD)=1

where the last summation is restricted to those integers v satisfying
m—b < m—2>

v )
Qvrs = Qo vrs

(7.20)
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and where b and « are as defined in (7.8) and (7.10) respectively.

7.2. Transformation of €. In order to compare & with & defined in (7.5), we
consider the approximation of & given in (7.19) and transform € following a path
parallel to the treatment of & in §7.1. Thus, we fix A = (a,n), split a = Ab,
n = Am, ¢ =vv, r = ts with v = ¢p and v = rp, which implies (D,vs) = 1. After
inverting summations, we obtain

(7'21) ¢ = Z Z gtsz Z fA,b(m) Z (%s)

to|D> s~R/t Ala m<x/A Qo/0<v<Q/v 14
(s,aD)=1 (m,s)=1 (v,amD)=1
m=b (mod tv)

Substracting (7.21) from (7.19), we get

COSC
722) s-¢l< Y Y lelX X asmnl+o( ),

to|D> s~R/t Ala m<z/A
(s,aD)=1 (m,s)=1
m=b (mod tv)

with
Q= Q(a, b, D, s)

(7.23) = Z u(e) Z LI Z (%s)’

ela(a,b) (v,bmD)=1 ap(evs) Qo/v<v<Q/v ¥
(e;m)=1 (v,amD)=1

where, in the first v-sum, the summation variable satisfies (7.20). Note that the two
v-sums appearing in (7.23) run over intervals with the same ratio Q/Qo between
the upper and the lower bound, which is a transcription of Dirichlet’s approach.

By a method already used above, we may shorten the summations over v and t
in (7.22): for suitable G = G(A, ) we have

D% g
(724) |6-¢/< >y X TK(Am)|Qm|+0(W).

to|D> s~R/t Ala m<z/A
max(t,0)<Z° (s,aD)=1 (m,br)=1
m=b (mod rv)

7.3. Estimating €,,. Lemma 4.15 is relevant to evaluate €, defined in (7.23).
We will apply this statement four times, the parameter R appearing in (4.23) taking
successively the values

m—b m-b Q Qo

)

Qors’  Qoors’ b 0

(7.25)

Since A < |a| < Z4, QR < /%8, max(v,v) < £, every number of the list
(7.25) is at least

£ = B oA

where B(A,¢) has still to be specified.
We apply Lemma 4.15 with Ry := £ in the four cases and we notice that parts

of the main terms disappear when substracting. We obtain, with notations (4.20)
and (4.22),

(7.26) O = hlog (%)LH 4
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with
D D
Z ne b ems) ulelgbbems) o oo bDm; ¢) — M@o(&aDm;S),
o(s)
ela(a, b)
(e,m)=
e bDems) 7(aDms)?
T < 21/4{ |Zb) T [

A standard computation involving sums of classical multiplicative functions
shows that, provided B is suitably chosen, the contribution of U to the multiple
sum in (7.24) may be absorbed by the error term.

We next apply Lemma 4.4 to evaluate the terms involving ©y. We get

(7.27) =440

with

Z (e bDems) H (1_1)—1_g(aDms) H (1_1)—1

ela(a, b) 90( ples P 90(8) | s P
(e,m)= ptbDm pfabm
1 27(bDems)b: Dms)b
we L[ 5 HPTEDmIbs ) | rlaDmsdnza(s)|
o1/4 ot p(es) ©(s)

Here again, we check that, for suitable choice of B, the contribution of 20 to the
multiple sum in (7.24) may be absorbed by the error term.

7.4. Vanishing of U*. We now prove that, for all relevant values of a, b, D, m, s,
we actually have

> =0.
Inserting this back into (7.27), (7.26) and (7.24), provides the expected bound
|6 — ¢| < D%z/ 24

and hence, via (7.3) and (7.2), completes the proof of Theorem 1.5 by choosing
B = B(A,e¢) sufficiently large.
Observing that the summation conditions in (7.22) imply

(b, D) = (bDem, s) = (e,bDm) =

we see that the condition p 4 bDm in the first product arising in the definition of
* is superfluous. Therefore we may rewrite L* as

mes u )g(e
80 { ela(a b) <p(e) H, g(p)}

(e;m)= pfm

However, the last sum equals

pla(a;b)
ptm ptm

by the definition of g(p). This is all we need.
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8. PROOF OF THEOREM 1.8.

In this section we sketch the proof of Theorem 1.8 exploiting the combinatorial
preparation of the variables given in the beginning of the proof of Proposition 5.1—
see §5.1, 5.2 for the notations. To simplify the exposition we only consider the case

D=1.

By dyadic dissection we may restrict to studying

W(Q):= ) max |A(z;q,a) — As(z/2;q,a)|

<@ (=1
and set out to prove that
W(Q) < x/ZL4,
provided Q < /z/.Z® with suitable B = B(A, K). Using the factorisation (5.8)

and bounding trivially the contribution of non typical terms, we are led to consider
the sum

1) W@ =Y max
a<Q (e.0)=1

> FW ) f(p2) - gg(vpip2-- )

v,p1 <p2<--+

where k > 0 and £ > 1, where the variables satisfy the conditions

v< Zo, PT(v) <Y,
P1 € Ty, Y1 <pa<pz<---,

vpip2 -~ T,
and aim at establishing the bound
(8.2) Wk,g(Q) < l’/gA.

We now consider two cases :
o If the variables p; and ps do exist on the right—hand side of (8.1), we directly
apply (4.15) with N := Y. This furnishes (8.2)
o If the variable py does not actually appear in the multiple sum on the right—hand-
side of (8.1) we cannot directly apply Lemma 4.10 since the support of v could be
very small. The function f(p) being constant on Jxp, we may appeal for instance
to [21, Theorem 8.4] which generalizes the Bombieri-Vinogradov theorem to the
function a * A, when the support of the general sequence a has suitable size. We
obtain (8.2) here again.

This completes the proof of Theorem 1.8.

9. PROOF OF THEOREM 2.1

9.1. Lemmas. The main difficulty for the proof of Theorem 2.1 rests in assuming
no more than (2.2). We need a number of lemmas. The first is an easy estimate
for the number of friable integers in

(9.1) E(x;k) ={n <z :wln) =k}

It is useful to bear in mind that the Hardy-Ramanujan upper bound [15]—see e.g.
[24, ex. 264] or [26, p. 257] for an alternative proof— states that, for a suitable
absolute constant a, we have

z(logy x +a)*!

(9.2) m(z) = |[E(z; k)| < " (k—1Dllogz

(x>=3,k=>1).
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Lemma 9.1. Uniformly for x >3, 1 <k < logyz, 2 <y <z, u:= (logz)/logy,
we have
(9.3) (2, y) == Z 1 < mp(x)e /2.

neé(x;k)

PH(n)<y

Proof. The stated estimate holds trivially if y < 7 for then m (7, ) < (log x)*. We
may therefore assume henceforth that y > 11. In this circumstance, we may write,
with a :=2/(3logy),

7Tk(337y) < .%’3/4 +x—3a/4 Z n

z?/t<n<e
w(n)=k
PH(n)<y
Since €2/3 < 2, the n-sum may be estimated by applying [23, lemma 1] to the
multiplicative function n — 1yp+(n)<,3n®. Under the assumption k < log, x, we

obtain the upper bound
p*
< m(x eXp{log . g } < ().

This implies the required estimate, up to noticing that z3/% <« 224/25¢=%/2 for
y > 11. O

Our next lemma refines the latter when & is ‘small’.

Lemma 9.2. Under the conditions
(9.4) ex=0(1), k=1, klog(l/e;) = o(logyx) (x = 0),
we have

(9.5) T (z, 2! ) = o(wk(z)).

Proof. We may plainly assume k > 2. Setting y := x°+, we have

00 e < 5 me(Eo).

p'<z
p<a/y

A routine Abel summation yields that the contribution of v > 2 is

z(logy 2)*2  kmp(z)
k—2llogz * Togyz o(m(2)).

The remaining contribution is, for a suitable absolute constant a,
x x
< Z Tk—1 (*,p) + Z Wk—l(*)
p<VT b Va<p<z/y b

> a!—1/Zlogr) (log, x)k 2 . z(logy z/p + a)* >
(k—2)lplogz (k—2)!plogx/p

p<VT Ve<lp<e/y
z/y 1 k—2
LR TC I S i (S0
logox ~ (k—=2)! )z tlog(z/t)

ki (x) 1 VE N,
N ] AR G ILACIE]

k VEIfL(t
L TC W S U
logoz  (k—2)!logx t
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where we applied (9.2), made use of (9.3), and set
t(logy t + a)*—2

t):= t>3).
fu®) logt ( )
Since fj is actually non-decreasing throughout the integration domain, we have
Ve ! k—2 T k—2
y t log = y tlogt

Carrying back into (9.7), we get

_ ki (x) logy, y + a\ k-1
1—¢ k e2d T
Wk(I v )<< logy +7rk(:v){ logyz +a

Taking account of the inequality 1 — (1 —v)™ < mv (0 < v < 1 < m), we see that
this bound does imply (9.5) under the hypothesis (9.4). O

For larger k, we shall invoke the following result in which we write

(9.9) nE::Hp” (1<n<z0<e<y).
psa”
plln

We also recall notation (9.1).
Lemma 9.3. Uniformly for
23, 1/logyz<e<3, 1<k<logyz, r:=k/log,z,

we have
(9.10) w(ns) >k —2rlog(l/e), mn.< Ve
for all but at most < 7184~V (2) integers n in &(x; k).
Proof. By [23, lemma 1], we have, for any fixed y > 0,

T ) ()

nee(a;k)

uniformly in the considered ranges for x, k, €. Selecting y = 2, and multiplying
through by £"1°84_ we see that the number of n contravening the first inequality in
(9.10) is < em(o84=Dmy ().

Similarly, for « := 1/(elogz), we have, again by [23, lemma 1],

> 0 < mi(a).
neé(x;k)

This shows that at most < e~'/Vem, () integers contravene the second condition
n (9.10). O

Next, we need an estimate for mean-values of some arithmetic functions over
level sets related to a shifted argument.

Definition 9.4. Given constants A > 0, B > 0, € > 0, we designate by M(A, B, ¢)
the class of those functions G > 0 such that

G(mn) < A®™G(n) ((m,n)=1), G(n ZZ

p v>=2

The following result could be generalized much further along the lines of [20, 25].
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Lemma 9.5. Let A>0,B>0,R>0,0<e< % Uniformly under the conditions
x>2, GeM(A B,e/3), 1 < k< Rlog, x, we have

m (1) 5~ G(n)

9.11 S = G T
(9.11) @i= X Gt

1<n<z n<z

w(n—1)=k

Proof. In view of, for instance, [20, cor. 3], the subsum over n < z/(log )¢, with
¢ = ¢(R) sufficiently large, is negligible in front of the right-hand side of (9. 11) B
a standard splitting argument, we may hence restrict to finding an upper bound
for the subsum, say Sj(z), over the range /2 < n < x.

For each n, let £, be the largest of those integers & such that

w@) = [ o<

p”|In(n—1)
p<E

Write ay, := an(§n), by, :=n(n —1)/an, pn = P~ (by), vy := vy, (by), so that
% plr < ap, < 2°°.
Put aj, = Hp”\ln—j, p<e, P” (j =0,1), so that
agn|n, (agn,a1n) =1, ain|(n —1).

For j € [1, 3], we denote by N;(x) the contribution to S} (z) of those integers n
respectively satisfying the conditions

(Ny) an < 2° and p, > /2
(N3) an < 2° and p,, < /2
(N3) an > x°.

If n appears in N;(x), then conditions (b,) < E := 5/¢ and w(n — 1) = k
imply k — F < w(a1,) < k, where the upper inequality arises from the assumption
a1n < €. Summing according to the fibers a1, = s, agn, = t, we may hence write

M@ < Y Y > G(n)

(E—E)t<r<kw(s)=k z/2<n<x
st<a® s|(n—1),tIn

- (n(n—l)/st) >z/?

< Z Z o(st)( log x

(k—E)t<k<kw(s)=k

stz
x 1 D )H G(t)
< _
= Z<Z<> >

where the last upper bound stems from the following computation, in which we
write &, 1= > o, G(p”)/p” and define A as the multiplicative function such that
Ap) =1/(p—1), A(p¥) =0 (v > 1), for all prime numbers p:

I LR S SR BB LN L

t<x ® t<x d|t d<z m|d> n<x/md

<KZG7H

n<x

(9.12)
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with
A(d) G(p/t) Ap)G (')
(9.13) d%:l I Hijzo p? 1;[{ J%% pit }

< H{l + G(pﬁf(p) +A<p)ep} <Mt

Let us now consider an integer n contributing to Na(z). We have pZ» > a¢
and p, < 2°/2. For each prime p not exceeding /2, let v(p) denote the smallest
exposant v such that p¥ > 2°. Then v(p) > 2 and p*®)~1 < 25, so p*P) < p/2,
Therefore
(9.14)  No(z) < Y > G(n) < Bax*/* >~ 2p) o 1efo

’ = v(p) ’

p<Lae/? z/2<n<z p<xe/?
n(n—1)=0 (mod p*»)

In order to bound N3(z), we consider ¢, := P¥(a,) and note that
Q(bn) < nlgn) = 3(log )/ 10g gn-
It follows that

Ns(z) < ) > > oG 3> An@)

q<z? (k—n(q))T<k<k w(s)=k z/2<n<z
z°<st<a®® s|(n—1), t|n
P*(st)=q P~ (n(nfl)/st) >q

G(t)A" Dy
< Z Z Z o(st)(log q)2.
q<z* (k—n(q))*<h<k w(s)=r

zf<st<L<a’®

Pt (st)=q
We estimate the inner sum by Rankin’s method, employing the weight (st/2°)” with
v := C/logq, where C is a sufficiently large constant. We obtain, for a suitable
constant cg,

z!=0¢/ 108 4(log, 2q + co)"(AR + 1)@ Gt
M) < Y > (logy 2q + c0)"( ) 3 ()"

q(log q)?k!

g<a** (h—n(q))* <r<k 1<z

PT(t)<q
A computation similar to (9.12)-(9.13) enables us to show that the last sum is
< <. G(n)/n. We then observe that, provided Ce > 1+ 2log(AR+ 1), we have

Z Z xlfCe/ 10gq(10g2 2q 4 CO)K(AR + ]_)77(Q)
q(log q)?k!

g<a?* (k—n(q))* <r<k

<Y n(q)z' /184 (logy x + co)" !
q(log q)%(k — 1)!

< ().

O

Our next, and last, preliminary result is a sieve estimate for integers n such that
w(n —1) is fixed.

Lemma 9.6. Let R > 0. Uniformly for x > 3, 1 < k < Rlogyx, and all sets of
prime numbers P C [2,x] such that 3> .5 1/p = o(1) as x — oo, we have

(9.15) Z 1 = o(m(x)).
1<n<z
w(n—1)=k
IpeP:p|n
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Proof. We may plainly reduce the proof to showing the stated estimate for the
contribution of those n in /2, ] to the left-hand side of (9.15). We consider two
cases, according to the size of k.

Let us first assume k < 7, log, x for some function 7, tending to 0 sufficiently
slowly, to be specified later. We write n — 1 = g,m,, with ¢, := P*(n —1). By
Lemma 9.2, we may assume that ¢, > z'~%* for some quantity ¢, tending to 0
sufficiently slowly as x — co. Thus, we can also discard those integers n such that
q2|n — 1. Now, define p,, as the smallest element of P such that p,|n. We split the
set of remaining integers n into two subsets, according to whether p, < 2'~2%* or
xl=2 < Pn < X

By the Brun-Titchmarsh theorem, the contribution of the first subset does not

exceed
> Z > i< XX
msa"e JIS q€P m<az pe?P mplog m/mp)
w(m ) k—1p<Lat™ 2‘1 g=—mm (mod p) w(m ) k— 1p<w1 2ea
(9.16) ptm x/3m<qg<z/m
z(logy )1 1
< (k—1)!ezlogw Z p o(mr())

peP

provided we select €, tending to 0 sufficiently slowly.

To bound the contribution of the second subset, we write
n = gnMmy + 1= vpp,, withm, <%, v, < z?e,

By the large sieve (see, e.g. [11, ch. 9]), the searched for contribution is hence

Z Z Z I< Z Z () (log )2 K gxmk(z).

v<e2ts m<z™  g=—m (mod v) v<z?er m<Lr®
(m,v)=1 (gm+1)/veP (m,v)=1
w(m):kfl x/3m<q<z/m w(m):kfl

We next turn our attention to the case of large k, i.e. n;logyz < k < log, .
Put r := k/log, x. We select a function €, tending to 0 and write m :=n—1 = ab,
with a = m.z, as defined in (9.9). With a suitable choice of €., Lemma 9.3 implies!
that, at the cost of neglecting o(7j(z)) elements m from &€(z; k), we may assume
that w(b) < hy :=4rlog(1/e;), a < 2. Retaining the definition of p,,, we consider
the same two cases as previously, by comparing p, to z!=2°=.

If p, < 172+ the corresponding contribution is hence, parallel to (9.16),

D DD DD D

a<z™ peP bzfﬁ(modp)
k—h,<w(a)<k—1 p’(a P (b)>z°s
p<atT e z/3a<b<z/a
X
(9.17) < > Y
o 5 aper log x

k—h,<w(a)<k—1 p<m1_25”

x 10g2 x
< e2logx Z (k=) Z p

1<t<h,

where the first bound follows from the sieve. The sum over t does not exceed

n, (logs z)k!

hs(1+ R) e

IThis is where we take into account the sufficiently slow decay of 7, to 0, so as to ensure
that €7 = o(1).
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Therefore the last bound in (9.17) is o(mx(z)) provided &, tends to 0 sufficiently
slowly.

If 21725 < p, < x, we have v, = n/p, < x
see that the number S of these integers satisfies

> > oo

v g/3<m<x
w(m)=k
m=—1 (mod v)
(m+1)/veP

28x g0, still writing m = n — 1, we

This quantity may be bounded above using the weights of the combinatorial sieve,
as defined, for instance, in [11, §6.5]. If {\}(v)}2_, denotes the sequence of the
upper bound sieve for primes p < z° p { v, with a small positive constant ¢ and
D := z°® with some large, fixed s, we obtain, with a suitable constant C',

Z Z)\+ m:vud—l)

v<a?ee d<D
= 3 2 D+ s (wsvd, 1))
ng{CVQH(l)m +K§;;Awk(m )\}

where, as defined earlier, wy, is the indicator function of the level set &(x; k). The
contribution of the first term inside curly brackets is plainly

< epmi(w) = o(mi(w)).
That of the second may be bounded using the Bombieri-Vinogradov theorem for wy,

as established by Wolke and Zhan in [29]. Since we can select ¢ so small that, for
instance, ¢s < 1/4, we obtain the bound

< Z 2¢(0) max ’Awk(x q,v )’

g<ai/s (v,9)=

By the Cauchy-Schwarz inequality, this is

4(4) 1/2 1/2
< Z L max ‘Au;k (x; q, y) ‘ < LA
©(q) ot )= (log z)

q<at/?

for any constant A > 0.
This finishes the proof. U

9.2. Completion of the proof. We aim at applying Lévy’s continuity theorem
(see e.g. [24, th. TI1.2.4]), according to which the required conclusion holds if, and
only if, under our assumption upon k, the Fourier transforms

1 .
9.18 (0 2) = et f(n) JeER
(9.18) (¥; ) @) 1;@ ( )
w(n—1)=k

approach ¢p (9) as defined in (2.3) for each ¥ as ¢ — co. The standard strategy is
to employ Cauchy’s formula

! W(z; 9, 25 f) —

(’19 l‘) 27TZ7Tk( ) 2|=r lc+1

(r>0)

with
(9.19) W(z; 9, z; f) == Z e (n) yw(n=1)

l<n<z
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To this end, we would like to expand e’f(") as a sum over the divisors of n and
revert summations. However, in order to apply a result like Theorem 1.5, we
need to restrict the sizes of the divisors involved. This can be done by selecting
a suitable parameter y € [1, 2] and approximating f(n) by the additive truncation
fy, defined by

f(p¥) ifp<y,
0 if p>y.

(9.20) fy(0") = {

We select throughout

(9.21) y = exp{(log, z)'/?}.
The first step consists in establishing that, if they exist, the limiting distributions
associated to f and f, are identical, in other words that, given any € > 0, we have

(9.22) Yo 1<m(a)
I<n<z
w(n—1)=k
[f(n)—fy(n)|>e
for some n = n(e) tending to 0 with e.

Showing this turns out to be the most difficult part of the proof and motivates
all of the preparation displayed in the previous subsection. Since y — oo, the
Hardy-Ramanujan upper bound (9.2) enables us to discard those n such that p?|n
for some p > y. Then, we consider the set P. := {p € P:p >y, |f(p)| > €3}. By
the convergence of the first two series in (2.2), we have

1 1 f(p)?
E - < g -+ E 6, = o(1).
peP. p P>y p P>y p
[f(p)I>1 [f(p)I<1

Therefore, Lemma 9.6 yields that the contribution to (9.22) of those n divisible
by a prime from P. is negligible. To deal with the remaining integers, we define a
multiplicative function G, by

1 if p<y,
C.(p") = 0 if p >y and |f(p)| > &3,
S\ 0 ifp>yandv > 2,

@I/ i p >y v =1, and |f(p)] < €.

Thus, if n is not divisible by the square of a prime > y and is free of prime factors
from P, we have
F(n) = £, ()] > £ = Ge(n) > /%,
Moreover, since G, satisfies the hypotheses of Lemma 9.5, we have
Z G:(n) < m(x),

1<n<z
w(n—1)=k

which completes the proof of (9.22).
We have thus reduced the proof of Theorem 2.1 to showing that, for each fixed
¥ € R, we have

1 o
(9.23)  ®}(0:x) = N e = pp (9) +0(1) (x> o0).
Wk(.’b) l<n<gx
w(n—1)=k

With the notation (9.19), we hence write

dz

W(z;9, 2; fy)

|z|=r

2mimy () (r>0).
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Given 9 € R, let hy denote the multiplicative function defined by hy = /v %, so
that

ho(p") = eF®) _ I i p <y, v,
= 0 if p>uy.

We have

o1y (n Z hy(d

d|n
P (d)<y

so, for a := K/logy, |z| = r, the contribution to W(z;9, 2; f,) of those d exceed-
ing ¢ is at most

w(n—1) Ihﬁ(d”da
> Y e

1<n<z d|n
PHd)<y
— pco Z rw(n 1) H <1+2 Z pja) <, xl—K/log2x7
1<n<z p’[In 1<y

Py
by the Cauchy-Schwarz inequality and standard estimates for sums of non-negative
multiplicative functions. Since we shall ultimately select » < R, we see that, given
any fixed constant ¢ > 0, we may replace W(x 9, z; fy) in (9.24) by

W*(x;9, z; fy) : Z hy(d Z Zw(n)7

d<z® n<r—1
Pt (d)<y n=—1 (mod d)
to within an acceptable error. We are hence in a position to apply Corollary 1.6
with
. hy(r) if P+(T) <y
:_D:l7 c<$7 R:x(,, — )
? 105 & {0 if P+(r) >y,

f(n)=2*M™, a=-1.

We obtain
hﬁ x
9.25 W*(z;9, z; f,) = 2 L0y (——
(3:25) @dzf)= 3 e 2 (w77
PH(d)<y (n.d)=1

Now a standard application of the Selberg-Delange method as displayed in [24, ch.
I1.6] yields, uniformly for x > 2,d > 1,1 < k < Rlogy x, r := (k —1)/log, = < R,

(9.26) Y o1= ”’C z) o(M)

n<x ~(d) logy
(n,d)=
w(n):k’
with
1 \—-R
927) b (d) = ;[d (1+ fl) Br(d) := g (1- W) .

Inserting (9.26) back into (9.25) and carrying into (9.24) yields, by Cauchy’s integral

formula,
. hy(d
i) = ) SEr R

PH(d)<y
where the error term has been estimated, in view of (9.21), using the fact that
|ho(d)| <2+ for all d > 1. By Rankin’s method, we may extend the summation
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over d to all y-friable values without altering the remainder term. To reach the
required conclusion (9.23), it only remains to observe that

hy(d 1 ) _q
> bg()d) =11 <1+ (1 - 1;) Zp”_l(p—l—l—r)> =¢r,(9) +o(1),

Pr(d)<y r( )Lp( Py v>1

due to the convergence of the infinite product.

10. PROOF OF THEOREM 2.3

Since the proof is very similar to that of Theorem 2.1, we shall only sketch the
main lines.

Let y be defined as in the statement of the theorem and let f, denote the additive
truncation defined by (9.20). The first step consists in showing that the distribution
functions of {f(n) — Ay }/B, and {f,(n) — A;}/B, on

&i(x) ={n€ll,z] :wn—-1) =k}

differ by at most o(1).

To this end, we apply the Hardy-Ramanujan bound (9.2) to show that at most
o(m(x)) elements of &f(x) are divisible by the square of a prime > y, and we
invoke Lemma 9.6 to infer that, given € > 0, the same bound holds for the number
of those n € &;(x) having a prime factor p > y such that |f(p)| > €3>B,. Then, we
may use, as previously, Lemma 9.5 with now G(p) := elf(P)I/e*Bs 4 get that

[f(n) = fy(n)| = o(By)

holds for {1+ o(1) }m;(x) elements of € (z).

Let 9 be a real number and put hy := e*?f+/B= « ;1. For the second step we aim
at showing that, for bounded z € C and any fixed ¢ > 0, the contribution of d > x¢
to the sum

V(x; 0, 2,y) == Z Lw(n=1)gidfy(n)/Bs _ Z Lw(n=1) Zhﬂ(d)

1<n<z 1<n<Lz dln

is negligible. Asin Section 9.2, this is achieved by a standard application of Rankin’s
method. This is where we need y to be taken smaller than any power of x.
We then apply Corollary 1.6 to obtain, for all fixed A,

(10.1) V(s 9, 2, y) = Z }:019((5)) Z zw(n)+0<(10gxx)A>.

d<z* n<
PH(d)<y (n,d)=1

The Selberg-Delange method now furnishes, uniformly for > 2, d > 1, |2| < R,

3 zw<n>:Jd(Z>”"F(l(‘§x)Z_ +0(Br(d)a(logz)*2),

n<e
(n)d):1

where Bp is defined in (9.27) and

OIS (N (BN (R

ptd
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We then carry back into (10.1) and extend the summation over all y-friable d.
This involves a global error < Ly(y)z(log z)**~2 with

Lﬁ(y) = Z M < eXp{ZVLﬁ;p)l}

P+(d)<y #(d) Py
V] |f(p)] o(1)
< exp{Bm;;p < (logz)tH,

where the last bound follows from the Cauchy-Schwarz inequality. By Cauchy’s
formula with a standard treatment of the error term, we get, for each fixed ¢ and
uniformly for r := (k — 1)/log, z < R,

. dz ﬂ-k(l‘)
10.2 wnmE _ T g de )
1 1@21 ’ 2miloga Ji. —, o(z ) (logz)* = + (\/@ 7
w(nfﬁ:]@

with

Holz0) = 7 P%:gy o

The last sum is an entire function of z. We may hence compute it assuming first
that z ¢ (1 — P) and then deleting this restriction by analytic continuation. We
find that it is equal to

pl;[y(urpz1)(1—;)2g(1—;)z(1+Z;hﬂl(p)).

It readily follows from our hypotheses that Hy(z; z) is bounded in the disk |z] < 2R.
Thus, inserting Taylor’s formula

Ho(z;2) = Ho(r;z) + (2 — 1) Hjy(r; ) + O(|z —7r|? sup |HG(r+s(z — r),x)|>

0<s<1

and noting that, by our choice of 7, the contribution of the linear term to the
Cauchy integral in (10.2) vanishes, we obtain

> B = {14 o(1)}

l<n<zx
w(n—1)=k

xHy(r; x)(log, x)k_l.
(k—1D!logx

Applying this also for ¥ = 0 and dividing yields

1 Z ot fy(n)=A;}/B, _ —i0A,/B, H (1+ hy(p) )+O(1)

() Vat. p<y poltr

w(n—1)=k

Wf(P)/Bs _ 1 _ 9 B
:exp{z : A +O(1)}

PSZT P

u 1 — 0

— oxp {/ AR, (u) + 0(1)},
- U
with

2

1 f(p)
T pgz p
f(p)<uB,

By (2.10), K.(u) tends to 1jg[(u) as  — oo. Thus, as may be seen by par-
tial integration and appeal to Lebesgue’s dominated convergence theorem, the last
integral approaches —9?/2 as & — oo. This is all we need.
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11. PROOF OF THEOREM 2.5

This is a reappraisal of the proof of [14, th. 11], in which we make crucial use
of Corollary 1.6. We provide all the details for convenience of the reader. The
following result, which is a special case of [20, cor. 3], will also be very useful. We
recall Definition 9.4 for the class M(A, B, ¢).

Lemma 11.1. Let A >0, B > 0, ¢ €0, ﬁ]. Then, uniformly for F € M(A, B,¢),
T > 2, we have

(11.1) S Fayrn-1)<aY %")

Letting F, denote the expectation relative to the probability P, brought up in
Section 2, we see that (11.1) may be restated as

(11.2) E.(F) < IO;IZF(”).

n<x
Let us start by proving (2.12) or, equivalently, with notation (2.11),
(11.3) P,(|M(n,&)] >1+¢) =0(1) (z — 0).

Provided £(z) tends to infinity sufficiently slowly, which can be assumed without
loss of generality, we may restrict our attention to the range £(z) < t < 27 with
log, x1 = logy @ — &(x). Indeed, if ¢ > 21, we have, with notation (1.7),

w(n,t) —logyt < w(n) —w(n,z1) + |w(n) —logy x| + £(x)
w(n,t) —logyt > w(n) —logy x — {w(n) — w(n,z1)}
and so
lw(n,t) —logy t| < w(n) —w(n,z1) + |w(n) —logy | + &(x).
Now, by (11.2), we have for any v € [1, 2]
B, (0#=+(nm)) & o0-DEG),
B, (v 1om e oz a—w(m))  (Jog )P ~17I0EY | (Jog )lorv1+1/v

Selecting v = 2 in the upper estimate and v = 1 + {(x)/+/log, = in the lower one,
we see that, assuming £(z) = o(/logy ), we have, for all £ > 0,
Pz( sup |A(n,t)| > 5) =o(1)
x, <t<x

and so (11.3) will follow from

P, (IMi(n,&)] > 1+¢€) =o(1), with My(n,&) := sup [A(n,t)].
§(z)<t<m

Next, we consider the subset U, of {n:1 < n < x} comprising those integers n

such that [, <., PV < z'/*. By (11.2), we have
Po(la] N U,) <amV@lsmip (T p e ) <exp { - Jet@)),
p¥|In, p<ay
We thus embark to prove that
(11.4) P, (n € Uy, |Mi(n, )] > 1+ a) = o(1).

At the cost of replacing e by 2¢ in (11.4), we may plainly restrict the variable ¢, in
the definition of Mj(n, &), to run through the sequence

{te : &(2) <k <logyz —£(2)},
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with ¢, := expexpk (k: 1). Now, put I:=|(logs&(x))/e], J = [(1+loggz1)/e],
and for each j, I < j < J, write K; := e/, so that K; < log, &(z), Kj > log, 1.
We then define T := expexp K; = exp exp exp(ej) and consider the set S; of those
n € U, such that

(S5) sup  |A(n,t)] > 1+e.
K <k<K,1

We also define ¢(T') := (1+¢)4/logy T — ¢, where c is a sufficienlty large constant,
and denote by A; the set of those n € U, for which

(4;) w(n, Tj11) —log Tjia| > ¢(Tj)/logy Tj.
In order to show that
U Sa') =

I<j<d
we shall actually prove, for x > zq(¢g),

(11.5) P, (4)) < 1+15/4 (I<j<J),
(11.6) P.(S;) <2P,(4;) (I<j<J).
The proof of (11.5) is straightforward, since, for z > z((¢), condition (A4;) implies
jw(n, Tjy1) = logy Tja| > (1+ F)y/2log, Tjlog, Tj
> (1+nj)logy Tj+1,

with n; :== (1+ %8) V/2log, Tj+1/log, Tj+1 and so we only need to apply (11.2) with
F(n) = v T for v = 1 £ ;.

To prove (11.6), we split S; into K1 — K disjoint subsets Si;, K; < k < Kj41,
defined by the extra condltlon
. < .
(53) At < 12 < A1)

We clearly have
P(S) < > Pu(Sk)
K;<k<K;
For each k €]K;, K; 1], let By; comprise those integers n € U, such that

log T}
w(n, Tj41) — w(n, ty) — log (M> cy/logy Tj11.

B,
( k]) log tg,

Since condition (Sk;) implies

w(n, tx) —logy t| > (1 +€)y/21og, ti logy ty

we see that By; NSy C A;. The Si; being disjoint for fixed j, we infer that
> Pu(Bi N Skj) < Pu(4)).

K;<k<Kj;
Therefore (11.6) will follow from
(11.7) P;(Skj N Bj) < 5P:(Sky)

with By; := U, \ By;. We shall prove that (11.7) holds for sufficiently large c.
Let a, b denote respectively generic integers such that P (a) < t, P~ (b) > ty.
We have

dortn-1)= > DY ra-1)= > > > 1L

n€ESy; aLz/* b<z/a a<z'/td<y/z b<z/a
acSy; ab>1 ac S, , g(b>1dd)
=a (mo
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Corollary 1.6 enables us to bound the double inner sum from below. We obtain,
for any A > 0,

Z (n=1) Z {Z logt;c O((loglgc)"‘>}7

neSy; a,<w1/4 d<f
aeSk,
whence
1
(11.8) Po(Skj) et Y =
agml/zl
a€Sy;

Now observe that, for n = ab € Sy; N By, at least one of the inequalities o (b) < 0
or az(b) > 0 holds, with

an(b) = wb, Tjy1) = (Kjp1 — k) + (~D)'ey/K;  (h=1,2).
Therefore, for any 1, y2, with l <y <1<y < 3 , we have

S rlab— DO 4y @),

a<z/t bz /a
aeSkJ

(11.9) P, (Skj N Byj) <

xlogm

Inserting the upper bound

T(ab—1) <2 Z 1

d<v/x
ab=1 (mod d)

and appealing to Corollary 1.6 again furnishes

Z T(ab _ 1)y2m(b) <2 Z Z y}a;h(b)

b<z/a d</x b<z/a
ab>1
b_E(modd)
o/h(b) z
€D @ 2 W Gogaa
d<f b<ac/a
(b,d)=
zlogz
< aegk exp {(KjJrl —k)(yn — 1 —logyn) — ¢| logyh\\/Kj}-
We select y, := 1+ (=1)"/2 or y5, = Ve /K; /(K41 — k) according as

k> K1 —2cy/K; or not. Then the expression in curly brackets is < —xc, where
k is an absolute constant. Inserting back into (11.9), we obtain

PI(S]C] ﬂ?kj) < e—k—mc Z é,

agzl/zl

a€Sy;

from which (11.7) follows for sufficiently large ¢, in view of (11.8).
This completes the proof of (2.12).

We now turn our attention to proving (2.13) and (2.14). By symmetry, we
restrict to the first property. We write X := 2!/1°8:% and embark on showing

(11.10) Py (M*(n,§)<1l—¢)=0(1) (z— o).

Given a large constant D = D(e) to be specified later, we put K := |log, &(x)/log D],
L := |logs X/logD|. For K < k < L, set s := expexp D*, I}, :=|sx_1, s;], and

define
w(n) == Z 1.

pln, p€l}
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As in the corresponding part of the proof of [14, th. 11], we aim at establishing
that the level of independence of the wg(n) (K < k < L) is sufficient to implement
the classical probabilistic approach. Of course, independence is here understood
with respect to P;.
Let z,, (K < k < L) be complex numbers such that |z;| < 2, and write
z = (ZK—O—la SRS ZL)'

The first step consists in evaluating the characteristic function

U(z) := E.(f), where f(n) := H zf"'(n).

K<k<L

We shall show that

(11.11) \Il(z)_@(z){l+0< ! )}

log x
with
,_ (f)-Dp-1 _ (zr —Dp—-1)
o) ._1;[{1+ - }_Kg[wll{HpQ }

S(x; z) := Z fn)t(n—1)=2 Z Z f(n) +0(2")

1<n<z <z di<(n<§d)
n= mo
(11.12)
=2y ) fm)+0®+a"),
d<yz  n<w
n=1 (mod d)
with

Ri= Y > fn).

z1/4<d</z n<d?
n=1 (mod d)

Let A :=1+1/%B, where B is a large constant to be determined later. We split
the outer summation range into intervals V; := {d Cp/ANT < d < x1/4Aj+1}. In
each corresponding subsum we may replace the condition n < d? by n < v/zA% at
the cost of an error

<

FANA 1) )] 2
log = Z n <<,$B—1'

n<

Indeed, this readily follows from [20, cor. 3]. Summing over j, we obtain that the
global error involved is < /2. Next, we apply Corollary 1.6 to each subsum,

V1Z. ) xAZ?
> X s-X g5 ¥ smro(¥Y)

dEV, n<yaA® dev, P\Y L < aan
n=1 (mod d) (n,d)=1

The inner sum is relevant to [14, th. 02]. Tt is

VaaP I (1+ f(p;_l) +O(@).

oid log x
Carrying back into (11.12), we get, after a short computation,

S(x;z) =2 Z Z f(n)+0<ac@(z)),

d<v/x n<w
n=1 (mod d)



MULTIPLICATIVE FUNCTIONS IN LARGE ARITHMETIC PROGRESSIONS 49

which is compatible with (11.11). Applying Corollary 1.6 again, we get

(11.13) Z Z fn) + O(w@(z)),
d<f n<x
(n d)=
since the error involved from the Bombieri—Vinogradov estimate may be absorbed
by the previous one. Now, letting x4 denote the indicator of the set of integers
coprime to d, we write fxq = g * xq where g is the multiplicative function defined

as
() = 0 ifpldorv>1
I -1 ifprdv=1.
We have
xo(d m
S =Y gm) Y 1= "D S I o0 5 g om)
n<x m<ax n<x/m m<x m<x
n=1 (mod d) (n,d)=1
~ zp(d) flp) =1 22+
- d 11(1—’— D )+O((logz)3)’
P

where the last estimate may be obtained by a standard application of Rankin’s
method, using the fact that g(m) vanishes if PT(m) > X. Carrying back into
(11.13), we get, keeping in mind that f(p ) =1 for all small p,

xZ—QZ H( )+O($@( ))

A<z p’(d
:2H(1+ ) Z dr 0(20(2)),

with r(d) := ][, 4{1+ (f(p) —1)/p}. The Selberg—Delange method yields (11.11).
We omit the details.

From this point on, the argument is essentially identical with the corresponding
part of [14, th. 11], and we only sketch the main steps. We use

. {z—1+ 2 }
X
PU—1 - 1)

as a majorant series for 1 + z(p — 1)/p? and note that

exp {2—1— Z (z— 1)Hk}

K<k<L

is a majorant series for ©(z) with
Hy, = —— =DFYD-1)+0(1) (K<k<L).

For j, < 2Hj, we evaluate P, (wk(n) =jr(K <k< L)) by Cauchy’s integral
formula and then show that, with

hi = Hy + /2Hplog, DF (K < k < L),

Px( sup {wg(n) — hx} > O) =1+o0(1).

K<k<L
We then conclude by noting that, if we(n) — hy > 0 and if My(n,&) <1+ ¢, then

w(n,se_1) > D"t — (14 ¢)y/2D1log, D*

we have
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and so, if D = D(e) is sufficiently large,

w(n, s¢) = w(n,sp—1) + we(n)

> D"t 4+ Hy+ (\/H —(1+ E)VDe—l)\/2log2 Dt
> D'+ (1 —€)y/2D* log, D*.

This completes the proof of (2.13) alias (11.10).
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