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§ 1. Introduction.

This article is motivated by several questions posed in [3], which we
can now at least partially answer.

Let 1 =d) < d; < ... < d;y) = n denote the increasing sequence of
divisors of a general integer n. A quantitative measure of the growth of the
d; is provided by the arithmetic function

H(n):= ) (diy1—di)7™"

1<i<r(n)
It is established in [3] that
H(n) < 7(n)(logr(m)~5*  (n22) (L1)
holds for any fixed € > 0 and that

max H(n) > exp {(log z)%”(”} (z — o00). (1.2)

Our first result is an upper bound for the left hand side of (1.2) in
terms of the quantity

D(z) := maxt(n) = gUitoiES (z — 00).
n<z
(Here and in the sequel we let log; denote the k-fold iterated logarithm.)
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Theorem 1. Set c = § - loi?) = 0.08170. Then we have
3 log2
max H(n) < D(z)t=c*M) (2 - o0). (1.3)
n<e

An analogous bound, with an unspecified constant ¢, has been inde-
pendently obtained by Erdés and Sarkézy, with a different method (unpub-
lished). It emerges from (1.3) that (1.1) can be significantly improved in
the case when 7(n) is “large”. On the other hand, it follows from Theorem
9 of [3] that

H(n) € 7(n)~¢log(1 + w(n)) (1.4)

holds, with the same value of ¢, whenever n is squarefree. (We let w(n) de-
note the number of distinct prime factors of n.) This leads to the conjecture
that a bound of the type

H(n) € r(n)*~* (1.5)

with an absolute é§ > 0 could hold unconditionally. We haven’t been able
up to now to prove or disprove this hypothesis.

The lower bound (1.2) is probably not optimal, but it seems difficult
to make a reasonable guess concerning the maximal order of H(n). One

trivially has
H(n)>k(n):= Y 1 (1.6)
d(d41)[n

and the function &(n) raises an interesting open problem. We certainly
believe that
K(n) L 7(n)*

holds for any £ > 0, but no upper estimate is actually available other than
those which follow, via (1.6), from the results on H(n). Erdds and Hall
established in [2] the asymptotic inequality

max k(n) > (logz)Vete ) (2 — ).

n<z

We can strengthen this estimate in the following way.

Theorem 2. We have
max k(n) > (log 1:)510‘:!421 (z — 00). (L.7)

This confirms a conjecture of Erdés. The analogous problem for the
counting function of those divisors of the form d(d +1)...(d +t — 1) with
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fixed t > 2 seems much more difficult and we do not know in this case
whether the maximal order exceeds an arbitrary power of log n. Erdos and
Hall prove in [2] that a power a; is acceptable provided ay < e!/*.

Our proof of Theorem 2 rests on an effective version of a result of
Hildebrand [8) which is of independent interest. Let P¥(n) (resp. P~(n))
denote the largest (resp. the smallest) prime factor of n, with the convention
Pt(1) =1, P~(1) = +00. Moreover, let us systematically put

__logz
" logy

(z>y2>2).

The key to Theorem 2 is the following

Theorem 3. The estimate

Y i a” (1.8)

n<z

P¥(n(n+1))<y

holds uniformly in the range

8lo

>3, max{2z ‘m:} <y<z. (1.9)

Let p(u) denote Dickman’s function. It is known [9,10] that one has

U(z,y) := E 1~ zp(u) (1.10)
n<z

P*(n)<y

as z,y tend to infinity in the range
oo {0t} <y <2

and the Riemann Hypothesis implies the persistence of (1.10) in any region
of the type
(logz)® <y <= (1.11)

where £(z) — oo, see [7,13]. It is hence natural to conjecture that the
left hand side of (1.8) is asymptotically (1 + o(1))zp(u)? when z,y — oo
in the range (1.11). Such a result would provide a strong measure of the
multiplicative independence of n and n + 1, but seems at present very
difficult, if not out of reach, even in a more modest region like z* < y < z.

In order to prove Theorem 3, we establish an elementary lower bound
for the quantity

¥(z,y;a,9) := card {n < z: P*(n) <y, n = a(mod q)} (1.12)
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under the hypotheses
(logz)’<y<ez, 1<¢<y'™, (a,9)=1

This is the content of Lemma 3.2 below. In this context it is also natural
to conjecture that

¥(z,5;0,9) ~ p(w) (1.13)

holds uniformly as z,y — oo in the range (1.11) and ¢ = o(y). Fouvry and
Tenenbaum have shown in [4] that (1.13) actually holds when

exp {co(log, z)}} <y <z, 1 < g < erVIoBY (1.14)

where ¢y, ¢; are absolute constants.

The bounds (1.2) and (1.3) summarize our knowledge on the maxi-
mal order of H(n). The average behaviour of this function is given by the
formula ( o

_ log, z
Y H(n)= Br+0(z—-—iggz—), (1.15)

n<z

proved in [3], sharpening an estimate of Ivi¢ and De Koninck [12]). As for
the normal behaviour, it is established in [3] that H(n) has a distribution
function. We are now able to provide some extra information.

Theorem 4. The arithmetic function H(n) has a distribution function
which is everywhere continuous on the real line.

We derive this result in Sect.4 from a theorem of Behrend concerning
primitive sequences and an inequality proved in [3] which is essentially
equivalent to (1.15).

§ 2. Proof of Theorem 1.

Let w1 (n) denote the number of prime factors p of n such that p?[n.
From [3] (Th. 9) we have

H(n) € r(n)B*™logyn  (n>3) (2.1)

with B; = 3.2-% = 0.94494.

Lemma 2.1. Set ) := i%ﬁ% We have

7(n) < D(n)toMo=2wrln) (5 o). (2.2)
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Proof. Consider the canonical decomposition n = ab where a = Hp"n P.
We have
r(n) = r(a)r(b) = 2:™r(d). (2.3)

Let ¢ be a parameter chosen freely in the range 2 <t < b. Then

T(b) = H(1+I/) < H (1+ %Zi—;) H 9\v
pifb Pl Pl
p<t p>t

where we have used the fact that p*||b implies » > 2, whence 1 + v < 2*.
If b > 1, it follows that

by*(®
(b) < (1 + 11052) T < DD

for the choice t = log b/(log, b)?, where the quantity o(1) above is defined
for all b > 1 and is bounded for bounded b. Taking into account the easy

estimate
D(a)D(b) < D(ab)**+°V)  (ab— oo)

we infer that

< (2

Inserting this in (2.3), we get (2.2).
Theorem 1 is an immediate consequence of (2.2) and (2.1), in view of
the estimate wy(n) < w(n) < (1 + o(1)) 122

log, n

S (D(n)2—w(a))/\+o(l).

§ 3. Proof of Theorem 3.

We use two auxiliary results. We say that an ordered set of integers
S ={my <ma < ...<mpg} is special if we have

m; —m; = (m;,m;) (1<i<j<R). (3.1)

Lemma 3.1 (Heath-Brown, [6]). There exists an absolute constant
such that, for every integer R > 1, there is a special set of R elements such
that

mg < R°F. (3.2)

Lemma 3.2. Let 0 < ¢ < 1. With the notation (1.12) the estimate

¥(z,y;a,4) > gu‘z“ (3.3)



82 A. BALOG, P. ERDOS, AND G. TENENBAUM
is uniformly valid under the conditions
222, (logz)’<y<z, 1<q<y' ™ (a,9) =1 (3.4)

Proof. Put ag :=1if ¢ =1, ag := a~g¢[a/q] otherwise. Then ay is counted
by ¥(z,y;a,q), and this is always > 1. We may therefore suppose without
loss of generality that z > z(€), whence y > yo(¢).

Put k = [u] - 1, 5 := ¢(1 — %¢). We obtain a lower bound for
¥(z,y;a,q) by counting all the integers n not exceeding z which have a
representation in the form n = mh£ with the following conditions

(a) plm=>pel :={p:pfg, v/ <p<y}, UAm)=k
(b) plh=pely:={p:pfe, y" <p<y¥};

(c) =zy~!<mh eyl

(d) £=amh (modyq).

Here and in the sequel, the letter p denotes exclusively a prime number.
The symbols 7, h refer to the respective inverses of m, h modulo q.

When 1 < u < 2, we have m = 1. Otherwise, I, and J, are disjoint.
Thus, in any case (m, h) = 1. Furthermore, condition (c) implies

y'"  <z/mh<y. (3.5)

Since [ < z/mh, it follows that the number of prime factors, counted with
multiplicity, of (£, mh) is at most 1/7. But they must be chosen among the
prime factors of n which belong to Jy”,z] — and these are not more than
1+ [u/7] in number. Hence the total number of representations of a given

n in the form mhf is < (1“[*1[;‘4]"]) &  ul/n,
Now, inequality (3.5) shows that for fixed m, h there are at least
[mhq 2mhq

values of £ satisfying (d). Hence we can write

¥(z,y;a,q9) > u” "—Z Zh (3.6)

where, by convention, the letters m,h denote integers subjected to con-
straints (a), (b), (c).

For each m, put T := i’f-%”ﬂl then

ng{u—l—k(l—%)}g



CONSECUTIVE DIVISORS 83
and the length of the interval [T/(1 — %¢),T + 2| is at least
2-Tef/(6—€)>2-4/(6—¢)>6/5>1.

It therefore contains an integer, say s. We restrict h to run through the
products of s (not necessarily distinct) primes from J,. We have in this
circumstance

L < yIT/(1-3e) < yne < < yher < 3e(T+2) < zl .
my — - - = - - my'~¢

This shows that condition (c) is always fulfilled.
As y — 00, we have

1 1 w(q) 1
Z;Z E __y_:,IZIOg(l_l)'*'o(l)'

p
P€Jq yr<p<y e

This sum is hence >, 1 for y > yo(€). Since s &, 1, it follows that

Siai(5 a0

p€Jq

It remains to estimate ) ,—tl— We may plainly suppose that u > 2. We
then have

! 1_wlg) _ log y
p;pz ‘_LZ by L+O(\/§),
a y T ¥<p<ly

This implies . .
Yoo .
P 2u (38)

provided yo(¢) is sufficiently large and logy > (log, z)3. Moreover,for

(logz)® < y < exp {(log, )°}

we have
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and Huxley’s theorem [11] on the distribution of primes in short intervals
gives the estimate L > (1+ o(1))1. Thus (3.8) is again valid. For suitable
Yo(¢) we may therefore write

Cazw(Xy) > @

pEIq

o

Taking (3.6) and (3.7) into account, we readily obtain the required
estimate.

Completion of proof of Theorem 3.

We may suppose ¢ and u sufficiently large. Indeed the left hand side
of (1.8) always counts n = 1, hence is > 1, and is for fixed z a decreasing
function of u.

Put R := [(2u)?%], M := R2®’  From Lemma 3.1, we can find R
integers

my<my<..<mrp<VM

satisfying (3.1). Let us now consider the sets of integers

5%:P+(mit+1)§y} (1<i<R).

We have |T;| = ¥((zm;/M) + 1,y;1,m;) and can appeal to Lemma 3.2 to
obtain a lower bound for this quantity. Indeed, by (1.9) we have for z > z

M <y, (3.9)

whence
z

z
In order to check (3.9), it is sufficient to observe that u < 11%62% hence

8log,z’

log M < 2a(2u)***! log(2u) < 2a logz z exp {(7/8) log, z}
< (log z) ¥ < logy.

With a suitable absolute constant Cj, we therefore have
T > Comw™™  (1<i<R). (3.10)
Furthermore, if t € T; N T; with 1 <i< j < R, then

P*(tmi+ 1)<y, Pt(tm; +1) <y
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whence

Pt (t[m;,m;] + r'n]- ~) <, P+(t[m;,mj]+—L <y
(mhmj) (mhmJ)

From (3.1), this last condition may be rewritten as P*(n(n + 1)) < y for

m;

(mi, mj)’

n = t[m;, m;] +

Let N denote the left hand side of (1.8). We deduce from the above
reasoning that
TATI<N  (1<i<i<R).

The inclusion-exclusion principle then implies

R
z
w2|Unz 3 n- 3 mot
i=1 1<i<R 1<i<j<R
> CQ%RU_ZU —R*N

where we have taken (3.10) into account. It follows that

o

MR?

N> {CoRu=2 — 1} > zu~"

since Ru~2* > 22 and, for u > uo,

MR? < R2(o:-+-1)R3 < (2u)2(a+1)(2u)6'+1 < uu“
This completes the proof of Theorem 3.

§ 4. Proof of Theorem 2.
Let yo be a sufficiently large constant, and suppose y > yo. We put

T = yil;{-szaLv
so that (1.9) is satisfied. We also have
log, y = 8ulogz y > 8ulogu

whence
y>e' . (4.1)
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We define, for each prime p < y, the integer a, by
y? <p™ <py?

and we put
n:= H p*r.
p<y
Plainly
logn < y. (4.2)

Now, we have on the one hand, from Theorem 3,
Z 1> :cu_“",
d<z
P*(d(d+1))<y
and on the other hand
z+ 1 :c
Z 1< E Z 1< 22 a,+1
N d<z d<z p<y p<y
rdiis "
Taking (4.1) into account, we get

k(n) > cu " > 2T > (log n)ﬁ%“ﬁ
This completes the proof.

§ 5. Proof of Theorem 4.

We use three lemmas. The first enunciates a property of primitive
sequences — that is sequences no element of which divides any other —
due to Behrend [1]. Another proof may be found in [5], Chap. V, Th. 6.

Lemma 5.1. There exists an absolute constant K such that for every
primitive sequence A C Z%t and every z > 3 we have

1 log z
S<K .
g a Viog, =
a€A
Lemma 5.2. Let m,n be positive integers such that m | n. Then
H(m) < H(n). (5.1)

Proof. The sequence of divisors of m is a subsequence of that of divisors
of n. Consider two consecutive divisors of m, say d;,d;4+1. The divisors of
n in [dj,dj4+1] are d; = dj1 < dj2 < ...d;r = dj4+1 and we obviously have

-1
(dj41—d))7" < Y (djigr - :

1<i<r

Summing over j, 1 < j < 7(m), we obtain (5.1).
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Lemma 5.3. Let y > 2 and define, for every integer n,

ap = H p’. (5.2)
p<y
p”lIn

There exists an absolute constant C such that the inequalities
0< H(n) - H(an) <y~ (logy)* (5.3)

hold for all but at most Cz(logy)~! integers n < z.

Proof. The left hand inequality follows from (5.1). The right hand in-
equality is implied by the estimate

S {H(n) - H(an)} < Czy~(log y)*

n<z

established in [3], eq. (7.1).

We are now in a position to embark on the proof of Theorem 4.

We proceed by contradiction. If the required conclusion fails to hold,
there is an a > 0 and a § > 0 such that for every positive ¢

Z 1>6z  (z> z0(¢)). (5.4)
n<z
|H(n)-ol< Fe

From now on, we suppose that a and é are given and agree that all the
constants, implicit or explicit, may depend on these two quantities.

Put y = €72 and define a, by (5.2). From Lemma 5.3 and (5.4) it
follows that, if ¢ is sufficiently small and zo(¢) is suitably chosen, then the
inequality |H(a,) — @| < € holds, provided z > zo(e), for at least 16z
integers n < z. Denote by A = A(e) the sequence of all integers a such
that |H(a) — a| < €. By partial summation, the above property implies

that 1 )
1 z z
gz D, o< DL Y o
R T
aneA GGA an=a
The inner sum is equal to
1 1 1,- log z
PO El | [ R
b<a/a y<pse P a8y

P=(b)>y
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Hence I
> o>y (5.5)
P*(a)<y
acA
Set 6 := @. For ¢ > 1, we have
1 0-1, -6t _ _—t g-1y—1
> o< ) = [IO-Y
a>y' Pt(a)<y Py
P*(a)gy
<L e tlogy.

Thus it follows from (5.5) that there exists a constant ¢ such that

1
Z 2 > logy. (5.6)

a<y*
a€A

Lemma 5.1 enables us to deduce from (5.6) that A is not primitive for
small £. In this case there is at least one pair a, a’ of elements of A such
that

(1) ald, d <y
(ii) a—e<H@<H@)<a+e.
We are going to show that the extra condition
(i) 3| pla, p<zi=yh
can also be imposed.
Indeed, suppose that (iii) fails to hold for all pairs a, @’ satisfying (i)
and (ii). Let A be the sequence of those elements of A which are divisible
by no other element of A. Then A is primitive — see e.g. [5], Chap. V,

§ 1. The hypothesis that (iii) never holds when (i) and (ii) are fulfilled
implies that A N [1, y'] is contained in the set

{agm : a9 € Ao, p|m=>p|agor p> z}.

Yis X o M- I -7

Hence

aly’ ao<y’ plao 2<p<y?
a€A a9€Ao p<2
< { Z 1 Z n }% < logy
—_. - =
ao<y" o n<y? p(n)? (log, y)
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by Lemma 5.1, since the second p-product is clearly bounded. This contra-
dicts (5.6) for sufficiently small € and in turn implies the existence of a,a’
in A satisfying (i), (i) and (iii).

For these a,a’, denote by d;, d; 41 the divisors of a such that d; < p <
dj4+1, with the convention that d; 41 = dr(a)41 = +00 if p > a. We have

1 1 1 1
H(pa) — H(a) > + - >~
(pa) ()‘P-dj diy1—p djy1—d; T p

whence
H(@) = H(@) 2 H(pa) = H(@) 2 5 > V.

This is in contradiction to the definition of A when ¢ is small enough. The
proof of Theorem 4 is thereby completed.

REFERENCES

[1] F. Behrend, On sequences of numbers not divisible one by another , J.
London Math. Soc. 10 (1935), 42-44.

(2] P. Erdés and R.R. Hall, On some unconventional problems on the
divisors of integers , J. Austral. Math. Soc. Ser. A 25 (1978), 479-
485.

[3] P. Erdds et G. Tenenbaum, Sur les fonctions arithmétiques liées aux
diviseurs consécutifs , J. Number Theory 31 (1989), 285-311.

[4] E. Fouvry et G. Tenenbaum, Entiers sans grand facteur premier en
progressions arithmétiques , preprint.

[6] H. Halberstam and K.F. Roth, Sequences (1966, Oxford University
Press; 2" ed. 1983, Springer).

[6] D.R. Heath Brown, Consecutive almost primes , preprint.

[7] A. Hildebrand, Integers free of large prime factors and the Riemann
Hypothesis , Mathematika 31 (1984), 258-271.

(8] A. Hildebrand, On a conjecture of Balog , Proc. Amer. Math. Soc.
95, n° 4 (1985), 517-523.

[9] A. Hildebrand, On the number of positive integers < r and free of
prime factors > y , J. Number Theory 22 (1986), 289-307.

[10] A. Hildebrand and G. Tenenbaum, On integers free of large prime
factors , Trans. Amer. Math. Soc. 296 (1986), 265-290.

[11] M. Huxley, On the difference between consecutive primes , Inventiones
Math. 15 (1972), 164-170.

[12] A. Ivi¢ and J.-M. De Koninck, On the distance between consecutive
divisors of an integer , Canad. Math. Bull. 29 (2), (1986), 208-217.

[13] E. Saias, Sur le nombre des entiers sans grand facteur premier , J.
Number Theory 32 (1989), 78-99.



90 A. BALOG, P. ERDOS, AND G. TENENBAUM

Antal Balog and Paul Erdos
MTA-MKI

Budapest

Réaltanoda u. 13-15
H-1053 Hungary

G. Tenenbaum

Département de Mathématiques
Université de Nancy I

BP 239

54506 Vandceuvre Cedex
France



