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Introduction

In a recent paper [7], Hooley defined the functions

A(n) = max card {d:d\n,u < d ^ eu} and S(x) = £ A(n).

Hooley proved that S{x) « x(\ogxf with X = (4/TT) — 1 = 0-27323... and gave a
proof, due to Erdos, that S{x)/x -> oo as x -> oo. There followed applications of the
former result to a problem in Diophantine approximation and to Waring's problem.
In each of these applications (Theorems 4 and 5), and also in Theorem 3, an
immediate improvement would be entailed by a reduction in the value of X above.
There were also applications to some divisor problems. Hooley expressed the belief
that the true order of magnitude of S(x) is roughly x log"1 x where A is a positive
absolute constant not substantially exceeded by (4/n)—\.

In this paper we study both the average and normal orders of A(n). Regarding the
former, we are able to improve on the results of Hooley and Erdos.

THEOREM 1. We have S(x) < < x(log x^^/Ooglog x) where

^ 0-23457.

THEOREM 2. Let A be the injimum of the numbers Xfor which S{x)
Then A < Ao; indeed A < 0-23454.

The improvement obtained in Theorem 2 is slight indeed, but the proof involves
new ideas which may be significant elsewhere. In particular we are obliged to study
the expected distribution of the prime factors of integers belonging to certain rather
thin sequences. We make a conjecture later in the paper which would imply that
A ^ 7 3 - 3 / 2 .

THEOREM 3. We have S{x) >> xloglogx.

This is better than the quantitative result we could obtain from Erdos' method,
but it surely falls well short of the truth: it seems likely that

S{x) ~ xL{x)\ogAx

where A > 0 and L is a slowly oscillating function of logx, that is L{x) ~ L(x') for
each fixed t > 0.
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We now turn to the normal order of A(n). We have the following.

393

THEOREM 4. Let B be the infimum of the numbers X such that for almost all n, we
have A(n) < (logn)A. Then

log 3

We prove our results in order of difficulty.

Proof of Theorem 3. Let T{n, a) be the function defined in [4], that is

T{n, a) = card {d, d! : d\n, d'\n, \\ogd/d'\ ^ {\ognf}.
Then

T(n, 0) ^ X card {d': d/e ^ d! ^ de] ^ 2T(M)A(M) .
d\n

It is known [6] that

where

and since x(n) ^ 2n(") we have

S(x)

This completes the proof.

Cxloglogx

(|C + o(l))xloglogx

Before embarking on the proof of Theorem 4 we establish the following lemmas,
which are also needed for Theorem 2.

LEMMA 1. Let V be a set of vertices of a k-dimensional hypercube and let D(V) be
the set of vectors d of the form d = v —v', v , v ' e V. Then \D(V)\ ^ \Vf where
/? = (log3)/(log2).

Proof. We apply the following theorem of Woodall [8]: if R, S are (not
necessarily disjoint) sets of vertices and i f M = { x : x = r + s , r e / ? , s e S } , then

\M\ >(\R\\S\f2.

Now put R = V, S = -V= { e - v : v e F } where e = (1 , 1 , . . . , 1). Then
M = D(V) + e and the result follows.

LEMMA 2. Let U(n, a) be the function defined in [6], that is

U{n,a) = card {d,d': d\n, d'\n, {d,d') = 1, \\ogd/d'\ ^ (logn)"}.
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Then for squarefree n, we have (A(n))^ ^ 3U(n, 0).

Proof. Let A^n) be defined similarly to A(n), but with Je taking the place of e.
Plainly A(n) ^ 2A1(n) so that it will be sufficient to prove that (^M)Y < U(n,0).
Let A^n) = r, so that for some u, n has r divisors such that
u < di < d2 < ... < dr < Uyje. Let n = pvp2 ...pk and with each divisor d

associate the vector v = {el5 £2,...,.., ek] where d = p^pf... pE
k
k. These vectors are

vertices of the fe-dimensional hypercube and we suppose that V is the set of vertices
associated with di,d2,...,drso that D(V) corresponds to ratios of these divisors. We
deduce from Lemma 1 that there are at least rp distinct ratios djdj = 5y/5y say,
where (S^, d'i}) = 1 and |log 5y/5y| ^ 1. So U{n,0) ^ r*. This completes the proof.

We remark that the exponent /? is best possible. For let n = pxp2 ... p2h where
px < p2 < ... < p2h < (l + l//i)Pi- Every divisor with h prime factors lies in the
interval {p\, p\ e) and so

Therefore U(n,0) « (A{n)Y{log&(n)f-l)/2 for infinitely many n.

LEMMA 3. Let (o(n) and Q(n) denote respectively the number of distinct prime
factors ofn and the total number of prime factors ofn. Then for each fixed positive y we
have that

moreover this holds with co replaced by Q on the left, provided that y < 2.

We omit the proof as asymptotic formulae for both sums are well known.

LEMMA 4. LetQ{x,m) = card<n: n < x, Y\p = m>. Then £ (Q{x,m))' « t x
for each fixed positive t. *• p|" ^ "1<x

This is [5; Lemma 3]; the idea of the proof is due to Erdos.

Proof of Theorem 4. By [6; Theoreme 3] we have that U(m,0) < <e

(logm)log3"l+E for almost all m, and hence for almost all squarefree m. By Lemma 2
we also have that

A(m) <<e(logm)log2-(log2/1O83)+£

for almost all squarefree m. For any integer n and prime p we have A(np) ^ 2A(n),
and so for all n we have A(n) ^ 2n(")~UJ(")A(w) where m is the product of the distinct
prime factors of n. Set

log 3

We are going to show that the number of integers n < x such that A(n) ^ (log/i)* is
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o(x). For each such n, at least one of the inequalities

n ( ) ( , A(m) ^ (logm)A-£

holds. Since
Z {Q(n)-a>(n)} « x

n<x

the number of n < x for which the first inequality holds is o(x). The number of n < x
for which the second inequality holds is

/ 2 ( \ 1 / 2(
Z {1 :A(m)

\m < x

by the Cauchy-Schwarz inequality. Since A(m) « £ (logm)'1"2* for almost all m, we
also have

and, by Lemma 4 with t = 2, the sum in the first bracket above is < < x. Hence the
second inequality holds for only o(x) integers n < x, and this completes the proof.

Next, we require some more information about the function U(n, 0).

LEMMA 5. For each fixed y e (0, 2) we have that

x(logx)~1/2loglogx if y - j ,

)3y~2 ifi <y<2.

Proof. This is not quite contained in [6; Theoreme 2]. But the left hand side
does not exceed

z z ; y*° < r f(dd>) z /(m)
n < x dd'\n dd' < x m < x/dd'

where £ ' denotes summation restricted by the condition that |log d/d'\ ^ 1. This is

^ f ^ T r1 Z'
dd'<x aa \ aa j r<x dd'<x/r

where log<; is to be interpreted as max(log<;, 1) here and throughout the paper. The
result follows.



396 R. R. HALL AND G. TENENBAUM

The same inequalities hold if Q is replaced by tu; in this form the upper range for
y is {j, oo). The proof is similar but slightly more awkward and we omit it.

LEMMA 6. For fixed r, 1 < r < (log 3)/(log 3/2), we have that

£ {U(n,0)}llr « x(logx)3l/ r-'-1/r.

Remark (i). If we set r = /? = (log 3)/(log 2) we obtain

This leads to a proof that A ^ 1 — 1//?, but this result is inferior to Hooley's.

Remark (ii). For each n, define /?(n) = log U{n, 0)/log A(n). For squarefree n, we
know that /?(n) ^ /?. We conjecture that on a suitable sequence of asymptotic density
1 we have /?(n) -> 2, which would of course imply that B ^ |(log3 —1). It may be
true that

and this would give A ^ V3 — 3/2.

Set >> = (J/3)1"1^ > j . By Holder's inequality, we have

By Lemma 5, we have

£ l/di.O)/*0 « , x ( l o g x ) 3 ^ 2 «rx(logx)3 l A-2.

Next, (l/y)1^-1* = 31/randso

£ (i/j^vo-D <<rx(logx)3l/r-1.
» < .v

This gives the result stated.

Proof of Theorem 1. Our proof is based on the inequality

£)•
where summation is over all pairs of divisors d, d' such that dd'\n and, as before, the
dash denotes the further condition that |logd/d'| < 1. To see this, let A(n) = r so that
for some u, n has r divisors such that u < dx < d2 < ... < dr < eu. For each i,j,
1 ^ i < r, 1 ^ j ^ r, consider the divisors dI5 rf7 and set d = dtj = djid^dj) and
d' = d'ij = dj/(dhdj). Then (rf,d') = 1 so that dd'\n; moreover \\ogd/d'\ ^ 1. Given
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d, d' satisfying these conditions, we have to consider with how many pairs dh d} they
are associated. For some t we have d{ = dt, dj = d't where t\n/dd'; moreover
u < dt ^ eu, u < d't ^ eu. Either of these last conditions, say the one involving d,
places t in a fixed range v < t ^ ev (in this case v = u/d) and so the number of
choices for t is at most A{n/dd'). This establishes the above inequality. We observe
that the right hand side is at least U{n, 0) so that our upper estimate for S(x) will be
at least equal to £ {[/(«, 0)}1/2. In this connection we remark that this does not

n<x
necessarily put a lower limit *J3 — 3/2 on our estimate for A since the use of Holder's
inequality in Lemma 6 may be inefficient.

Next, we set out to prove the most precise inequalities we can obtain of the form

S(x,y)= £ A(n)y*n) « y x(\og x)fiy\\og\og xfy)

n<x

for each fixed y in the range 0 < j ; < 2; that is, we try to find the smallest function
f(y) for which the above inequality holds. We are primarily interested in estimating
/ ( I ) , but our method involves an iteration and we are obliged to consider other
values of y. Since A{n) ^ i(n) the inequality is valid with f{y) = 2y — l, g(y) = 0;
we could improve the coefficient of y here to 4/n using Hooley's method. Instead, we
begin by observing that a permissible / is the function j\{y) = y—\+x(2y — \),
where here and elsewhere x(t) denotes max(0,r), and gx{y) = 1 or 0 according as
y = 1/2 or not. For A(n) ^ U(n,0) for all n: we notice that if
u < dy < d2 < ... < dr < eu as before then each pair of (relatively prime) divisors
dx. = djid^dj), d\j = dj/id^dj) (1 ^ j ^ r ) contributes to U. We define the
subsidiary sum

T(x,z)= X A2(H)zn<">,
n<x

and we begin the iteration. By the fundamental inequality (1) we have

n<x dd'\n \dd J dd'<x \dd

<<2(loglogxf(z) X' ^ I (logm)/l(z)

dd' < x m < x/dd'

<<2(loglogx)ffl(z) £ (logm)/l(z) X'
m<x dd' < x/m

X ( X

< < 2 (loglog xfM X (log mK'(z) - log -
m<x m m

the inner sum being estimated from above as in the proof of Lemma 5. Since
fx > — 1, this gives

T(x, z) « 2 x(logx)/l(z)+;;(22-1)(loglogx)29l(z).
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Now let y2/2 < x < 2. By the Cauchy-Schwarz inequality we deduce that

(S(x,y))2 «yttT(x,z) £ (y2A)n(

We may

Since the

therefore

My)

optimal

set

= ji

.{
2 {_

y-\
y2-3/4

z satisfies

• • (

z) + x(2z-\)

\ k/5 <

y,
i

y <

y ^

- 1

2.

iV5

:y2/:

5

we find that g2{z) = 1 or 0 according as j ^ y ^ ^y/5 or not. More generally, we
may define the sequence of functions f^y) by the formula

2y~ - \ : y 2 / 2 < z < 2
Z

with corresponding #,•()>): gi + i(y) = 2{yi(z) + 9i(z)}> t n i s z being the optimum z
occurring in the formula for fi+l{y). Notice that for y ^ j there is no improvement
from the iteration; indeed in this range j \ is already sharp as A ^ 1. Next, we find

.that

' f2{y), 0<y^ V3/2,
My) = '

{ l 2 y < 2,

where zo(y) is the (real, positive) root of the equation 2z2(z + l) = y2. Also,
diiy) - 9i(y) f°r y ^ V3/2; for y > V3/2 we have g3(y) = 1/2. We substitute y = 1
and find that /3(1) = Ao. This completes the proof.

We remark that further iterations lead to no better result. It is not difficult to
prove, more generally, that if the definition of S(x, y) is extended to all positive y
(which requires that we replace Q by to) then for each fixed y we have fi + 1(y) = fj{y)
for i ^ io(y).

We require some further lemmas in preparation for the proof of Theorem 2. The
first of these enables us to work with squarefree numbers only.

LEMMA 7. Let Ax denote the infimum of the numbers Xfor which

Sl(x)= X \fi(m)\A(m)«xx(\ogxy.
n<x

Then Ax.= A.
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Proof. We just have to show that A ^ Ax. First, we observe that for any integer
n and prime p (dividing n or not) we have A(p'n) ^ (t + l)A(n). To see this, split the
divisors S of p'n into t + \ classes corresponding to the least integer s such that
8 = psd where d\n. Then if S\p'n, u < S ^ eu, we have d\n, up~s < d ^ eup~s. This
gives t + \ ranges for d; in each range n has at most A(n) divisors. More generally, for
any m\n we have A(n) ̂  z{n/m)A(m) and we suppose that m is the product of the
distinct prime factors of n and denote this by writing n e (m). Thus

X{T(n/m):n<x,ne(m)}^ £ \fi(m)\A(m)Q2(x, m)
m<X m<x

where Q is the function defined in Lemma 4. Let h > 1 and k = 2h/{h—\). By
Holder's inequality,

l/fc / \l/t

by Lemma 4 and the definition of Ay. We let /i -^ 1 and obtain the result stated.

LEMMA 8. Let co(n, t) denote the number of distinct prime factors ofn which do not
exceed t, and let z0, y0 be any fixed positive numbers. Then we have

£ /*M)Z«4«> << x(logx)2-1(logmin{x,t})J"-z,
n<x

uniformly for 0 < y ^ y0, 0 < z ^ z0 and all t.

This is a straightforward application of the very useful Theorem 2 of [3].

LEMMA 9. Let y0, ylt zt be fixed positive numbers, yx ^ y0. Then we have

y w(n.t) < < : W(loglogx) (loglogx + (y-l)loglogmin{x,t})'1

logx h\
u>(n) = h

uniformly for yx ^ y ^ y0, h ^ zx loglogx.

Proof. We restrict the sum in Lemma 8 to the integers n for which co(n) = h,
and we set z = h/(\og\ogx + (y — l)loglogmin {x, t}). Hence z ^ z1/rmn {1, yi}. This
gives

y J^(».o< <
 x Ooglogx + (j;-l)loglogmin{x,t})'1

logx
w{n) = h

and the result follows by Stirling's formula.
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LEMMA 10. Let K(x, 5) denote the set of integers n < x such that for every t < x
we have

loglog t
a>{n,t) — a>{n) < S loglog x.

loglog x

Then we have

to(n) = k

uniformly for k ^ v0 loglog x, where v0 is any fixed positive number.

Proof Let y e (0,1) be fixed and let n e K(x, S). Then

tf(MKE'l<
dd'\n dd'\n

where v = /c/loglogx and £ " denotes summation restricted by the conditions that
d < d' < ed, {d, d') = 1; it is convenient in what follows to assume that d' > d and
the factor 2 on the right takes this into account. Hence

n 6 K(x, 5) n < x dd'\n
w{n) = k u)(n) = k

rfrf' < x m< x/dd'
ui(dd') $ k w(m) = k-uj(dd')

The extra factor y"1 takes account of the possibility that d' has a prime factor
greater than d; it cannot have two. We split this sum into two parts ZX,Z2 according
as d < x1/3 or not. For brevity, we only give the details concerning Zy\ Z2 is easier
because we then have d ^ x/d2 and so co(m, d) = <x>(m) in the inner sum. Put
k — co(da") = h. By Lemma 8 (with yx = 1/3, our eventual choice for y), we have

Zx « (logx)-*1O8V(loglogx) £ ya+bZ(a, b, h)

where

z(abh)= v y v-^°R'o^
/3 hid* logx

w(d) = a ui(d') = b

It is well known that there exist absolute constants C, D such that

Cx (loglog x + D p 1

card {n : n < x, co{n) = r) ^ —

logx (r— 1)!

for all positive x and positive integers r. Hence

x (loglog x)r

card {n : n < x, co(n) = r} <<
logx r!
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uniformly for r ^ r0 loglog x, with any fixed r0. We apply this to the inner sum over
a" above, and we deduce that

w(d) — a

We write this as a Stieltjes integral and integrate by parts. Thus the left hand side
above is

x [(loglogx)a(2);loglogx)fc-a

logx \ a\(k-a)\(\ogx)2+vlo&y

f (loglog Qiloglog x + (2y -1) loglog tf~a )

J a!(/c-a)U(log02+l"°8' J"
1

We multiply by ya and sum over a. Choosing y = 1/3, and recalling that
v = /c/loglogx, we obtain that

logx

(We only need the extra factor loglog x if ulog3 = 1.) Together with the
corresponding upper bound for Z2, this gives the result stated.

LEMMA 11. Uniformly for 0 < y ^ Iog2/log3, we have that

(n)j^(») < < x(iogx)*-'+*i°g2loglogx.
n < x

neK(x,5)

Proof. If a>{n) > lOloglogx we use the trivial estimate A(n) ^ x(ri). Otherwise
put w(n) = k, and apply Lemmas 2 and 9. By Holder's inequality, with exponents /?,
/?//? — 1, we have

* Z \n(n)\U{n,

"u(n) = k

x(loglogx)fc + 1 f

0)1 I
/

2

log1

il
u)(n) =

(logx)51og2

(,
io(n) =

(noting that 3/2)5 < 1). We multiply by yk and sum over k, and for the range of
values of y given, the first term on the right dominates. This completes the proof.

LEMMA 12. Let X{v) = v — ulogu— 1. Then we have

card{n < x : n $ K(x, 6), w(n) = uloglogx} < < x(\ogx)W'>+*)+w»-6)-w»)

uniformly in any fixed range 35 ^ v ^ v0.
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Without the condition that n $ K(x, 5), the correct exponent on the right would
be X(v). This would follow from Lemma 3 with y = v. Since X is concave the result
above is an improvement on this.

Proof. Set Tr = expexpr2 for *r = 1,2,3,. . . and suppose that
a){n, t) — v\og\ogt > (5 loglog x. There exists an r such that Tr < t < Tr + l, so that

a>(n, Tr + 1)-i;loglog Tr+1 > <> loglog x - ( 2 r + l)i; > <5 loglog x -

since r < Vloglogx. Since v is bounded, the right hand side is (<5 + o(l)) loglog x.
Since X is continuous and there are < Vloglog* points Tr, it will be sufficient to
prove that at each of them we have

card{n:n < x, a>{n) = i; loglog x, co(n, Tr) — v loglog Tr >

where e = e(u, <5) > 0.
We set s = (loglog 7^)/(loglog x) ^ (v — d)/v (since a>{n, Tr) ^ co{n)). By Lemma 8

we have that

uniformly in any fixed ranges z
cardinality in question is

z0, y suppose that y ^ 1, so that the

if we set z = v/(\ +s{y — 1)). Since y ^ 1, we have z ^ v0 and so we may take
z0 = v0. When we minimize the exponent on the right by varying y, there is
a slight complication inasmuch as the optimal y is unbounded as a function of s.
We therefore select a large, fixed y0 and set y = min ();0,y(s)) where
y(s) = (vs + S)(l— s)/s(v — S — sv) > 1. W e h a v e y(s) ^ y 0 in t h e r a n g e s 0 ^ s ^ s l 5

where
v-S Iffv-SV S±l{{)

We have
2(5 1 1

yo-\

Next, we show that with this choice of y, we have

u l o g ( l + s ( y - l ) ) - ( t ; s + <5)logy < 2X(v + d) + 2X{v-S)-4X(v)

for all s. We therefore have to maximize the function of s on the left in the range
0 ^ s ^ (v — d)/v, and we prove first that we need only consider the central range
s0 < 5 ^ s,. Outside this range, y = y0 and so

— (v\og(\ +s(y-\))-(v
as \

—j
0 — l )
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and the derivative is positive if and only if

1 1
s <

Provided that yo — \ ^ 2\ogy0, as we may assume, this is the case for 0 ^ s < s0,
and so the maximum does not lie in this range. Next, for any y0 > 1 we have
(logyo)"1 — {y0 — I )"1 < 1/2. Hence the derivative above is negative for s ^ 1/2,
and we have

_v-d 2 1 1

v 3 yo-\ 2

for suitably large yQ. Hence the maximum we seek lies in the interval [so>si]- For
such s, y = y(s), and so

ulog(l +s(j>-l))-(i;s +5) logy

f v(\-s) \ f(vs + S)(\-s)
= ulog (us + 5)log'v — S — svJ \ s ( v — d — sv)

= (v — 5 — sv) log + v log v - (vs + S) log
\v — o — svj

We obtain an upper bound by maximizing the integrand as a function of s. The
maximum occurs when s = (v — rj)/2v and so the integral above is less than

2 logf—

There is a strict inequality at this point because the s which maximizes the integrand
varies with rj. We denote by e(v, S) the difference between the true maximum and the
function on the right above. This gives the result stated.

LEMMA 13. We have that

X zw(n) < < x(logxf[z-&) loglog x

uniformly for 0 ^ S ^ JQ, | ^ Z ^ 1 , where

H(z,5) = max{v\ogz + 2X
V

Proof. The function X{v + S) + X(v-S)-2X(v) increases with v: it is greater than
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or equal to A(2(5) + A(O)-2A(<5) = -6 log 4. It follows that

n(z, <5) ^ max {v log z + X{v)} - 23 log 4 ^ z - 1 - S log 16 .
V

The exponent of log x therefore exceeds - 1 . We split the integers n < x into three
classes according as a>{n) > 4 loglogx, 4 loglogx ^ co(n) ̂  3(5 loglogx,
3<5 loglogx > CO(H). The contribution from the first class is

1 < 4-41oglog* £ 4to('l) < < x(logx)3-41084 < < x(logx)"1 ,
n < x

ui{n) > 4loglogx

using Lemma 3. This is negligible. In the second class, put co{n) = k = vloglogx,
3<5 ̂  v ^ 4. There are << loglogx different k and for each one, applying Lemma
12, the contribution to our sum is

Z k x( l0g x)
u(v+d) + 2Mv-S)-U(v)

The exponent of log x is v\ogz + 2X(v + d) + 2A{v — S) — 3X(v) ^ /*(x><5)- It remains to
deal with the third class where we have co(n) < 3<5loglogx. We have

zm(n)

n < .x
u){n) < 3d loglogx

for any y ^ 1. We put y = 3<5/z so that the exponent of log x is 36 — 1 — 3<5 log (35/z).
We have to show that this does not exceed /i(z, 5). We define (for 0 < t < 1),

h(t) = l - 2 ( l + 0 1 o g ( l + t ) - 2 1 o g ( l - t ) l o g ( l - t ) -
Thus

1 " t Y - 2 7 t 3 j < 0 fort < i ,

= i{2-log(3941V517)}>0.

Thus h is positive for 0 < t < 1/5. But

Hence ii(z, 5)-{3d-\ -35 log (36/z)} ^ zfi(5/z) ^ 0. Thus the contribution of the
third class integers is negligible. This completes the proof.

Proof of Theorem 2. By Lemma 7, it is sufficient to obtain the upper bound for
A1. Clearly all our upper bounds, and the iteration involved in the proof of Theorem
1, are equally valid for squarefree numbers: we therefore restrict ourselves to these
numbers, defining f{y) as before. We improve our upper bound for f(y) in the range
1/2 < y < 3/5. Now

2/(1) ^ min{f(y) + 2y-2 + (\/y): 1/2 < y < 2},
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and when we substitute f(y) = y2 — 3/4 the minimum occurs at the root of
2y2(y+1) = 1. This root belongs to (1/2, 3/5). Hence a smaller f(y) in this range will
give a better estimate for / ( I ) . We do not give any numerical details.

We split the squarefree numbers n < x into two classes according as they lie in
K{x, 6) or not. Here 6 e (0,1/10) is at our disposal. By Lemma 11, for the integers in
the first class we have

£ |/i(n)|A(n)yuj(") < < x(logxr1+<5log2 loglogx .

neK{x,d)

For the integers in the second class we have

l/2 / \l/2

H

/ \l/2 / \l

£ A2(n)2-"*"M £ ( 2 y 2 H
\n < x / \ n < x ]n < x

n$K{x,&) n^K(x.S)

The first sum on the right was estimated during the course of the proof of Theorem 1.
As n is squarefree we have a>(n) = Q(n) and so it does not exceed

T(x,i) < < x(logx)-1/2(loglogx)2.

The second sum on the right is that which appears in Lemma 13. Putting these
results together we deduce that

£ x(log x)"( 2*m~ 1/4(loglog x) 3 / 2 .
n < x

n$K{x,6)

For all z, and d > 0,
/i(z, S) < max {v log z + A(v)} = z — 1

V

and so for <5 > 0, we have n{2y2, <5)/2 — l/4 < y2 —3/4. For each y < \ there exists
<5 > 0 for which y— 1 4- b log 2 < y2 —3/4; indeed we may choose <5 = b{y) optimally
by making it the root of the transcendental equation

y-l+<51og2 = n(2y2,5)/2-\/4.
We now have

f(y) < y-l+<5(y)log2, (1/2 < y < 3/5),

2/(1) < min{3y-3 + % ) l o g 2 + (l/y): 1/2 < y < 3/2} < Ao .

This completes the proof.
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