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Abstract. For integer n > 1 and real u, let A(n,u) := [{d : d | n, e* < d < e*t1}|. The
Erdés—Hooley Delta-function is then defined by A(n) := max,cr A(n,u). We improve the
current upper bounds for the average and normal orders of this arithmetic function.
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1. Introduction and statement of results

For integer n > 1 and real u, put

A(n,u) = {d:d|n,e* <d<e" M}, A(n):=maxA(n,u).

u€R

Introduced by Erdds [1] (see also [2]) and studied by Hooley [6], the A-function proved
very useful in several branches of number theory — see, e.g., [5] and [13] for further
references. If 7(n) denotes the total number of divisors of n, then A(n)/7(n) coincides
with the concentration of the numbers logd, d|n. In this work, we aim at improving the
current upper bounds for the average and normal orders. In the former case, we consider
weighted versions.

For A >0,y > 1, ¢ > 0, n €]0,1], we define the class M4(y,c,n) comprising those
arithmetic functions g that are multiplicative, non-negative, and satisfy the conditions

(11) glp") < A" (v =1)
(1-2) (Ve>0) g(n)<.n® (n>=1)
(1-3) > 9(p) = yli(z) + O(we M=) (2> 2).

Here and in the sequel we reserve the letter p to designate a prime number. Note for the
sake of further reference that by a theorem of Shiu [11; th. 1], we have

(1-4) Z g(n) < z(logz)?*

n<x

for any g in Ma(y, c,n).
Regarding average values of the A-function, we consider the weighted sum

S(azg) == 3 gn)A(n).

n<x

Here and throughout we let log; denote the k-fold iterated logarithm.

Theorem 1.1. Let A >0,y >1,¢> 0,7 €]0,1[, g € Ma(y, ¢, n), a > v/2log2 ~ 0.980258.
We have

(1-5) S(x;9) < z(logx)?~2etVice2® (x> 3).

We note that by a different approach Koukoulopoulos (private communication) obtained
a similar estimate for ¢ = 1 with a = 2.1
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When y > 1, Theorem 1.1 provides a small improvement over known estimates, for
instance [5; th. 70] stating that, for any ¢ > 0,

S(z;1) < gell+e)y/21og; wlogy @ (z — ).

When y < %a the proof of [5; th. 64] may be readily generalized to any g € Ma(y,c,n) to
yield
(1-6) S(z; ) < x(logz)? " (log, z)°@1/2)

where 0(u,v) := 1 if u = v, and := 0 otherwise.
Fory > 1+ %\/5, we may adapt mutatis mutandis [5; th. 67] and derive

(1-7) S(w;9) < w(log )2 (logy )° W1 +V2/2),
Finally, we note that the proof of [5; th. 71] may be extended to get, for any fixed y < 1,

4log 3
(1-8) S(z;9) < x(logz)? "t exp { n (igy (logs x)z}

We omit further details since the relevant approaches are straightforward.

As put forward by Hooley [6], among other applications, average bounds such as (1-5)
may be employed to count solutions of certain Diophantine equations. For given k € N*
and positive integers ¢;, ¢; (0 < j < k) with {p = min/; = 2, we consider as in [10] the

number N(z) of solutions (m,n) = (mg, ..., mg,no, - - ., nx) € N2**2 of the system
6 _ 4 <
cjm; = ¢in; < x, mo % ny,
0<y<k 0<j<k

and let V(z) denote the number of integers n < z that are representable in the form
n= Z cjnﬁj .
0<y<k

The case k =2, co = ¢1 = co = 1, {1 = {5 = 4 has been studied by the second author [13].
Applying Theorem 1.1 with y = 1 and following the approach displayed in [10], we derive
the next corollary.

Corollary 1.2. Assume ;< 1/¢; = 1 and let a > v/2log 2. Then, as x — 0o, we have

(1-9) N(z) < ze®V!os2®
(1-10) V(x) > ze Vg2,
We omit the details of the proof, since they are almost identical to those in [10].

We next turn our attention to the normal order of the A-function. We employ the
mention pp to indicate that a formula holds on a sequence of natural density 1. Improving
on estimates of Maier & Tenenbaum [7], [9], Ford, Green & Koukoulopoulos [3] recently
claimed

A(n) > (logan)™  pp

for any 71 < 0.35332. Regarding upper bounds, Maier & Tenenbaum (see [8], [9]) proved
that, given any v2 > log2 ~ 0.693147, we have

(1-11) A(n) < (logyn)™ pp.
We are now able to improve on this result by reducing the exponent further.

Theorem 1.3. Let 73 > (log2)/(log2+ 1/log2 — 1) ~ 0.6102495. We have

A(n) < (logyn)™  pp.
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2. Average order: proof of Theorem 1.1

2.-1. Reductions

Let us start by a technical reduction similar to that of the proof of [12; (25)] and enabling
to substitute the evaluation of a logarithmic mean to that of a Cesaro mean. Considering
the inequality (see [5; lemma 61.1])

(2-1) A(mn) < 7(m)A(n) (m>=1,n>1),

we may write, for any function g in M a(y, ¢, n),

3" o)A logn < 32 gm)A(m) 3 (v + D) logp? < 3 LM,
n<x m<x p’<z/m m<x
ptm

where the second bound is obtained by invoking (1-2) in the form g(p”) <a (3/2)” for
p < 2A. Since we trivially have

x g9(n)A(n)
Z g(n)A(n)log (ﬁ) Lz Z —
n<x n<x
it follows that

(22) D gmAwm) < 3 o

n<x n<z

Moreover, the canonical representation n = md where m is squarefree and d is squarefull
implies

(2-3) Z g(n << Z p(n)? giln)A( )

Next we observe that proving (1-5) for y = 1 implies the required bound for y > 1. Indeed,
any g in M4(y, ¢, n) is representable as g(n) = y~“(™ h(n) with h € Ma(1, ¢, n). The identity

w(n) _ Z,u _ w(d)

d|n

already used in [4], and the inequality (2-1) hence imply

3 L) gmAm) g 2h<d><jy—2>w<d> 5 W@a@@ogw)w—l,

n<r d<z m<z/d

by applying (1-5) to h. The required estimate follows by (2-2).
In the sequel, we hence consider a function g € M4(1,¢,7) and aim at estimating the
right-hand side of (2-3).

Let {pj(n) : 1 < j < w(n)} denote the increasing sequence of distinct prime factors of a
generic integer n and define ng := p1(n)---pr(n) if w(n) = k, np = n otherwise. Our final
estimate will be obtained from a bound for

Dy(2:9) ZM n)

n<e

obtained by induction on k. To determine a suitable size for k, we appeal to a straightforward
variant of [5; th. 72] providing

Z A(n)g(n)y“(") = z(log w)2y72+o(1) (y =1, 2 — o0),

n<x
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and hence, for any fixed y > 1,
S gmAm) < Y gn)A(n)y V2« plogx) =20 IosrmyETOW) < o(z).

n<x n<x
w(n)>2ylog,

Therefore, we see that it will be sufficient to bound Dg/(x;g) for k < K, := (2 + ¢) log, .

A last reduction is described as follows. Given £(x) tending to infinity arbitrarily slowly,
let A, denote the set of those integers n > 1 that are squarefree and satisfy

(24) w(n) > k= logy pr(n) > k/5 (&) < k < Ko).

Let
pu(n g(n (n) - p(n)?g(n)A(n)
D N = _— .
(w59) =Y "= D7 (x;9) > -
n<z ne(l,z] Az
Put w(n,t) = >, ,< 1, re = expexp(k/5). Letting h,r denote the multiplicative
function supported on squarefree integers and defined by h, x(p) := (v — 1)1, 1(p), we
have, for any v > 1

_ _ 'u w(nrk)A
D (mg)< Y. vy (n)
E(z)<k< K, n<x
- p(d)2g(D)hy k (d)24D ~ p(n)2g(n)A(n)
AP NP TS
E(@)<hk< Ky d<z d <n n
PH(d)<r,
< Dlaig) Y TR = o(D(a1g)),
§(z)<k< K,

by selecting v = 2 since 1/5 — log(3/2) < 0.
Thus we obtain that suitable averages over A, will imply (1-5) as stated.

2. A lemma
Write

(2-5) M, (n) = /RA(n, widu (n>1,q>1).

The following estimate will play a crucial role in the proof.
Lemma 2.1. Let A>0,¢>0,7>0, and g € M4 (1,¢,n). We have

2g(n) M. k2k
(2:6) > wn) g<§3 2(ne) —  (k>lL1<0<2)
w(n)>k

Proof. Let S3(0) denote the left-hand side of (2-6). Put 7(n,9) := >, d? (n>1,9 €R).
Plainly,

pu(m)?g(m)Ms(m)
52(7) Z mlog P+(m)
m>=1
w(m)—k
2 Py 2
12 g(p Z p(m)=g(m) ‘Tiﬂrﬁy dv
o — plogp P (m)<p m R
w(m)=k—1

by Parseval’s formula in view of [5; (3.2)]. The last integral is classically dominated by the
contribution of the interval [—1, 1]-—see the Montgomery-Wirsing lemma as stated e.g. in
[14; lemma II1.4.10]. For |J| < 1, t > 2, we have

2
3 M = 4logy t — 2log(1 + |9 logt) + O(1),

r<t
red
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whence
3 p(m)?g(m)|r(m, 9)2 _ {4logyp —2log(1 + |9]logp) + O(1)}*
m (k—1)!
Pt (m)<p
w(m)=k—1
We therefore get
9(p p(m)*g(m) [ |7(m,9)[? 2% /1
dd T1(9) + To ()} dv
pl gp Z me r 1402 <<(k—1)! 0{1(>+ 2(0)} o,
Pt (m)<p
w(m)=k—1

with, for a suitable absolute constant cg,

21lo +c k—1
Ty (V) := Z g(p)( pglzozp 0) ’
p<exp(1/9)
log, p + log(1/9) + o}
W)= Y 9(p){logs p p]fg(p/ ) +eot
p>exp(1/9)
It follows that
/ d19<<zg P)2logyp o) (k—1)!
0 p(log p)? )
1 log(1 /9 k=1
/ T, ﬁ)dM/ 3 9(p){logy p +log(1/0) + co}* "
0 plogp
p>exp(1/9)

<</ / (v+co)*Te ™ dvdd < K.
0 v 2log(1/9)

This yields (2-6) as required. O

2-3. Completion of the proof
With notation (2-5) and

L(n) := meas{u € R : A(n,u) > 0},

we introduce the series

g(n) My (ng)L(ny,) 1/ o g(n)My(ng)te
qu Z 2kM2 nk)(q H/2pe 7 Gk’q(a) T Z  ne

w(n)=k w(n)=k

for 0 > 1, kK > 1. Here and throughout the asterisk indicates that the summation domain
is restricted to A .
Since by [5; th. 72] we have
(27) A(n) <2My(n)V/9 (n>1,¢2> 1),
the validity of the bound

(2-8) Z G (1 +1/logz) <, "V "log 1

k<K,

for any a > v/2log2 and suitable g(k) implies the same estimate for the right-hand side
of (2-2). An appropriate choice ¢(k) will be given later.
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Put

Njq(n,p) = /RA(n,u)jA(n,u - logp)q_j du, Wy(n,p):=

The inequality
My(ni41) < 2Mg(nk) + Wo(nk, Pi1) L {w(n) >kt+1}

is an equality if w(n) > k+1 and holds trivially otherwise. Since My (ng4+1) = 2Ma(ny) and
L(ng+1) < 2L(ny), it follows that

Fri1,4(0) < Fiq(o Z Z Wq(mjp)L(m)(qfl)/Q Z* g(n)

k (g=1)/2 o’
meMy, p>P+(m) 2 MQ(m) Ng41=mMmp "
w(m)=k log, p=k/5

(2-9)

where My :={m >1:3In € A, : n, = m}.
Let Hy :={h > 1: u(h)?> = L,w(h) > j = logyp;j(h) = (j + k+ 1)/5}. The inner sum
n (2:9) does not exceed

p(mp)?g(mp) 3 g(h)

o ho ’
(mp) P~ (h)>p
heXHy
hence
Fk+1q(0)_qu( )
pu(m)*g(m)L(m)a—1)/2 g(h) 9(p)Wy(m,p)
2-10 —Z —_ - -
R M T
meMy, P~ (h)>P*t(m) p>Pt(m)
w(m)=k heXHy log, p=k/5
Now, observe that, for all z > 1 and 1 < j < q,
logzzg a,qmp \Zg yq(mp)logp
p>z P>z
1
/ A(m, u)? 3 9(p)logp g,
dy,.. ,dq jlm p>z p

e% maxy, dp <p<e“T! miny, dy

The inner p-sum does not exceed

maxhdh —c(log 2)"
{1 _1Og (m) +O(e (log =) )}1{maxhdh/minhdh<e}7

and so

1
logzzg qup \ZQ q(mp)ogp

p>z p>z

gAMj(m)Mq_j(m)—l-O( —c(log2)" p r ( )M* ( )),

where
M;(n) := > 1<2My(n) (U=1,n>1),

dp|n (1<h<E)
max dp <emin dj,

by [8; (6)].

At this stage we note that Holder’s inequality furnishes for 2 << qg—2, m > 1

My(m) < M2(m)(qf€f2)/(q74)Mq_2(m)(é—2)/(q74).
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Applying twice for £ = j and £ = ¢ — j, we get for any 2 < j < ¢ — 2
Mj(m)Mq—j(m) < Ma(m)Mg_o(m)

so that for any 2 < j <qg—2

Z g(p)qu(ZT)fL,p) logp < AMQ(m)quQ(m){l + RjaQ(mﬂ Z)}

p>z

where ,
R;q(m, z) < 207 T=cllog2)"

Carrying back into (2-10) and taking into account the fact that, when m € My, h € H;,
P~(h) > P*(m), p(mh)? = 1, the integer mh belongs to A,, we obtain

Fit1,4(0) = Fq(0) <<q(1 + 2q5k)Hk7q(U) + (2q + 3q5k)‘]k,q(‘7)v

with
ek 1= e—cexp(nk/5)’
* M. L (g—1)/2
Hyq4(0) := g(n) q( 1_(17;;62) jnk) )
ok My (ng)@ n? log px(n)
* M. L (g—1)/2
Joa(0) = 9(nk) My (ni) L(n.)

5 2P0 () =20 log pi ().

From the inequalities

L(ny)le=1/2 ) . My
———— < kL (g—3)/2 < -
logpk(n) (nk) 5 L(?’Lk) " ((U(n) )7
we deduce that
* kg(”k)Mq_l(nk)L(nk)(q—2)/2
Hk,q(U) < Z 2kM2(’I’Lk)(q_2)/2nU — ka,q—l(U),
w(n)>k
s« kg(ng)My_g(ng)L(ny)@=3)/2
Ji,q(0) < Z g(ng)My_o(ng)L(nyg) — kFi (o),

D P Ml

whence
Fk+1,q(0) — Fk,q(U) < kq(l =+ 2q€k)Fk’q_1(U) + k(Qq =+ 3q5k)Fk’q_2(0').

Let ko(q) := Bloggq, where B is sufficiently large to ensure £,27 < 1 whenever ¢ > 2,
k > ko(q). We thus have, for a suitable constant C' > 0,

(211) Fk+1,q(0) — Fk7q(0') < Ck‘qu,qfl(O') + Cki2qu7q,2(O') (ki 2 ko(q), g > 1)

We now show by induction on k£ that this implies, for a suitable constant D,

(212)  Figlo) < F——

DgBag3a94d° /4 4
AT <1+,§> (@22, k>1,1<0<2).
J

1<j<k
For k < ko(q), this follows from the trivial bound (o — 1)Fy (o) < 25~ "in view of the

inequalities 1/Ms(n) < L(n)/7(n)?, L(n) < 7(n), My(n) < 7(n)?. Assuming that (2-12)
holds for k > kq(q), we deduce from (2-11) that

DqP(k +1)%24°/4 11 ( 4C>

Fk+1,q(‘7)< o—1 1"‘72

1<<h+1 J
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since ¢ < 2(@t1/2 and

31997 /4 4 OBa—29(a+1)/2+(a=1)*/4 | .3a-29a+(a-2)"/4 < (k+ 1)3q2q2/4{1 + (40)2}
k+1

Therefore, we may state that

qBak3age’ /4

(2:13) Fiq.(0) <
c—1

(¢=2,k>1,1<0<2).

Now invoking once more the inequality 4% = 7(ny)? < L(ng)Ma(ng) we get via Holder’s
inequality that

1-1/q
Gk,q( ) <2 /qu U)l/q{ Z M Mz(nk)}
(2:14) “mzt H
B.39k/q+a/4 (n) Ma(nz) 1-1/q BAok/q+a/4
<Ir 0y p(n)"g(n) Ma T3
(U N 1)1/‘1 { w(n)>k 2kn0 } o—1 7
by (2-6).

Applying this for all k < K, with ¢ = q(k) = [2VEk] and 0 = 1 + 1/ logz, yields (2-8)
and thus finishes the proof.
3. Normal order: proof of Theorem 1.3

This is a reappraisal of [9; th. 1.3]. By (2-7), it is sufficient to bound M,(n).
Let A €]1,2[ and let v, § be real numbers satisfying

(3-1) d(log2)/ A<y <1, 1<éd<Ay—1)+1/log2.
We shall show by induction on k that
(3:2) M,(m) <2%(q)"  (L<q<Ak) ppa.

Here, as in [5], the mention ppz indicates that a formula holds for all but at most o(x)
integers n < x as  — 0.
Given an integer-valued function £ = £(x) tending to infinity arbitrarily slowly, we put

K =K(n,z):=max{k:1 <k <w(n), log,pr(n) <log,z — &(x)}
and redefine

Ny = [lecj<rpi(n) %f k<K
nK if £ > K.

Assuming (3-2) holds for k with £ < k < K we aim at showing that this bound persists
at rank k + 1.
Let e; <e. By [9; (3.2)], for £ < k < K, ¢ > 1, we have

(3:3) My (ng11) < 2Mg(ng) +e7% Y <q>Mj(nk)Mq—j(”k) ppT.

1<j<g—1

Note that Holder’s inequality implies

) (q) < 20-ag 1)

1<isq—1 J

When ¢ < gi := | \k], we appeal to the induction bound (3-2) to majorize the right-hand
side of (3-3). This yields

Mq<nk+1><25<’f+l><q!>v{21 S (2 Jer)t () }
1<j<q—-1

< 25(k+1)(q!)7{21*5 + (2‘5/e ko(l=agy

(3-4) }
< 25(k+1)(q!)7{21 5 (25+(1—7)A/e qu} < 25(k+1)

for sufficiently large &, by the second condition (3-1).
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When g, < g < |[A(k+1)], we apply [9; (3.3)]: given a > 0 and r > 1/« we have
A(ng) <7+ IMy () (E<k<K,qgz1) ppr.

Since A < 2, we have ¢ = g + 1 or ¢ = g + 2. If r is sufficiently large and « > 1/r, our
induction hypothesis (3-2) furnishes

My, 41(ni) < A(ng) My, (ng) < {e*/* My, ()% + 7} My, (nk)

5/ A/ A (g Y/ r
(3-5) <2+ 1)!}”{ : (ar +(qlk)'”> (g +1)7 }

< 2% (gr, + 1P {2°7 22T 4 o(1) ).

Carrying back into (3-3) and writing

b= 2175+5/)\ea/)\7’y < 1’

we get, taking (3-4) into account,

_ qr +1
My, 11 (ng11) < 2Mg 1 (ni) + 7% > ( - >Mj(nk)qu+1—j(nk)

1<y<qr J
+1\'77
< 22D L (g, + 1)!}7{5 +o(l)+ (20 fer)t S (q’“ . ) }
(3-6) 1<G<ae N Y
< 26(k+1){(qk + 1)!}7{17 + 0(1) + (26/e1)k2(177)(>\k+1)(qk + 1)v}
< 22 {(g + 1)1 {b + o(1)} <22V {(g + 1)1},
by (3-1).

If gx +2 < A(k + 1), we also need to bound M, 12(ngy1). Put g := 28/2e®/2=7 < 1. By
(3-2), 195 (3.3)] and (3-6), we have, for large &,

A(ng41) Mg 41 (nk+1)
{r+ e My, s1(nps1) TV YM, 41 (ngy1)
2

b+ o(1
5<k+1){((1k + 2)!}7M{T + ea//\26/)\+6/>\k{(qk 4 1)!}7/(Qk+1)}

<27 (gr +2)7{b + o(1) Hg +o(1) } < 27"V {(gx +2)1}7,

MQk+2 (nk+1) <
<

N

still by (3-1).
Selecting « sufficiently small, we see that the induction hypothesis is still valid at rank
k 4+ 1. We may take § arbitrarily close to 1, and so  arbitrarily close to ~3. This yields

Ang) < 25K/qx(qK!)v/qx < K7,

Since we have classically K(n,z) ~ log, ppz as * — oo, we may conclude as in [9] by
invoking the bound

A(n) < A(ng)22 ") « A(ng)d¢  ppe.
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